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Abstract
In this paper, generalized synchronization (GS) is extended from real space to complex

space, resulting in a new synchronization scheme, complex generalized synchronization

(CGS). Based on Lyapunov stability theory, an adaptive controller and parameter update

laws are designed to realize CGS and parameter identification of two nonidentical chaotic

(hyperchaotic) complex systems with respect to a given complex map vector. This scheme is

applied to synchronize a memristor-based hyperchaotic complex Lü system and a memris-

tor-based chaotic complex Lorenz system, a chaotic complex Chen system and a memristor-

based chaotic complex Lorenz system, as well as a memristor-based hyperchaotic complex

Lü system and a chaotic complex Lü systemwith fully unknown parameters. The correspond-

ing numerical simulations illustrate the feasibility and effectiveness of the proposed scheme.

Introduction
Since Fowler et al. proposed a complex Lorenz system in 1982 [1], modeling, analyses and syn-
chronization of complex systems have attracted more and more attention in nonlinear science
and technology fields, the reasons of which can be roughly summed up in the following two
aspects. On the one hand, some physical systems and phenomena should be accurately mod-
eled by complex systems, such as rotating fluids, detuned lasers, disk dynamos, electronic cir-
cuits, and so on [1–4]; on the other, due to the existence of complex variables which can double
the number of variables, complex systems can generate complicated dynamical behaviors with
strong unpredictability, and synchronization of complex systems has widely potential applica-
tions to many fields of physics, ecological systems, signal and information processing, and sys-
tem identification, especially to secure communication for achieving higher transmission
efficiency and anti-attack ability [5–7].

As we well know, chaos synchronization is the precondition of chaotic secure communication,
digital cryptography, chaotic image encryption, etc. Since the pioneering work by Pecora and Car-
rol in 1990 [8], chaos synchronization of real systems has been extensively investigated
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theoretically and experimentally, while the synchronization of complex systems has been
explored for less than a decade. In the beginning stages, some synchronization schemes were
directly used to synchronize complex systems, such as complete synchronization (CS) [9–10], lag
synchronization (LS) [7, 11], projective synchronization (PS) [12–13], phase synchronization
(PhS) [14], combination synchronization [15], etc. Recently, some complex synchronization
methods were presented based on their real versions. Liu et al. proposed a complex modified
hybrid projective synchronization (CMHPS) scheme to synchronize complex Dadras systems,
with different dimensions and complex parameters, up to a desired complex transformation
matrix [16]. Wang et al. investigated a hybrid synchronization method containing complex modi-
fied projective synchronization andmodule-phase synchronization [17]. Sun et al. realized com-
plex combination synchronization of three identical chaotic complex systems with complex
scaling matrices [18]. Jiang et al. designed a general controller to achieve combination complex
synchronization for fractional-order chaotic complex systems [19]. It is worth noting that
Refs [20–21] have explored the synchronization issues of complex systems with unknown param-
eters which are likely to exist in practice. Zhang et al. investigated the complex modified projec-
tive synchronization (CMPS) and parameter identification of uncertain real chaotic systems and
complex chaotic systems [20]. Liu et al. used an adaptive complex modified projective synchroni-
zation (ACMPS) method to synchronize two chaotic (hyperchaotic) complex systems up to a
complex scaling matrix, and to estimate the unknown complex parameters successfully [21].

Based on the above-mentioned complex synchronization methods, the response complex
systems can be synchronized with the drive complex systems up to the desired complex scaling
matrices. Shall we further generalize these synchronization schemes and synchronize the com-
plex systems with respect to a given complex functional relationship? That is, can generalized
synchronization (GS) be extended to synchronize complex systems? Rulkov et al. firstly pro-
posed the generalized synchronization, where two chaotic systems are said to be synchronized
if a given functional relation can be realized between the variables of drive and response sys-
tems [22]. With different given functions, GS can degenerate to various PSs, antisynchroniza-
tion (AS) and CS. Furthermore, the given functions are almost impossible to be predicted,
which can enhance secure performance when GS is applied to chaotic secure communication.
In the recent two decades, GS of chaotic or hyperchaotic real systems has been widely investi-
gated. For instance, Refs [23–25] realized GS of different chaotic and hyperchaotic systems,
while Refs [26–28] achieved adaptive generalized synchronization (AGS) and parameter iden-
tification of different chaotic systems with unknown parameters. However, to our best knowl-
edge, up to now, there are few published achievements on CGS of nonidentical nonlinear
complex systems. So, it is meaningful and challenging to extend GS from real systems to com-
plex systems, and to realize CGS and parameter identification of chaotic and hyperchaotic
complex systems with unknown parameters.

Motivated by the above discussions, this paper investigates CGS and parameter identification
of different chaotic and hyperchaotic complex systems with unknown parameters. In practice,
the parameters of some nonlinear systems cannot be exactly known, so we choose uncertain non-
linear complex systems as the research objects, and use adaptive control and Lyapunov stability
theory to design CGS and parameter estimation scheme for them. In our proposed scheme, CGS
is defined by extending GS from real space to complex space, and designed with consideration of
error feedback control gains which are introduced to adjust converging velocity. Furthermore,
according to the orders of the drive and response nonlinear complex systems (i.e., same-order,
increased-order, and reduced-order), three different examples are presented to verify the correct-
ness, feasibility, and efficiency of the proposed scheme.

