Non-Markovianity-assisted optimal continuous variable quantum teleportation
Gianpaolo Torre1 and Fabrizio Illuminati1, 2, ∗
1

arXiv:1805.03617v1 [quant-ph] 9 May 2018

Dipartimento di Ingegneria Industriale, Università degli Studi di Salerno,
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We study the continuous-variable (CV) quantum teleportation protocol in the case that one of
the two modes of the shared entangled resource is sent to the receiver through a Gaussian Quantum
Brownian Motion noisy channel. We show that if the channel is engineered in a non-Markovian
regime, the information backflow from the environment induces an extra dependance of the phase
of the two-mode squeezing of the shared Gaussian entangled resource on the transit time along the
channel of the shared mode sent to the receiver. Optimizing over the non-Markovianity dependent
phase of the squeezing yields a significant enhancement of the teleportation fidelity. For short enough
channel transit times, essentially unit fidelity is achieved at realistic, finite values of the squeezing
amplitude for a sufficiently large degree of the channel non-Markovianity.
PACS numbers: 03.67.Hk, 03.67.Mn, 42.50.Pq

A realistic and fruitful implementation of quantum information technologies has to come to terms with the
unavoidable interaction between the system of interest
and the surrounding environment, that typically has a
detrimental effect on the quantum properties of the resource, leading to decoherence (see e.g. Refs. [1–3] for
reviews). In recent years, significant efforts have been devoted to an in-depth understanding of the memory effects
that arise in the open evolution of a quantum system. Indeed, quantum non-Markovian dynamics appears to play
an important role in the understanding the behaviour of a
variety of natural and artificial systems, ranging from biological matter [4–7] to photonic band-gap materials [8].
Moreover, suitable engineering of the environment and its
memory effects, combined with the possibility of properly
engineering the quantum resources required to the realization of quantum information tasks [9–11, 16], opens
the way to an improvement of the efficiency of quantum technologies, from quantum cryptography [17] and
quantum metrology [18] to optimal control [19–21] and
superdense coding [22].

nipulation, represent the most widely used resources in
the continuous variable (CV) setting of quantum information: their use may range from universal quantum
computation [29] to quantum teleportation protocols [9–
11, 30, 31]. In particular, CV quantum teleportation
provides a very clean arena for testing strategies of quantum state and process engineering in noisy environments.
So far, investigations have been mainly dedicated to the
improvement of the efficiency of this protocol, both in
the ideal and in realistic settings, in terms of modified
shared entangled resources [9–11]. In parallel, the fast
growing development of integrated photonics, that offers
new tools for manipulating light in quantum information
technologies [12–14], allows for the possibility to teleport
quantum states of CV systems on a compact and hence
stable architecture. This feature can provide a crucial
step towards scalable realization of linear optical quantum computing [15] and can yield the realization of fully
controlled teleportation protocols in engineered environments over the short channel transit times allowed by
integration and miniaturization on chip.

It is thus important to investigate thoroughly the characterization and quantification of the non-Markovianity
of quantum channels [23, 24] and their possible applications in the realization of tailored environments allowing for the enhanced performance of quantum technology tasks in realistic conditions. In this respect, important progress has been achieved in the characterization
of non-Markovian open quantum dynamics of infinitedimensional quantum optical systems. The recently introduced quantifiers of non-Markovianity for Gaussian
channels [25–28] allow to study the memory effects of the
dynamics in connection with other non-classical properties of the evolving quantum systems and their exploitation for quantum information technologies. These results are of relevance because Gaussian states and channels, due to their easily theoretical and experimental ma-

