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Abstract: Turbulence fading is one of the main impairments affecting the operation of free-space optical (FSO)
communication systems. The authors study the performance of FSO communication systems, also known as
wireless optical communication systems, over log-normal and gamma – gamma atmospheric turbulenceinduced fading channels. These fading models describe the atmospheric turbulence because of its very good
agreement with experimental measurement data. Closed-form expressions for the average (ergodic) capacity
and the outage probability are derived for both statistical models. Another contribution of this work is a
study of how the performance metrics are affected by the atmospheric conditions and other parameters such
as the length of the link and the receiver’s aperture diameter. The derived analytical expressions are veriﬁed
by various numerical examples and can be used as an alternative to time-consuming Monte-Carlo simulations.

1

Introduction

Free-space optics, also known as wireless optical, is a potentially
high-capacity and cost-effective communication technique,
which has been receiving attention and commercial interest
[1–3]. Furthermore, FSO communications are not subject
to frequency spectrum regulations and are not jamming
from external sources. However, the performance of FSO
communication systems is highly susceptible to adverse
atmospheric conditions caused by the variations in the
refractive index because of inhomogeneities in temperature
and pressure changes. As a result, the optical signal intensity
rapidly ﬂuctuates, known as scintillation, degrading the system
performance particularly for ranges greater than 1 km [4–10].
Hence, it is reasonable to expect that FSO channels appear to
have randomly time-varying characteristics, and thus, channel
capacity becomes a time-dependent random variable (RV).
Consequently, metrics such as average capacity, representing
the average best for error-free transmission, and the outage
probability can be considered as particularly useful in
evaluating the wireless optical channel performance [7, 10–18].
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Various statistical models have been proposed over the years to
describe the optical channel characteristics with respect to the
atmospheric turbulence strength [3]. Speciﬁcally, log-normal
and gamma–gamma distributions have been found to be
suitable for modelling optical channels for weak-to-moderate
and moderate-to-strong turbulence channels, respectively,
since they provide a good agreement between theoretical and
experimental data [4, 6, 8, 9, 18]. In [8], Uysal et al. have
evaluated the error performance of coded FSO links
over gamma–gamma turbulence fading. Additionally, the
bit-error-rate (BER) performance of an FSO heterodyne
communication system in the presence of gamma–gamma
turbulence fading has been studied in [5], whereas the overall
performance of a relayed FSO system has been examined in
[10]. In [14], Li and Uysal have studied the ergodic capacity of
log-normal turbulence channels. Furthermore, Zhu and Khan
have studied the error rate performance of FSO links over a
log-normal turbulence model in [19]. However, to the best of
the authors’ knowledge, there are no closed-form expressions
for the evaluation of the average capacity and the outage
probability of FSO communications for both fading models.
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In this work, we study the performance of FSO channels by
investigating their outage probability and the average (ergodic)
capacity, respectively. Thus, we derive closed-form expressions
for the outage probability and the average capacity of optical
links over atmospheric turbulence-induced fading channels
modelled by the log-normal and the gamma–gamma
distribution with respect to the turbulence strength, as well as
the inﬂuence of other important systems’ parameters, such as
optical link length and the receiver’s aperture diameter.
The rest of the paper is organized as follows: in Section 2,
we introduce the FSO channel model. In Section 3, we
present the mathematical expressions for the estimation of
the outage probability. Next, in Section 4, we derive
closed-form expressions for the average channel capacity of
the log-normal and the gamma– gamma modelled FSO
channels. In Section 5, we present numerical results as
derived for each of the two models and we examine the
capabilities of FSO systems as a function of their
parameters. The ﬁnal conclusions are presented in Section 6.

2

Channel model

We consider a point-to-point FSO communication system
using intensity modulation/direct detection (IM/DD). The
laser beam propagates along a horizontal path through a
turbulence channel with additive white Gaussian noise
(AWGN). The channel is assumed to be memoryless,
stationary and ergodic, with independent and identically
distributed (i.i.d.) intensity fading statistics. We also
consider that the channel state information (CSI) is
available at both the transmitter and the receiver. In this
case, the statistical channel model is given by [7, 18– 20]
(1)

y ¼ sx þ n ¼ hIx þ n

where y is the signal at the receiver, s ¼ hI is the instantaneous
intensity gain, h is the effective photo-current conversion ratio
of the receiver, I is the normalized irradiance, x is the modulated
signal that takes values 0 or 1 and n is the AWGN with zero
mean and variance N0/2. For weak-to-moderate atmospheric
turbulence conditions, the turbulence-induced fading is
assumed to be a random process that follows the log-normal
distribution [3], whereas for moderate-to-strong turbulence
conditions a gamma–gamma distribution is used [3, 10].