The rest of this paper is organized as follows. The definition and design of CGS of nonidenti-
cal complex systems are given in Section 2. CGS and parameter identification of a memristor-
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based hyperchaotic complex Lü system and a memristor-based chaotic complex Lorenz system
with the same orders, a chaotic complex Chen system and a memristor-based chaotic complex
Lorenz system via increased order, as well as a memristor-based hyperchaotic complex Lü sys-
tem and a chaotic complex Lü system via reduced order, are investigated theoretically and illus-
trated numerically in Section 3–5, respectively. Finally, some conclusions are drawn in Section 6.

Design of CGS

Definition of CGS
Consider the following nonidentical drive and response complex systems with fully unknown
parameters

_x ¼ FðxÞθ þ fðxÞ ð1Þ

_y ¼ GðyÞδ þ gðyÞ þ uðx; yÞ ð2Þ
where x = (x1, x2, � � �xn)T and y = (y1, y2, � � �xm)T are complex state vectors of the drive sys-
tem (1) and response system (2) respectively, xk = xk,r + jxk,i(k = 1, � � �, n), yk = yk,r + jyk,i(k =

1, � � �,m), j ¼ ffiffiffiffiffiffiffi�1
p

, the subscripts r and i denote the real and image parts of the complex vari-
ables, vectors and matrices throughout this paper. θ2Rp and δ2Rq are real vectors of unknown
parameters. F(x)2Cn×p and G(y)2Cm×q are complex matrices, F(x) = Fr(x) + jFi(x), G(y) =
Gr(y) + jGi(y). f(x)2Cn and g(y)2Cm are vectors of nonlinear complex functions, and
f(x) = fr(x) + jfi(x), g(y) = gr(y) + jgi(y). u(x, y)2Cm is the complex control vector, and u(x, y) =
ur(x, y) + jui(x, y).

Remark 1 Some nonlinear complex systems can be formed as system (1), such as complex
Lorenz system, complex Chen system, complex Lü system, memristor-based complex Lorenz
system, memristor-based complex Lü system, and so on. For synchronizing such complex sys-
tems, the complex variables and functions could be divided into the real parts and imaginary
parts.

Definition 1 For the drive system (1) and response system (2), CGS is achieved if there exist
a complex controller u(x, y) and a given complex map ϕ(x):Cn!Cm such that

lim
t!1

ky � ϕðxÞk ¼ 0 ð3Þ

where ϕ(x) = [ϕ1(x), ϕ1(x), � � �ϕm(x)]T is a nonzero complex map vector whose elements are
continuously differentiable complex functions of x, and ϕ(x) = ϕr(x) + jϕi(x).

Remark 2 If ϕ(x) = Θx, some types of synchronization are special cases of CGS, such as
complex modified hybrid projective synchronization (CMHPS) as Θ2Cm×n, complex modified
projective synchronization (CMPS) as Θ = diag(ϑ1, ϑ2, � � �ϑn)2Cm×n, complex projective syn-
chronization (CPS) as Θ = diag(ϑ, ϑ, � � �ϑ)2Cn×n, modified hybrid projective synchronization
(MHPS) as Θ2Rm×n, modified projective synchronization (MPS) as Θ = diag(ϑ1, ϑ2, � � �ϑn)2
Rn×n, projective synchronization (PS) as Θ = diag(ϑ, ϑ, � � �ϑ)2Rn×n, antisynchronization (AS)
as Θ = diag(− 1, − 1, � � � − 1), and complete synchronization (CS) as Θ = diag(1, 1, � � �1).

General scheme of CGS and parameter identification
Define the complex CGS error vector as

e ¼ y� ϕðxÞ ¼ er þ jei

¼ ðyr � ϕrðxÞÞ þ jðyi � ϕiðxÞÞ
ð4Þ
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where e = (e1, e2, � � �em)T2Cm, er = (e1,r, e2,r, � � �em,r)
T2Rm,ei = (e1,i, e2,i, � � �em,i)

T2Rm. By taking
the derivative of Eq 4 with respect time, the CGS error dynamical system is obtained as

_e ¼ _y � Jð�Þ _x ð5Þ

where J(ϕ)2Cm×n is the Jacobian matrix of ϕ(x), and J(ϕ) = Jr(ϕ) + jJi(ϕ). By substituting Eqs 1
and 2 into Eq 5, Eq 5 can be represented by

_e ¼ _er þ j _e i

¼ fgrðyÞ � Jrð�ÞfrðxÞ þ Jið�ÞfiðxÞ � ½Jrð�ÞFrðxÞ � Jið�ÞFiðxÞ�θ þ GrðyÞδ þ urðx; yÞg
þjfgiðyÞ � Jrð�ÞfiðxÞ � Jið�ÞfrðxÞ � ½Jrð�ÞFiðxÞ þ Jið�ÞFrðxÞ�θ þ GiðyÞδ þ uiðx; yÞg

ð6Þ

Therefore, the problem of CGS for two nonidentical complex systems (1) and (2) is trans-
formed to the stability analysis of zero solution of the error dynamical system (6). Adaptive
CGS scheme is given in Theorem 1 and is proved based on Lyapunov stability theory.