Thus motivated, in the present work we investigate the
CV quantum teleportation protocol [10, 30, 32] in the
realistic condition in which the resource mode sent to
Bob evolves in a non-Markovian noisy channel. We will
show that, due to the channel memory effects, control
of the shared entangled resource in terms of the transit
time across the channel allows to obtain a significant improvement of the teleportation fidelity, with unit fidelity
achievable at finite, realistic values of the squeezing amplitude for a sufficiently short channel transit time and a
sufficiently large degree of the channel non-Markovianity.
Further, we will clarify in detail the close relation between the phase-optimization of the teleportation fidelity
and the channel non-Markovianity in terms of the time
behaviour of non-Markovianity measures based on the
violation of the divisibility of the open quantum dynam-
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FIG. 1. (Color online) CV quantum teleportation protocol in
the presence of non-Markovian noise. In the first step, Alice
mixes the input mode with her mode of the shared entangled
resource; the ensuing state is then subject to a realistic Bell
measurement. The measurement result is communicated to
Bob through a classical communication channel. Depending
on the measurement output, Bob applies a unitary transformation to recover the teleported input state. Bob’s mode of
the shared entangled resource is affected by decoherence during the propagation in the non-Markovian QBM channel. The
ensuing output state is the final teleported state. The teleportation fidelity is maximized by fixing the squeezing phase φ
at an optimal value determined by the channel transit time.
The non-Markovian regime is engineered experimentally by
tuning the ratio between the characteristic frequency ω0 of
the system oscillator and the characteristic cut-off frequency
ωc of the bath, namely the ratio x = ωc /ω0 .

ics [26].
The standard Braunstein-Kimble-Vaidman CV teleportation protocol is schematically illustrated in Fig. 1; a
more detailed exposition is provided in the Appendix at
the end of the main text [33]. The unknown input coherent state is denoted by ρin = |βiin in hβ|, with unknown
complex amplitude β. The shared resource mode sent to
Bob is affected by a decoherence process during its propagation; it is schematized by a non-Markovian Quantum
Brownian Motion (QBM) channel [34–36], described by
the following master equation with time-dependent coefficients:
i
dρ
= − [H0 , ρ(t)] − ∆(t)[x̂, [x̂, ρ(t)]]+
dt
~
+ Π(t)[x̂, [p̂, ρ(t)]] − iγ(t)[x̂, {p̂, ρ(t)}] ,

(1)

where H0 is the fee hamiltonian of the system, the coefficient γ(t) represent the damping factor, ∆(t) and Π(t)
are the normal diffusion and the anomalous diffusion coefficients respectively, and x̂ and p̂ are the quadrature
operators. In the following, we will consider the rather
typical Ohmic-like spectral density J(ω) = ωe−ω/ωc ,
where ωc is the cut-off frequency of the bath. In the
high-temperature regime, namely the case in which the
classical thermal energy is much larger than the typical one that characterizes the system evolution, one has
KB T  ~ωc , ~ω0 , where ω0 is the characteristic frequency of the system. Focusing on this regime is motivated by the fact that in this case the destructive effects of the system-environment interaction dominate,

and any improvement of the efficiency of the protocol in this regime is especially relevant (see for further
details the Appendix below [33]). At any fixed given
temperature and dimensionless time τ = ωc t, the nonMarkovianity parameter x that characterizes the scales
of the system time evolution identifies with the ratio between the bath and the system frequencies x = ωc /ω0 :
for x  1, the dynamics is non-Markovian, otherwise it
falls in the Markovian regime [36, 37]. The shared Gaussian entangled resource is taken in the class of two-mode
squeezed vacuum states ρ12 = S12 (ζ) |00i12 12 h00|S12 (ζ),
† †
∗
where S12 (ζ) = eζa1 a2 −ζ a1 a2 is the two-mode squeezing
operator, with Re(ζ) = cosh(r), Im(ζ) = eıφ cosh(r), and
r and φ are, respectively, the amplitude and the phase of
the squeezing. As summarized in Eqs. (18)–(20) of the
Appendix below [33], the efficiency of the quantum teleportation protocol depends strongly on the time that the
Bob mode spends travelling in the QBM channel (channel
transit time). This transit time is defined as the difference δt = tf −t0 between the instant t0 when the resource
mode starts to evolve in the channel, and the instant tf
when it reaches Bob. In order to characterize the state
evolution in the QBM channel entirely in terms of dimensionless quantities, we introduce the dimensionless
channel transit time δτ = ωc δt.
In terms of the parameters that characterize the states
and the channel, the teleportation fidelity reads (details
are reported in the Appendix below [33]):
1
,
F(r, φ, δτ, x) = r
1 −2Γ(δτ,x)
2
−4W̄12 (δτ, x) + e
Λ11 Λ22
4
(2)
where