2.1 The log-normal turbulence model
The probability density function (PDF) of the log-normal
model is given by [3]
2

fI (I ) ¼

1
( ln (I ) þ s =2)
pﬃﬃﬃﬃﬃﬃ exp 
2s2
I s 2p

2

!
(2)

where s is the standard deviation of the log-normal
distribution, which depends on the channel’s characteristics
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as given by [9, 17]
"
2

s ¼ exp

þ

0:49d2
(1 þ 0:18d 2 þ 0:56d12=5 )7=6
#
0:51d2

(1 þ 0:9d 2 þ 0:62d 2 d12=5 )5=6

1

(3)

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where d ¼ kD2 =4L, k ¼ 2p/l is the optical wave number,
L is the length of the optical link and D is the receiver’s
aperture diameter. The parameter d2 is the Rytov variance
given by

d2 ¼ 1:23Cn2 k7=6 L11=6

(4)

with C2n being the altitude-dependent turbulence strength
and varying from 10217 to 10213 m22/3 according to the
atmospheric turbulence conditions [2, 8].
The cumulative distribution function (CDF) for the
log-normal distribution model is obtained by integrating
(2), yielding
!
1
ln (I ) þ s2 =2
pﬃﬃﬃﬃﬃﬃ
FI (I ) ¼ erfc 
2
2s

(5)

where erfc is the complementary error function deﬁned in [21].
By deﬁning the instantaneous electrical signal-to-noise
ratio (SNR) as m ¼ (hI )2 =N0 ¼ s2 =N0 , the average electrical
SNR will be given by m ¼ (hE[I ])2 =N0 as previously
deﬁned in [19], where E[.] denotes the expectation. Then,
considering that E[I ] ¼ 1 since I is normalized to unity,
and after a power transformation of the RV I in (2), the
electrical SNR PDF can be written as
1
( ln (m=m ) þ s2 )2
pﬃﬃﬃﬃﬃﬃ exp 
f m (m ) ¼
8s2
2ms 2p

!
(6)

By integrating (6), the CDF with respect to m can be
obtained as
1
ln (m =m)  s2
pﬃﬃﬃ
Fm (m) ¼ erfc
2
2 2s

!
(7)

Hence, (6) and (7) present the PDF and the CDF of the
electrical SNR of the log-normal turbulence channel.

2.2 The gamma –gamma turbulence
model
The PDF of the gamma – gamma model is given by [3]
fI (I ) ¼

 pﬃﬃﬃﬃﬃﬃﬃ
2(ab)(aþb)=2 {(aþb)=2}1
I
Kab 2 abI
G(a)G(b)

(8)
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where Kn(.) is the modiﬁed Bessel function of the second
kind of order n, G(.) is the gamma function and a, b can be
directly related to atmospheric conditions through the
expressions below [8, 18]
"
a ¼ exp 

0:49d2
1 þ 0:18d 2 þ 0:56d12=5

!

#1
(9)

7=6  1

and
2

0

b ¼ 4exp@

0:51d2
1 þ 0:9d 2 þ 0:62d 2 d12=5

1
5=6

3

Outage probability

Following the above, we extract closed-form expressions for
the evaluation of the outage probability of an FSO link.
We consider this as a particularly important metric for the
design of such a system as it represents the probability that
the instantaneous SNR falls below a critical threshold, mth ,
which corresponds to the receiver’s sensitivity limit. Thus,
the outage probability for weak-to-moderate turbulence
strength is obtained from the log-normal distribution
model (7), given by

31

A  15

(10)

Pout

1
ln (m =mth )  s2
pﬃﬃﬃ
¼ Pr(m  mth ) ¼ Fm (mth ) ¼ erfc
2
2 2s

!