Theorem 1 For a given complex map vector ϕ(x), CGS and parameter identification of the
response system (2) and the drive system (1) can be achieved if the complex adaptive controller
and the parameter update laws are designed as

uðx; yÞ ¼ urðx; yÞ þ juiðx; yÞ
¼ f�grðyÞ þ Jrð�ÞfrðxÞ � Jið�ÞfiðxÞ þ ½Jrð�ÞFrðxÞ � Jið�ÞFiðxÞ�θ̂ � GrðyÞδ̂ � Kerg
þjf�giðyÞ þ Jrð�ÞfiðxÞ þ Jið�ÞfrðxÞ þ ½Jrð�ÞFiðxÞ þ Jið�ÞFrðxÞ�θ̂ � GiðyÞδ̂ � Keig

ð7Þ

_~θ ¼ _̂θ ¼ �½Jrð�ÞFrðxÞ � Jið�ÞFiðxÞ�Ter � ½Jrð�ÞFiðxÞ þ Jið�ÞFrðxÞ�Tei � Kθ
~θ

_~δ ¼ _̂δ ¼ ½GrðyÞ�Ter þ ½GiðyÞ�Tei � Kδ
~δ

8<
: ð8Þ

where θ̂ and δ̂ denote the estimated parameter vectors of θ and δ, ~θ ¼ θ̂ � θ and ~δ ¼ δ̂ � δ
denote the parameter error vectors. K = diag(k1, k2� � �km), Kθ = diag(kθ, 1, kθ, 2� � �kθ, p) and Kδ =
diag(kδ, 1, kδ, 2� � �kδ, q) are error feedback control strength whose elements are all positive con-
stants, which can adjust converging velocity.

ProofWe introduce a positive Lyapunov function as

VðtÞ ¼ 1

2
½ðerÞTer þ ðeiÞTei þ ~θT~θ þ ~δT~δ� ð9Þ

The time derivative of V(t) along the trajectories of the error dynamical system (6) is calcu-
lated as

_VðtÞ ¼ ð _erÞTer þ ð _e iÞTei þ ~θT _~θ þ ~δT _~δ

¼ fgrðyÞ � Jrð�ÞfrðxÞ þ Jið�ÞfiðxÞ � ½Jrð�ÞFrðxÞ � Jið�ÞFiðxÞ�θ þ GrðyÞδ þ urðx; yÞgTer
þfgiðyÞ � Jrð�ÞfiðxÞ � Jið�ÞfrðxÞ � ½Jrð�ÞFiðxÞ þ Jið�ÞFrðxÞ�θ þ GiðyÞδ þ uiðx; yÞgT

ei

þ~θT _~θ þ ~δT _~δ

ð10Þ
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Substituting Eqs 7 and 8 into Eq 10, then

_VðtÞ ¼ f½Jrð�ÞFrðxÞ � Jið�ÞFiðxÞ�~θ � GrðyÞ~δ � KergTer
þf½Jrð�ÞFiðxÞ þ Jið�ÞFrðxÞ�~θ � GiðyÞ~δ � KeigTei
�~θTf½JrðϕÞFrðxÞ � Jið�ÞFiðxÞ�Ter þ ½JrðϕÞFiðxÞ þ JiðϕÞFrðxÞ�Tei � Kθ

~θg
þ~δTf½GrðyÞ�Ter þ ½GiðyÞ�Tei � Kδ

~δg
¼ �ðerÞTKer � ðeiÞTKei � ~θTKy

~θ � ~δTKδ
~δ

< 0

ð11Þ

Based on Lyapunov stability theory, since V(t) and _V ðtÞ are positive and negative respec-
tively, the CGS errors and the parameter errors asymptotically converge to zero as the time

tends to infinity, i.e., limt!1 erðtÞ ¼ 0,limt!1 eiðtÞ ¼ 0, limt!1
~yðtÞ ¼ 0 and limt!1

~dðtÞ ¼ 0,
which indicate that CGS and parameter identification are realized. The proof is completed.

CGS of a Memristor-Based Hyperchaotic Complex Lü System and a
Memristor-Based Chaotic Complex Lorenz System (n =m)
In this section, we investigate CGS of two nonidentical complex systems with the same orders.
On the basis of a memristor-based hyperchaotic Lü system proposed in [29], a memristor-
based hyperchaotic complex Lü system is introduced as the drive system, which is described as

_x1 ¼ a1ðx2 � x1Þ
_x2 ¼ �x1x3 þ a2x2 � a3ða1 þ 3b1x

2
4Þx1

_x3 ¼
1

2
ð�x1x2 þ x1�x2Þ � a4x3

_x4 ¼
1

2
ð�x1 þ x1Þ

8>>>>>>><
>>>>>>>:

ð12Þ

where x1, x22C, x3, x42R, �x1 ; �x2 2 C denote the complex conjugate variables of
x1, x2. a1, a2, a3 and a4 are unknown real parameters, α1 and β1 are considered as known posi-
tive constants. When α1 = 4, β1 = 0.01, a1 = 36, a2 = 20, a3 = 3.2, a4 = 3 and x(0) = [−1 + 2j,
1 + j, 2, −1]T, the Lyapunov exponents of system (12) are calculated as (0.262, 0.103, 0, 0,
-15.764, -17.553), and a hyperchaotic attractor is plotted in Fig 1.