R2
Λjj = cosh 2r + e
2+4W̄jj (δτ, x)+ 2 2 +cosh 2r
T


δτ
+
2eΓ(δτ,x)/2 cos φ −
sinh 2r, j = 1, 2 .
x
(3)
Γ(δτ,x)

√
In the above, T and R = 1 − T 2 are, respectively,
the transmissivity and the reflectivity of the beam splitters that model the losses of the realistic Bell measurement performed by Alice and include the effects of the
noise affecting Alice’s shared resource mode. Finally,
Γ(δτ, x), W̄11 (δτ, x), W̄22 (δτ, x), and W̄12 (δτ, x) characterize the time evolution [33]. From Eqs. (2) we note
that, at variance with the Markovian case [10], the phase
of the squeezing, whose choice contributes to select the
best achievable efficiency of the protocol, acquires an explicit dependance on the channel transit time δτ . Consequently, we introduce the phase-optimized fidelity:
Fopt (r, δτ, x) = max F(r, φ, δτ, x) .
φ

(4)
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FIG. 2. (Color online) Optimal teleportation fidelity Eq. (2)
as a function of the channel transit time in the non-Markovian
regime x = 0.1 (black dashed curve). The maximum of the
fidelity is obtained by choosing the optimal phase Eq. (5) in
Eq. (2). The classical threshold is also reported for comparison (green dotted horizontal line). The protocol operates
BT
= 100. The squeezin the high-temperature regime K~ω
c
ing amplitude is fixed at r = 2.0, and the transmissivity at
T 2 = 0.90.

FIG. 3.
(Color online) Optimal teleportation fidelity
Eq. (4)(black dashed curve) and logarithmic negativity
Eq. (6) (red full curve) as functions of the channel transit
time in the non-Markovian regime x = 0.1. The protocol
BT
operates in the high-temperature regime K~ω
= 100. The
c
squeezing amplitude is fixed at r = 2.0, and the transmissivity at T 2 = 0.90.

ℱ opt
Due to the positivity of the master equation coefficients
W̄11 (δτ, x) and W̄22 (δτ, x) [38], one finds that at fixed x
and δτ the maximum in Eq. (4) is achieved by
δτ
.
(5)
x
In the Markovian limit x  1 we recover the known result [39] that the optimal phase of the squeezing that
maximizes the teleportation fidelity is φopt = π, independent of the channel transit time. Therefore a further
step has to be included in the preparatory stage of the
protocol: the optimal phase φopt of the shared squeezed
resource has to be selected in the laboratory according to
the value of the transit time δτ of Bob’s mode in the nonMarkovian channel. In turn, the channel transit time is
fixed in the experimental setup by the propagation velocity of the shared resource mode along the non-Markovian
channel and the length of the latter.
The importance of this optimization strategy is reflected in the behaviour of the optimal fidelity as a function of the channel transit time, as reported in Fig. 2.
Every time interval δτ corresponds to a different experimental setup, namely a different distance between Bob
and its resource mode. The squeezing amplitude r of the
entangled resource is fixed at r = 2.0, a value corresponding to the current technological limit [40]. In Fig. 2 the
black dashed curve represents the optimized fidelity in
an intermediate non-Markovian regime x = 0.1. Further
lowering of x and/or increasing of T at fixed squeezing
realizes an essentially unity fidelity for longer channel
transit times at lower temperatures.
The dependance of the teleportation fidelity on the
channel non-Markovianity can be further understood in
φopt (x, δτ ) = π +
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FIG. 4.
(Color online) Optimal teleportation fidelity
Eq. (4)(black dashed curve) and non-Markovianity measure
Eq. (7) (blue full line) as functions of the channel transit time
in the non-Markovian regime x = 0.1. The protocol operates
BT
in the high-temperature regime K~ω
= 100. The squeezc
ing amplitude is fixed at r = 2.0, and the transmissivity at
T 2 = 0.90..