(14)
where the parameters d and d have been deﬁned above.
By integrating (6), the CDF of the gamma– gamma
distribution with respect to I can be derived as [5, 10]

1
aþb


1

(abI )
B 
C
2
G 2,1 @abI 
FI (I ) ¼
a þ bA
a b b a
G(a)G(b) 1,3

,
, 
2
2
2
(11)

whereas for moderate-to-strong turbulence strength the above
probability arises from the gamma– gamma distribution
model (13) and is given by

0

(aþb)=2

Pout

m,n
½ is the Meijer G-function [22].
where Gp,q

The PDF of the instantaneous electrical SNR, m, is
obtained from (6) with a power transformation of I as

fm (m) ¼

(ab)aþb=2 m{(aþb)=4}1
Kab
G(a)G(b) m (aþb)=4

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rﬃﬃﬃﬃﬃ!
m
2 ab
m

(12)

By expressing the Bessel function Kn(.) in terms of Meijer
G-function

!!
1 2,0  n  n
Kn (z) ¼ G0,2 z , 
2
2
2

(15)

The average (ergodic) capacity, kCl, represents the practically
achievable capacity of an FSO channel with atmospheric
turbulence-induced fading and it is a quite crucial
metric for evaluating the link performance [7, 11– 14].
Considering that perfect channel-state information (CSI) is
available at both the receiver and the transmitter of an FSO
communication system, the average achievable capacity can
be deﬁned as
kCl ¼
0

B log2

!
(hI )2
1þ
fI (I ) dI
N0

(16)

where B is the signal transmission bandwidth and fI(I) the
PDF of the corresponding distribution model.

4.1 Log-normal turbulence fading
For weak-to-moderate atmospheric turbulence conditions,
the average capacity of the FSO system under consideration
can be obtained by applying (2) – (16), yielding
(13)

Hence, following (12) and (13), the PDF and CDF of the
gamma – gamma distribution with respect to m can readily
be evaluated as a function of the atmospheric turbulence
strength and the parameters of the optical link.
1404
& The Institution of Engineering and Technology 2009

(aþb)=4

Average channel capacity

ð1

and integrating (12) by using [22, eq. (21)], the CDF of the
electrical SNR of the gamma – gamma turbulence fading can
be easily derived as

(ab)(aþb)=2 m (aþb)=4
Fm (m) ¼
G(a)G(b) m

0
1
rﬃﬃﬃﬃ 1  a þ b
m
C
2,1 B
 G1,3
@ab  a  b 2b  a
a þ bA
m 
,
, 
2
2
2

4


(ab)(aþb)=2 mth
¼ Pr(m  mth ) ¼ Fm (mth ) ¼
G(a)G(b) m

0
1
rﬃﬃﬃﬃﬃﬃﬃ 1  a þ b
mth 
C
2,1 B
2
 G1,3

@ab
a þ bA
m  a  b b  a

,
, 
2
2
2

B
kCl ¼ pﬃﬃﬃﬃﬃﬃ
2s 2p ln (2)

ð þ1
0

"
#
ln (1 þ m)
( ln (m)  A)2
exp 
dm
m
8s2
(17)

where A ¼ ln (m )  s2 and taking into account [15, 16, 21],
we obtain the following summation, for the estimation of the
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expression is obtained

average capacity
kCl ¼ BC0

(
1
X
(1)kþ1


pﬃﬃﬃ
A
erfcx
2sk þ pﬃﬃﬃ
2 2s

k

k¼1


pﬃﬃﬃ
A
4s
þ erfcx
2sk  pﬃﬃﬃ
þ pﬃﬃﬃﬃﬃﬃ
2p
2 2s
)
! 
2
A
A
þ A exp
erfc  pﬃﬃﬃ
2
8s
2 2s

kCl ¼

0

1

aþb
 aþb

, 
þ1

B
C
4
4
2
B
C
6,1 B(ab)  a  b a  b þ 2 b  a b  a þ 2 C
 G2,6 B

,
,
,
,C
B 16m  4
C
4
4
4

@
A
aþb
 aþb

, 
4
4
(21)

(18)

where
where

exp (A 2 =8s2 )
C0 ¼
2 ln (2)

A0 ¼

In order to evaluate (18), the inﬁnite sum over k must be
calculated. However, evaluating numerically the result of
(17) and (18) and taking into account a very accurate
approximation for the evaluation of the average capacity
[17], we obtain
(
~ ¼ BC0
kCl