A memristor-based chaotic complex Lorenz system, proposed in [30], is introduced as the
response system

_y1 ¼ �b1y1 � ða2 þ 3b2y
2
4Þy1 þ b2y2 þ u1

_y2 ¼ b3y1 � y2 � y1y3 þ u2

_y3 ¼
1

2
ð�y1y2 þ y1�y2Þ � b4y3 þ u3

_y4 ¼ � 1

2
ð�y1 þ y1Þ þ u4

8>>>>>>><
>>>>>>>:

ð13Þ

where y1, y22C, y3, y42R, b1, b2, b3 and b4 are unknown real parameters, α2 and β2 are consid-
ered as known positive constants. u1, u2, u3 and u4 are controllers. When α2 = 0.67 × 10−3, β2 =
0.02 × 10−3, b1 = 8, b2 = 11, b3 = 50, b4 = 8/3 and y(0) = [2, 1 + 4j, 0.1, 0]T, the system (13) oper-
ates in chaotic orbits without control, as shown in Fig 2.
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The drive system (12) and response system (13) can be rewritten with the form of Eqs 1 and
2, where θ = [a1, a2, a3, a4]

T, δ = [b1, b2, b3, b4]
T, u = [u1, u2, u3, u4]

T, and

FðxÞ ¼

x2 � x1 0 0 0

0 x2 �ða1 þ 3b1x
2
4Þx1 0

0 0 0 �x3

0 0 0 0

2
66664

3
77775
; f ðxÞ ¼

0

�x1x3

ðx1�x2 þ �x1x2Þ=2
ðx1 þ �x1Þ=2

2
66664

3
77775

GðyÞ ¼

�y1 y2 0 0

0 0 y1 0

0 0 0 �y3

0 0 0 0

2
66664

3
77775
; gðyÞ ¼

�ða2 þ 3b2y
2
4Þy1

�y2 � y1y3

ðy1�y2 þ �y1y2Þ=2
�ðy1 þ �y1Þ=2

2
66664

3
77775

Fig 1. Hyperchaotic attractor of the memristor-based complex Lü system.

doi:10.1371/journal.pone.0152099.g001
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The complex map vector is given by

�ðxÞ ¼ ½x1 þ jx2; ð2� jÞx2; x3 þ x4; x
2
4�T ð14Þ

The Jacobian matrix of the complex map vector is calculated as

Jð�Þ ¼

1 j 0 0

0 2� j 0 0

0 0 1 1

0 0 0 2x4

2
66664

3
77775

ð15Þ

According to Eqs 7 and 8, the complex adaptive controller and parameter estimator can be
obtained as

u1 ¼ ½ða2 þ 3b2y
2
4Þy1;r þ x1;ix3 þ ðx2;r � x1;rÞâ1 � x2;iâ2 þ ða1 þ 3b1x

2
4Þx1;iâ3 þ y1;rb̂1 � y2;rb̂2 � k1e1;r�

þ j ½ða2 þ 3b2y
2
4Þy1;i � x1;rx3 þ ðx2;i � x1;iÞâ1 þ x2;râ2 � ða1 þ 3b1x

2
4Þx1;râ3 þ y1;ib̂1 � y2;ib̂2 � k1e1;i�

u2 ¼ ½y2;r þ y1;ry3 � ð2x1;r þ x1;iÞx3 þ ð2x2;r þ x2;iÞâ2 � ð2x1;r þ x1;iÞða1 þ 3b1x
2
4Þâ3 � y1;rb̂3 � k2e2;r�

þ j ½y2;i þ y1;iy3 � ð2x1;i � x1;rÞx3 þ ð2x2;i � x2;rÞâ2 � ð2x1;i � x1;rÞða1 þ 3b1x
2
4Þâ3 � y1;ib̂3 � k2e2;i�

u3 ¼ �y1;ry2;r � y1;iy2;i þ x1;rx2;r þ x1;ix2;i þ x1;r � x3â4 þ y3b̂4 � k3e3

u4 ¼ y1;r þ 2x1;rx4 � k4e4

ð16Þ

Fig 2. Chaotic attractor of the memristor-based complex Lorenz system.

doi:10.1371/journal.pone.0152099.g002
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_̂a 1 ¼ �ðx2;r � x1;rÞe1;r � ðx2;i � x1;iÞe1;i � ky;1ðâ1 � a1Þ
_̂a 2 ¼ x2;ie1;r � x2;re1;i � ð2x2;r þ x2;iÞe2;r � ð2x2;i � x2;rÞe2;i � ky;2ðâ2 � a2Þ
_̂a 3 ¼ ½�x1;ie1;r þ x1;re1;i þ ð2x1;r þ x1;iÞe2;r þ ð2x1;i � x1;rÞe2;i�ða1 þ 3b1x

2
4Þ � ky;3ðâ3 � a3Þ

_̂a 4 ¼ x3e3 � ky;4ðâ4 � a4Þ

ð17Þ

_̂b 1 ¼ �y1;re1;r � y1;ie1;i � kd;1ðb̂1 � b1Þ
_̂b 2 ¼ y2;re1;r þ y2;ie1;i � kd;2ðb̂2 � b2Þ
_̂b 3 ¼ y1;re2;r þ y1;ie2;i � kd;3ðb̂3 � b3Þ
_̂b 4 ¼ �y3e3 � kd;4ðb̂4 � b4Þ

ð18Þ

where e1,r = y1,r − x1,r+x2,i, e1,i = y1,i − x1,i − x2,r, e2,r = y2,r − 2x2,r − x2,i, e2,i = y2,i − 2x2,i+x2,r, e3 =
y3 − x3 − x4, e4 ¼ y4 � x2

4
.