terms of the entanglement of the shared resource, quantified by the logarithmic negativity EN . Indeed, if one
of the shared resource modes is subject to a quantum
non-Markovian noise, the entanglement of the shared resource acquires a nontrivial dependance on the channel
transit time:
EN (δτ ) = max{0, − log ν̃− (δτ )} ,

(6)

where ν̃− (δτ ) is the smallest symplectic eigenvalues of
the covariance matrix of the state evolved in the channel [41]. The technical details concerning the evaluation
of Eq. (6) are reported in the Appendix below [33]. In
the ideal, noiseless CV teleportation protocol with shared
Gaussian entangled resource the optimal teleportation fidelity, i.e. the one obtained maximizing over all local
single-mode operations, is in one-to-one correspondence
with the entanglement of the shared resource, as first
proved in Ref. [39]. In the presence of Markovian noise
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the shared entanglement is still the key requirement for a
reliable teleportation, but is quickly degraded [10]. In the
presence of non-Markovian noise, the information backflow from the environment to the system allows for its
revival and optimization according to Eq. (6) above. In
Fig. 3 we compare the optimized fidelity Eq. (4) and the
entanglement Eq. (6) as functions of the channel transit time δτ . We see that indeed, in the presence of a
non-Markovian dynamics the one-to-one correspondence
between the shared entanglement and the optimal fidelity
of the ideal noiseless protocol is essentially recovered.
It is possible to quantify in an even more direct way the
crucial role played by a structured bath with suitably engineered non-Markovian noise in the revival of quantum
coherence by investigating the non-Markovian character
of the QBM channel by appropriate quantifiers. Here we
will employ the punctual measure of non-Markovianity
Np introduced in Ref. [26] and defined in terms of a necessary and sufficient criterion based on the violation of
the divisibility of the intermediate quantum dynamical
maps [26] (See the Appendix below [33] for details on the
derivation of Np and its properties). For the instance of
the QBM channel one has [37]:
#
"
∆(δτ, x)
1
. (7)
1− p
Np =
2
∆(δτ, x)2 + γ(δτ, x)2 + Π(δτ, x)2
In Fig. 4 we report the optimal fidelity Eq. (4)and the
non-Markovianity measure Eq. (7) as functions of the
channel transit time δτ . At the input time, the fidelity
is maximum, corresponding to the ideal decoherence-free
case, while the non Markovianity is zero, as the QBM
channel coincides with the identity. At later times the
fidelity, after a decreasing stage due to the destructive
effect of the system-environment interaction, increases,
due to the memory effect of the non-Markovian channel, as shown by the behavior of the non-Markovianity
measure. An increasing non-Markovianity of the channel corresponds to an increasing teleportation fidelity,
with a time delay. The time shift is due to the fact that
the correlation time scale of the environment τE is equal
or greater than the relaxation time scale of the system
τS , corresponding to the rate of change of the state of
the system due to the system-environment interaction,
quantified by x = ωc /ω0 = τS /τE . The time delay in
the transmission to the system of the effect of the interaction with the environment can be well understood
in terms of generic collisional models of non-Markovian
channels [42].
Some considerations are in order. Non-Markovian effects usually occur when the time evolution satisfies the
condition t . τE = 1/ωc [36]. This relation is further
constrained in the hight-temperature regime (See the Appendix below [33] for details). Indeed, since we have
set kB T /~ωc = 102 , the characteristic frequency of the
bath depends on the temperature through the relation