8
X


ak erfcx

k¼1

pﬃﬃﬃ
A
2sk þ pﬃﬃﬃ
2 2s


pﬃﬃﬃ
A
4s
þ pﬃﬃﬃﬃﬃﬃ
þ erfcx
2sk  pﬃﬃﬃ
2p
2 2s
)
! 
A2
A
þ A exp
(19)
erfc  pﬃﬃﬃ
8s2
2 2s



 ~
The relative estimation error kCl
 kCl=kCl is found to be
of the order of 1029 for most of the cases that we study below.
Therefore, we can conclude that (19) is practically a perfectly
accurate closed-form expression for the evaluation of the
average capacity of a log-normal-modelled FSO channel,
~
and thus, kCl ﬃ kCl.

4.2 Gamma– gamma turbulence fading
For medium-to-strong atmospheric turbulence conditions
and by applying (8) to (16), the average capacity can be
written as
B(ab=m )(aþb)=2
kCl ¼
G(a)G(b) ln (2)

þ1
ð

ln (1 þ m)m{(aþb)=4}1

0

 Kab

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rﬃﬃﬃﬃﬃ!
m
dm
2 ab
m

(20)

By expressing Kn(.) as the Meijer G-function and also taking
into account that
ln (1 þ z) ¼

1,2
G2,2

 
 1, 1
z
1, 0

and integrating [22], the following closed-form mathematical
IET Commun., 2009, Vol. 3, Iss. 8, pp. 1402 – 1409
doi: 10.1049/iet-com.2008.0212

m

BA0
(aþb)=4

5

(ab)(aþb)=2
4pG(a)G(b) ln (2)

Numerical results

Using the above-derived closed forms for the outage
probability, (14) and (15), and the average capacity, (19)
and (21), we now investigate the reliability and
the performance of an FSO link using practical
system parameters. The parameters under consideration
that affect the system efﬁciency are the length L of the
FSO link and the receiver’s aperture diameter, D, for
different values of the atmospheric turbulence strength, C2n.
For typical FSO systems, the value of L varies between 500
and 8000 m, and D, between D ¼ 0.01 and 0.2 m. In the
analysis below we consider two typical values of L
(L ¼ 1000 m, short length FSO system and L ¼ 7000 m,
long length FSO system), and two values of D (D ¼ 0.02
and
0.08 m)
taking
into
account
three
different atmospheric turbulence conditions, weak
(C2n ¼ 8.4  10215 m22/3), moderate (C2n ¼ 1.7  10214
m22/3) and strong (C2n ¼ 5.0  10214 m22/3), respectively.
For weak-to-moderate conditions, we use the log-normal
model, whereas for strong conditions, the gamma–gamma
model. For the selection of the turbulence strength values, we
took into account that for an FSO link near the ground the
value of the turbulence strength can be taken to be
approximately 1.7  10214 m22/3 during the daytime and
8.4  10215 m22/3 at night [2, 7]. In this study, we consider
l ¼ 1.55 mm, which is a typical wavelength for an FSO
communication system [2]. Similar results can be obtained for
any other wavelength, using (14), (15) and (19), (21).
In Fig. 1, we present the outage probability of the FSO link,
as a function of the normalized average electrical SNR, m =mth ,
for weak, moderate and strong turbulence strength. In this
case the length of the link is L ¼ 1000 m and the aperture
diameter of the receiver is, D ¼ 0.08 m. It is obvious that the
atmospheric conditions affect the reliability of the system but,
even for strong turbulence, C2n ¼ 5.0  10214 m22/3, and
small values of the normalized electrical average SNR – but
above 8 dB – its performance is still acceptable although the
1405
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outage probability, for the same parameters as in Figs. 1 and
2, respectively, but for L ¼ 7000 m. As shown in Fig. 3, for
large values of C2n the reliability of the system decreases even
for large values of the normalized average SNR. More
speciﬁcally, for C2n ¼5.0  10214 m22/3 and m =mth ¼ 10 dB,
the outage probability is of order of 1021 whereas in
the previous case (i.e. Fig. 1) it was of the order of 1023.
Similar results are obtained in Fig. 4, where, even for weak
turbulence, C 2n ¼ 8.4  10215 m22/3, the average capacity
is ,C./B ¼ 5.3 b/s/Hz, for m ¼ 20dB, whereas for the
case with the shorter link (i.e. Fig. 2) the respective capacity
was 6.7 b/s/Hz, i.e. a decrease of 21%.
Another very signiﬁcant parameter of an FSO
communication system is the aperture diameter of the
receiver, D. In order to study the inﬂuence of D in the
Figure 1 Outage probability against the normalised
average electrical SNR, m̄ /m th , for weak-to-strong
turbulence strength, C2n, for L ¼ 1000 m and D ¼ 0.08 m
outage probability is smaller than 1023. The average channel
capacity as a function of the average electrical SNR, m , for
different values of the strength of the atmospheric turbulence,
for the above conﬁguration, is presented in Fig. 2.
Furthermore, in this ﬁgure, we plot the capacity of an
AWGN channel. It is clear that the performance of
the system is slightly affected by the atmospheric conditions,
since even for strong turbulence, the average capacity
decreases only 1.3%, when the turbulence strength increases
from C 2n ¼ 8.4  10215 to ¼5.0  10214 m22/3, for
m ¼ 20 dB.
By increasing the length of the link, the inﬂuence of the
atmospheric conditions becomes stronger. This is obvious in
Figs. 3 and 4, where we evaluate the average capacity and the