In order to verify the validity and effectiveness of CGS between system (12) and (13)
with respect to the complex vector (14), ODE45 algorithm is used to solve the systems based
on Matlab 2013a. The values of known parameters are α1 = 4, β1 = 0.01, α2 = 0.67 × 10−3, β2 =
0.02 × 10−3, the true values of unknown parameters are θ = [36, 20, 3.2, 3]T, δ = [8, 11, 50,
8/3]T. The initial conditions of system (12) and (13) are randomly selected as x(0) = [−1 + 2j,
1 + j, 2, −1]T, y(0) = [10 − 8j, 4 − 3j, 6, −5]T. The initial values of all unknown parameters are
randomly chosen as zero, and the control strength is set as K = diag(20, 20, 20, 20), Kθ = diag
(10, 10, 10, 10), Kδ = diag(10, 10, 10, 10). The corresponding simulation results are shown in
Figs 3, 4 and 5. The CGS process is plotted in Fig 3, which indicate that the response system
(13) is synchronized with the drive system (12) with respect to the given complex map vector
(14). The synchronization errors, as shown in Fig 4, converge to zero in a short time. Fig 5
shows the identifying processes of unknown parameters, which indicates that the estimated

values tend to be their true values adaptively, i.e., ŷ ! ½36; 20; 3:2; 3�T and
d̂ ! ½8; 11; 50; 2:667�T .

CGS of a Chaotic Complex Chen System and a Memristor-Based
Chaotic Complex Lorenz System (n<m)
In this section, we investigate CGS of two nonidentical complex systems via increased order. A
chaotic complex Chen system, investigated in [9], is introduced as the complex drive system,
which is described as

_x1 ¼ c1ðx2 � x1Þ
_x2 ¼ ðc2 � c1Þx1 � x1x3 þ c2x2

_x3 ¼
1

2
ð�x1x2 þ x1�x2Þ � c3x3

8>>><
>>>:

ð19Þ

where x1, x22C, x32R, c1, c2 and c3 are unknown real parameters. When c1 = 27, c2 = 23, c3 = 1,
and x(0) = [−3 − 2j, −1 − 5j, −4]T, the complex Chen system (19) operates in chaotic orbits, as
shown in Fig 6. The memristor-based chaotic complex Lorenz system, i.e., system (13), is also
served as the complex response system.
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The drive system (19) and response system (13) can be rewritten with the form of Eqs 1 and
2, where θ = [c1, c2, c3]

T, δ = [b1, b2, b3, b4]
T, u = [u1, u2, u3, u4]

T, and

FðxÞ ¼
x2 � x1 0 0

�x1 x2 � x1 0

0 0 �x3

2
64

3
75; f ðxÞ ¼

0

�x1x3

ðx1�x2 þ �x1x2Þ=2

2
64

3
75

GðyÞ ¼

�y1 y2 0 0

0 0 y1 0

0 0 0 �y3

0 0 0 0

2
66664

3
77775
; gðyÞ ¼

�ða2 þ 3b2y
2
4Þy1

�y2 � y1y3

ðy1�y2 þ �y1y2Þ=2
�ðy1 þ �y1Þ=2

2
66664

3
77775

The complex map vector is given by

�ðxÞ ¼ ½�jx1;�jx2;�x3; x3�T ð20Þ

Fig 3. CGS process of systems (12) and (13) with respect to the given complexmap vector. �ðxÞ ¼ ½x1 þ j x2; ð2� j Þx2; x3 þ x4; x
2
4�T . (a) x1,r − x2,i, y1,r;

(b) x1r − x2,r, y1,i; (c) 2x2,r+x2,i, y2,r; (d) 2x2,i − x2,r, y2,i; (e) x3+x4, y3; (f)x2

4
; y4

doi:10.1371/journal.pone.0152099.g003
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Fig 4. CGS errors of systems (12) and (13).

doi:10.1371/journal.pone.0152099.g004

Fig 5. Identification of unknown parameters of systems (12) and (13). (a) â1; â2; â3; â4 ; (b) b̂1; b̂2; b̂3; b̂4 .

doi:10.1371/journal.pone.0152099.g005
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The Jacobian matrix of the complex map vector is calculated as