ωc ' 109 s−1 K −1 T . Consequently, for T ' 102 K, the
non-Markovian effects are maximally enhanced in the
early stage of the evolution. These aspects of the system dynamics are then especially relevant in the case of
miniaturized, on-chip quantum information technologies,
due to the very small size of the devices and the ensuing
very short channel transit times. Important progress in
this direction has recently been achieved with the generation of continuous variable Gaussian entangled resource
states on a chip [44]. The results of the present investigation encompass a large spectrum of interaction models,
since they hold essentially for the entire family of spectral
densities J(ω) = ωc ( ωωc )s e−ω/ωc , which for s = 1 include
the Ohmic case [43]. We have also considered the subOhmic (s = 21 ) and supra-Ohmic (s = 3) cases, obtaining
qualitatively very similar results.
In summary, we have shown how, by engineering an appropriate time evolution regime, i.e. by fixing the value
of the non-Markovian parameter x, and adapting accordingly the shared entangled resource, the efficiency of the
CV quantum teleportation protocol can be optimized in
terms of the phase of the squeezing of the shared resource,
yielding a significant improvement of the teleportation
fidelity. The present study can be readily generalized
to more general cases in several directions, for instance
by considering non-Gaussian entangled resources of the
squeezed Bell type [10]. The present study might be also
considered as a step forward towards the construction of
a general resource theory of quantum non-Markovianity
for quantum information and quantum technology tasks,
along the lines outlined in Ref [45].

APPENDIX
Quantum Brownian Motion channel

In this Section we review the solution of the Quantum
Brownian motion (QBM) master equation Eq. (1) considered in the main text (See also Refs. [34–36] for further
details).
We consider the dynamics of a quantum mechanical oscillator with characteristic frequency ω0 in contact with a
bath of harmonic oscillators via a position-position coupling and a factorized initial state. Under these conditions the system evolution is described by the following
master equation:
i
dρ
= − [H0 , ρ(t)] − ∆(t)[x̂, [x̂, ρ(t)]] + Π(t)[x̂, [p̂, ρ(t)]]
dt
~
− iγ(t)[x̂, {p̂, ρ(t)}] ,
(8)
where ∆(t) and Π(t) are, respectively, the normal and
anomalous diffusion coefficients, γ(t) is the damping coefficient, and x̂ and p̂ are the quadrature operators.
In the weak coupling regime, the explicit expressions
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of the coefficients read:
Z +∞
Z t
2
dωJ(ω) sin(ωs) sin(ω0 s),
(9)
ds
γ(t) = α
0
0
Z t Z +∞
dωJ(ω)(2N (ω, T ) + 1) cos(ωs) cos(ω0 s),
∆(t) = α2 ds
0

0

(10)
Π(t) = α2

Z

t

Z

dωJ(ω)(2N (ω, T ) + 1) cos(ωs) sin(ω0 s),

ds
0

+∞

0

(11)
where α  1 is the coupling constant, N (ω, T ) =
[exp(~ω/KB T )−1]−1 is the mean photon number, J(ω) is
the spectral density of the bath, that models the systemenvironment coupling, and ωc is the cut-off frequency
of the bath. We work in the hight-temperature regime,
namely the case in which the classical thermal energy
scale is much larger than the typical ones that characterize the system evolution (KB T  ~ωc , ~ω0 ). Indeed,
investigating the improvement of the efficiency of the protocol in this regime is particularly interesting, due to the
strongly destructive effect of the system-environment interaction at high temperatures. In this regime we can
BT
set 2N (ω, T ) + 1 ≈ 2K~ω
and determine the explicit expressions of the master equation coefficients for various
classes of spectral densities [38].
When considering continuous variable systems it is
useful to represent the state ρ in terms of the characteristic function χ(ρ)[Λ] = Tr[ρD(Λ)], where D(Λ) =
exp[iS | ΩΛ] is the displacement operator,