Figure 3 Outage probability against the normalised
average electrical SNR, m̄ /m th , for weak-to-strong
turbulence strength, C2n, for L ¼ 7000 m and D ¼ 0.08 m

Figure 2 Average capacity, kCl/B, against the average
electrical SNR, m̄, for weak-to-strong turbulence strength,
C2n, L ¼ 1000 m and D ¼ 0.08 m

Figure 4 Average capacity, kCl/B, against the average
electrical SNR, m̄, for weak-to-strong turbulence strength,
C2n, L ¼ 7000 m and D ¼ 0.08 m
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These conclusions are more unambiguous in Figs. 7 and 8
where we evaluate the average capacity and the outage
probability of an FSO system with D ¼ 0.02 m and
L ¼ 7000 m. Comparing the results of this case with the
above ones, we conclude that the combination of small D
and large L for strong turbulence conditions practically
results in the interruption of the link. Thus, designing a
system for such cases must aim to have acceptable values
for the system’s reliability and performance metrics.

capabilities of the system, we evaluate the outage probability and
the average capacity of the system for L ¼ 1000 m and
D ¼ 0.02 m. The results that are obtained are plotted in
Figs. 5 and 6. Comparing the results of Fig. 1 with those of
Fig. 5 we conclude that the outage probability of the system is
fairly larger in the case of small D. For example, in Fig. 1
for strong turbulence conditions, C 2n ¼ 5.0  10214 m22/3
and m =mth ¼ 10dB, the outage probability was 1.1  1024,
whereas in Fig. 5 the equivalent result was 4.0  1022.
Similar results are obtained for the average capacity.
Thus, comparing Figs. 2 and 6, we observe that for
C 2n ¼ 5.0  10214 m22/3 and m ¼ 20 dB the average
capacity is 6.1 b/s/Hz for small D, whereas for D ¼ 0.08 m
in Fig. 2, the average capacity is 6.6 b/s/Hz.

 Finally, in
 Fig. 9 the estimation error of the average capacity,
kCl
~  kCl=kCl, against the average electrical SNR, m , is
evaluated for one of the above-mentioned cases (i.e.
C 2n ¼ 8.4  10215 m22/3, L ¼ 1000 m and D ¼ 0.02 m)

Figure 5 Outage probability against the normalised
average electrical SNR, m̄ /m th , for weak-to-strong
turbulence strength, C2n, for L ¼ 1000 m and D ¼ 0.02 m

Figure 7 Outage probability against the normalised
average electrical SNR, m̄ /m th , for weak-to-strong
turbulence strength, C2n, for L ¼ 7000 m and D ¼ 0.02 m

Figure 6 Average capacity, kCl/B, against the average
electrical SNR, m̄, for weak-to-strong turbulence strength,
C2n, L ¼ 1000 m and D ¼ 0.02 m

Figure 8 Average capacity, kCl/B, against the average
electrical SNR, m̄, for weak-to-strong turbulence strength,
C2n, L ¼ 7000 m and D ¼ 0.02 m
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(MIMO) FSO systems or to other modulation schemes such
as pulse position modulation (PPM).
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