Jð�Þ ¼

�j 0 0

0 �j 0

0 0 �1

0 0 1

2
66664

3
77775

ð21Þ

According to Eqs 7 and 8, the complex adaptive controller and parameter estimator can be
obtained as

u1 ¼ ½ða2 þ 3b2y
2
4Þy1;r þ ðx2;i � x1;iÞĉ1 þ y1;rb̂1 � y2;rb̂2 � k1e1;r�

þ j ½ða2 þ 3b2y
2
4Þy1;i � ðx2;r � x1;rÞĉ1 þ y1;ib̂1 � y2;ib̂2 � k1e1;i�

u2 ¼ ½y2;r þ y1;ry3 � x1;ix3 � x1;iĉ1 þ ðx2;i þ x1;iÞĉ2 � y1;rb̂3 � k2e2;r�
þ j ½y2;i þ y1;iy3 þ x1;rx3 þ x1;rĉ1 � ðx2;r þ x1;rÞĉ2 � y1;ib̂3 � k2e2;i�

u3 ¼ �y1;ry2;r � y1;iy2;i � x1;rx2;r � x1;ix2;i þ x3ĉ3 þ y3b̂4 � k3e3

u4 ¼ y1;r þ x1;rx2;r þ x1;ix2;i � x3ĉ3 � k4e4

ð22Þ

Fig 6. Chaotic attractor of the complex Chen system.

doi:10.1371/journal.pone.0152099.g006
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_̂c 1 ¼ �ðx2;i � x1;iÞe1;r þ ðx2;r � x1;rÞe1;i þ x1;ie2;r � x1;re2;i � ky1ðĉ1 � c1Þ
_̂c 2 ¼ �ðx2;i þ x1;iÞe2;r þ ðx2;r þ x1;rÞe2;i � ky2ðĉ2 � c2Þ
_̂c 3 ¼ �x3e3 þ x3e4 � ky3ðĉ3 � c3Þ

ð23Þ

_̂b 1 ¼ �y1;re1;r � y1;ie1;i � kd1ðb̂1 � b1Þ
_̂b 2 ¼ y2;re1;r þ y2;ie1;i � kd2ðb̂2 � b2Þ
_̂b 3 ¼ y1;re2;r þ y1;ie2;i � kd3ðb̂3 � b3Þ
_̂b 4 ¼ �y3e3 � kd4ðb̂4 � b4Þ

ð24Þ

where e1,r = y1,r − x1,i, e1,i = y1,i+x1,r, e2,r = y2,r − x2,i, e2,i = y2,i+x2,r, e3 = y3+x3, e3 = y4 − x3.
Numerical simulations are presented to verify the validity and effectiveness of CGS

between systems (19) and (13) with respect to the complex vector (20), under the following
parameter configurations and initial conditions: the known parameters α2 = 0.67 × 10−3, β2 =
0.02 × 10−3, the true values of unknown parameters θ = [27,23,1]T, δ = [8, 11, 50, 8/3]T, the
initial conditions of system (19) and (13) x(o) = [−3 − 2j, −1 − 5j, −4]T, y(0) = [2 − 2j, 1 − j, 6,

1]T, the initial values of unknown parameters ŷð0Þ ¼ ½10; 10; 10; 10�T ,
d̂ð0Þ ¼ ½10; 10; 10�T , and the control strength K = diag(20, 20, 20, 20), Kθ = diag(10, 10, 10,
10), Kδ = diag(10, 10, 10, 10). The corresponding simulation results are shown in Figs 7, 8
and 9. The CGS process is plotted in Fig 7, from which one can see that y1,r, y2,r, y4 are syn-
chronized with x1,i, x2,i, x3, and y1,i, y2,i, y3 are antisynchronized with x1,r, x2,r, x3. The syn-
chronization errors, as shown in Fig 8, converge to zero in a short time. Fig 9 shows the
identifying processes of unknown parameters, which indicates that the estimated values tend

to be their true values adaptively, i.e., ŷ ! ½27; 23; 1�T and d̂ ! ½8; 11; 50; 2:667�T .

CGS of a Memristor-Based Hyperchaotic Complex Lü System and a
Chaotic Complex Lü System (n>m)
In this section, we investigate CGS of two nonidentical complex systems via reduced order.
The memristor-based hyperchaotic complex Lü system, i.e., system (12), is acted as the drive
complex system. And a chaotic complex Lü system, investigated in [9], is introduced as the
response complex system, which is described as

_y1 ¼ d1ðy2 � y1Þ þ u1

_y2 ¼ �y1y3 þ d2y2 þ u2

_y3 ¼
1

2
ð�y1y2 þ y1�y2Þ � d3y3 þ u3

8>>><
>>>:

ð25Þ

where y1, y22C, y32R, d1, d2 and d3 are unknown real parameters, u1, u2 and u3 are controllers.
When d1 = 29, d2 = 21, d3 = 2, and y(0) = [4 + 10j, 6 + 10j, 12]T, the complex Lü system (25)
operates chaotically without control, as shown in Fig 10.
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The drive system (12) and response system (25) can be rewritten with the form of Eqs 1 and
2, where θ = [a1, a2, a3, a4]

T, δ = [d1, d2, d3]
T, u = [u1, u2, u3]

T, and

FðxÞ ¼

x2 � x1 0 0 0

0 x2 �ða1 þ 3b1x
2
4Þx1 0

0 0 0 �x3

0 0 0 0

2
66664

3
77775
; f ðxÞ ¼

0

�x1x3

ðx1�x2 þ �x1x2Þ=2
ðx1 þ �x1Þ=2

2
66664

3
77775

GðyÞ ¼
y2 � y1 0 0

0 y2 0

0 0 �y3

2
64

3
75; gðyÞ ¼

0

�y1y3

ðy1�y2 þ �y1y2Þ=2

2
64

3
75

The complex map vector is given by

�ðxÞ ¼ ½jx2; jx1; x3 � x24�T ð26Þ

Fig 7. CGS process of systems (19) and (13) with respect to the given complexmap vector ϕ(x) = [−jx1, −jx2, −x3, x3]T. (a) x1,i, y1,r; (b) x1r, y1,i; (c) x2,i, y2,
r; (d) x2,r, y2,i; (e) x3, y3; (f) x3, y4.