0 1
Ω=
(12)
−1 0
is the symplectic matrix, S = (x̂, p̂)| is the vector of
quadrature operators, and Λ = (x, p)| is the vector of
coordinates. In the characteristic function description
the solution of the master equation Eq. (8) is [35, 36]:
χ(Λ, t) = χ(e−

Γ(t)
2

|

R−1 (t)Λ, 0)e−Λ

W̄ (t)Λ

,

(13)

where:


Z t
W̄ (t) = [R−1 (t)]| e−Γ(t) dseΓ(s) R| (s)M (s)R(s) R−1 (t),
0

(14)

M (s) =

∆(s) −Π(s)/2
−Π(s)/2
0



cos(ω0 t) sin(ω0 t)
− sin(ω0 t) cos(ω0 t)



,

(15)
(16)


R(t) =

and where we have defined
Z
Γ(t) = 2

t

γ(s)ds .
0

(17)

Continuous variable quantum teleportation under
non-Markovian noise

In this Section we generalize the continuous variable
(CV) quantum teleportation protocol of Ref. [10] to the
case in which the resource mode shared by Bob evolves
in a structured QBM channel with memory effects. Let
us denote by ρin = |φiin in hφ| and ρres = |ψi12 12 hψ|
the projectors corresponding, respectively, to the singlemode input state and with the two-mode entangled resource. The total initial state ρ0 = ρin ⊗ ρres corresponds
to the following characteristic function:

χ0 (xin , pin ; x1 , p1 ; x2 , p2 ) =
= Tr[ρ0 Din (xin , pin ) D1 (x1 , p1 ) D2 (x2 , p2 )]
= χin (xin , pin ) χres (x1 , p1 ; x2 , p2 ) ,

(18)

where Dj (xj , pj ) denotes the displacement operator for
the mode j (j = in, 1, 2), χin (xin , pin ) is the characteristic
function of the input state, and χres (x1 , p1 ; x2 , p2 ) is the
characteristic function of the entangled resource.
Referring to the schematic representation of Fig.(1) in
the main text, the first step of the protocol consists in
a non-ideal Bell measurement performed by Alice, that
is, an homodyne measurements on the first quadrature
of the mode 1 and on the second quadrature of the mode
in. After such non-ideal Bell measurement, the remaining
mode 2 is left in a mixed state (see Ref. [10] for details).
The result is then communicated by Alice to Bob through
a classical channel whose gain factor is g [10]. The mode
2 of the resource is sent to Bob through the QBM channel
Eq. (8), the state evolution being described by Eq. (13).
After receiving the mode 2, Bob finally performs on it a
displacement operation.
As discussed in the main text, in order to describe the
evolution of the Bob mode in the QBM channel it is convenient to introduce the dimensionless time τ = ωc t and
the non-Markovianity parameter x = ωc /ω0 , where ω0
and ωc are respectively the characteristic frequency of
the system evolving in the channel and the characteristic
frequency characterizing the time scale of the bath. Finally, let us introduce the channel transit or travel time
δt = tf − t0 , given by the time interval that the quantum system spends travelling in the QBM channel. The
quantities t0 and tf are respectively the initial and the
final time of the evolution. Without loss of generality
from now on we set t0 = 0. The dimensionless channel
transit time is then defined as δτ = ωc δt.
Following Ref. [10], it is straightforward to compute the
characteristic function associated with the output teleported state:
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χout (x2 , p2 , δτ ) = χin (gT x2 , gT p2 )×

 
 

 
 