doi:10.1371/journal.pone.0152099.g007
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The Jacobian matrix of the complex map vector is calculated as

Jð�Þ ¼
0 j 0 0

j 0 0 0

0 0 1 �2x4

2
64

3
75 ð27Þ

According to Eqs 7 and 8, the complex adaptive controller and parameter estimator can be
obtained as

u1 ¼ ½x1;ix3 � x2;iâ2 þ ða1 þ 3b1x
2
4Þx1;iâ3 � ðy2;r � y1;rÞd̂1 � k1e1;r�

þ j ½�x1;rx3 þ x2;râ2 � ða1 þ 3b1x
2
4Þx1;râ3 � ðy2;i � y1;iÞd̂1 � k1e1;i�

u2 ¼ ½y1;ry3 � ðx2;i � x1;iÞâ1 � y2;rd̂2 � k2e2;r�
þ j ½y1;iy3 þ ðx2;r � x1;rÞâ1 � y2;id̂2 � k2e2;i�

u3 ¼ �y1;ry2;r � y1;iy2;i þ x1;rx2;r þ x1;ix2;i � 2x1;rx4 � x3â4 þ y3d̂3 � k3e3

ð28Þ

Fig 8. CGS errors of systems (19) and (13).

doi:10.1371/journal.pone.0152099.g008
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Fig 9. Identification of unknown parameters of systems (19) and (13). (a) ĉ1; ĉ2; ĉ3 ; (b) b̂1; b̂2; b̂3; b̂4 .

doi:10.1371/journal.pone.0152099.g009

Fig 10. Chaotic attractor of the complex Lü system.

doi:10.1371/journal.pone.0152099.g010

PLOSONE | DOI:10.1371/journal.pone.0152099 March 24, 2016 15 / 19



_̂a 1 ¼ ðx2;i � x1;iÞe2;r � ðx2;r � x1;rÞe2;i � ky1ðâ1 � a1Þ
_̂a 2 ¼ x2;ie1;r � x2;re1;i � ky2ðâ2 � a2Þ
_̂a 3 ¼ ð�x1;ie1;r þ x1;re1;iÞða1 þ 3b1x

2
4Þ � ky3ðâ3 � a3Þ

_̂a 4 ¼ x3e3 � ky4ðâ4 � a4Þ

ð29Þ

_̂d 1 ¼ ðy2;r � y1;rÞe1;r þ ðy2;i � y1;iÞe1;i � kd1ðd̂1 � d1Þ
_̂d 2 ¼ y2;re2;r þ y2;ie2;i � kd2ðd̂2 � d2Þ
_̂d 3 ¼ �y3e3 � kd3ðd̂3 � d3Þ

ð30Þ

where e1;r ¼ y1;r þ x2;i; e1;i ¼ y1;i � x2;r; e2;r ¼ y2;r þ x1;i; e2;i ¼ y2;i � x1;r; e3 ¼ y3 � x3 þ x24 .

In order to verify the validity and effectiveness of CGS between Systems (12) and (25)
with respect to the complex vector (26), simulation results are presented in Figs 11, 12
and 13, with the following parameters and initial conditions: α1 = 4, β1 = 0.01, θ =
[36, 20, 3.2, 3]T, δ = [29,21,2]T, x(0) = [−1 + 2j, 1 + j, 2, −1]T, y(0) = (4 + 10j,

6 + 10j, 12),ŷð0Þ ¼ ½10; 10; 10; 10�T ,d̂ð0Þ ¼ ½0; 0; 0�T ,K = diag(20, 20, 20, 20), Kθ = diag
(10, 10, 10, 10), Kδ = diag(10, 10, 10, 10). The CGS process is plotted in Fig 11, from which
one can see that y1,r, y2,r are antisynchronized with x2,i, x1,i, y1,i, y2,i are synchronized with x2,

Fig 11. CGS process of systems (12) and (25) with respect to the given complexmap vector �ðxÞ ¼ ½j x2; j x1; x3 � x24�T . (a) x2,i, y1,r; (b) x2r, y1,i; (c) x1,i,
y2,r; (d) x1,r, y2,i; (e)x3 � x24 ; y3.

doi:10.1371/journal.pone.0152099.g011
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r, x1,r, and y3 is synchronized with x3 � x24 , respectively. The synchronization errors converge
to zero quickly, as shown in Fig 12. Fig 13 shows that the estimated values of the unknown

parameters tend to be their true values adaptively, i.e., ŷ ! ½36; 20; 3:2; 3�T and
d̂ ! ½29; 21; 2�T .

Conclusions
This paper investigates a novel synchronization scheme named complex generalized synchro-
nization, and its application to synchronization and parameter identification of two nonidenti-
cal complex nonlinear systems with fully unknown parameters. An adaptive controller and a
parameter estimator are proposed and proved theoretically based on Lyapunov stability theory.
Three illustrative examples are presented to verify the correctness and effectiveness of the pro-
posed scheme, namely, CGS of a memristor-based hyperchaotic complex Lü system and a
memristor-based chaotic complex Lorenz system, CGS of a chaotic complex Chen system and
a memristor-based chaotic complex Lorenz system, as well as CGS of a memristor-based
hyperchaotic complex Lü system and a chaotic complex Lü system. The proposed CGS scheme
has some advantages, for instance, it can be applied to synchronize complex systems with

Fig 12. CGS errors of systems (12) and (25).

doi:10.1371/journal.pone.0152099.g012
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different orders (generalizability), can be transformed to other types of synchronization with
different given complex map vectors (feasibility), can be achieved in a short time with the
appropriate control strength (timelines), and can be almost impossibly predicted with the com-
plex map vector (security). So, CGS has extensively potential applications to secure communi-
cation, digital cryptography, and so on, which will be involved in our future works.
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doi:10.1371/journal.pone.0152099.g013

CGS and PI of NNCSs

PLOSONE | DOI:10.1371/journal.pone.0152099 March 24, 2016 18 / 19

http://www.ncbi.nlm.nih.gov/pubmed/9903557
http://www.ncbi.nlm.nih.gov/pubmed/10042089


11. Mahmoud GM, Ahmed ME. Modified projective synchronization and control of complex Chen and Lü
systems. J Vib Control. 2011; 17(17): 1184–1194.

12. Nian F, Wan X, Zheng P. Projective synchronization in chaotic complex system with time delay. Int J
Mod Phys B. 2013; 27(19): 2252–2279.

13. Mahmoud GM, Mahmoud EE. Phase and antiphase synchronization of two identical hyperchaotic com-
plex nonlinear systems. Nonlinear Dyn. 2010; 61(1–2): 141–152.

14. Wang X, Zhang H. Backstepping-based lag synchronization of a complex permanent magnet synchro-
nous motor system. Chin Phys B. 2013; 22(4): 558–562.

15. Zhou X, Jiang M, Huang Y. Combination synchronization of three identical or different nonlinear com-
plex hyperchaotic systems. Entropy. 2013; 15(9): 3746–3761.

16. Liu J, Liu S, Zhang F. A novel four-wing hyperchaotic complex system and its complex modified hybrid
projective synchronization with different dimensions. Abstr Appl Anal. 2014; 2014(1): 1–16.

17. Wang X, Zhang H, Lin X. Module-phase synchronization in hyperchaotic complex Lorenz system after
modified complex projection. Appl Math Comput.2014; 232(3): 91–96.

18. Sun J, Cu G, Wang Y, Shen Y. Combination complex synchronization of three chaotic complex sys-
tems. Nonlinear Dyn. 2015; 79(2): 953–965.

19. Jiang C, Liu S, Wang D. Generalized Combination Complex Synchronization for Fractional-Order Cha-
otic Complex Systems. Entropy. 2015; 17(8):5199–5217.

20. Zhang F, Liu S, YuW. Modified projective synchronization with complex scaling factors of uncertain
real chaos and complex chaos. Chin Phys B. 2013; 22(12): 141–151.

21. Liu J, Liu S, Yuan C. Adaptive complex modified projective synchronization of complex chaotic
(hyperchaotic) systems with uncertain complex parameters. Nonlinear Dyna. 2015; 79(2): 1035–1047.

22. Rulkov NF, Sushchik MM, Tsimring LS, Abarbanel HD. Generalized synchronization of chaos in direc-
tionally coupled chaotic systems. Phys Rev E. 1995; 51(2): 980–994.

23. Wang YW, Guan ZH. Generalized synchronization of continuous chaotic system. Chaos Soliton Fract.
2006; 27(1): 97–101.

24. Cai N, Li W, Jing Y. Finite-time generalized synchronization of chaotic systems with different order.
Nonlinear Dyna. 2011; 64(4): 385–393.

25. Martínez-Guerra R, Mata-Machuca JL. Fractional generalized synchronization in a class of nonlinear
fractional order systems. Nonlinear Dyna. 2014; 77(4): 1237–1244.

26. Chen L, Shi Y, Wang D. Adaptive generalized synchronization between Chen system and a multi-scroll
chaotic system. Chin Phys B. 2010; 19(10): 145–147.

27. Wang X, Wang Y. Adaptive generalized synchronization of hyperchaotic systems. Int J Mod Phys B.
2011; 25(32): 4563–4571.

28. Zhao J, Wu Y, Wang Y. Generalized finite-time synchronization between coupled chaotic systems of
different orders with unknown parameters. Nonlinear Dyn. 2013; 74(3): 479–485.

29. Li Q, Zeng H, Li J. Hyperchaos in a 4D memristive circuit with infinitely many stable equilibria. Nonlinear
Dyn. 2015; 79(4): 2295–2308.

30. Wang S, Wang X, Zhou Y. A memristor-based complex Lorenz system and its modified projective syn-
chronization. Entropy. 2015; 17(11): 7628–7644.

CGS and PI of NNCSs

PLOSONE | DOI:10.1371/journal.pone.0152099 March 24, 2016 19 / 19