Γ(δτ )
Γ(δτ )
δτ
δτ
δτ
δτ
x2 cos
− p2 sin
, e− 2
x2 sin
+ p2 cos
×
χres gT x2 , −gT p2 ; e− 2
x
x
x
x
 




g 2 R2
g 2 R2
exp − W̄11 (δτ ) +
x22 − W̄22 (δτ ) +
p22 − 2W̄12 (δτ )x2 p2 ,
(19)
2
2

where W̄11 (δτ ), W̄22 (δτ ), and W̄21 (δτ ) = W̄12 (δτ ) are the
components of the W̄ matrix Eq. (14), T and R, with
T 2 = 1−R2 , are, respectively, the transmissivity and the
reflexivity coefficients, that account for the non-ideal Bell
measurement performed by Alice [10]. The characteristic
function for the ideal protocol is recovered in the limits
R → 0 (T → 1), g → 1 and δτ → 0 (Γ(δτ ) → 0) [9, 10].
From Eq. (19), the teleportation fidelity in the characteristic function description takes the following expression [46]:
Z
1
dx2 dp2 χin (x2 , p2 )χout (−x2 , −p2 , δτ ) .
F(δτ ) =
2π
(20)
Due to the Gaussian nature of the unknown input coherent state, of the shared entangled resource, and of the
QBM channel that preserves the Gaussian character of
the input states, it is useful to provide a description of the
protocol, considering both the operations performed by
Alice and Bob and the dynamics of the entangled mode
2 in the channel, in terms of the corresponding transformations on the covariance matrices.

Given the input coherent state ρin = |βiin in hβ|; the
two-mode vacuum state ρ12 = S12 (ζ) |00i12 12 h00|S12 (ζ)
that constitutes the shared entangled resource, where
† †
∗
S12 (ζ) = eζa1 a2 −ζ a1 a2 is the two-mode squeezing operator, Re(ζ) = cosh(r), Im(ζ) = eıφ cosh(r), with r and
φ being, respectively, the amplitude and the phase of the
squeezing; and the 2 × 2 identity matrix 12 , the corresponding covariance matrices read [47]:
σin =

1
12 ,
2

σres (r, φ) =

(21)
1
2



A(r) C(r, φ)
C(r, φ) A(r)


,

(22)

A(r) = cosh(2r)12 ,


cos(φ) sin(φ)
C(r, φ) = sinh(2r)
.
sin(φ) − cos(φ)

(23)

with:

(24)

Finally, collecting Eq. (13) and Eq. (19), and Eqs. (21)–
(24), the covariance matrix of the output state reads:



h
i

Γ(δτ )
τ
1
σout (r, φ, δτ )= e−Γ(δτ ) eΓ(δτ ) g 2 T 2 cosh(2r)+2R2 +T 2 +2e 2 gT sinh(2r) cos φ−
+cosh(2r) 12 +2W̄ (δτ ) .
2
x
(25)

It is now straightforward to obtain the teleportation fidelity from Eq. (25). Indeed, due to the Gaussian nature
of the input and output states, Eq. (20) can be written
as:

Entanglement of the shared resource

(26)

In this Section we compute the entanglement of the
shared entangled two-mode squeezed resource and its dependence on the non-Markovian noise affecting it. Given
the noisy dynamics Eq. (13), the evolution of the resource
state, in the characteristic function description, is given
by:


|
χ(X, t) = χ (12 ⊕ R−1 (t))X, 0 e−X (02 ⊕W̄ )X , (27)

Replacing Eq. (25) in Eq. (26) we finally obtain Eq. (2)
and Eq. (3) of the main text.

where X = (x1 , p1 , x2 , p2 )| is the vector of coordinates
and 02 is the 2 × 2 null matrix. Due to the Gaussian
nature both of the state and the evolution, the dynamics
Eq. (27) can be expressed as a transformation on the
covariance matrix of the input state Eq. (22) [48]. One
has:

F(r, φ, δτ ) = p

1
det[σin + σout (r, φ, δτ )]

.
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h
i|
h
i 

Γ(δτ )
Γ(δτ )
σres (r, φ, δτ )= 12 ⊕ e− 2 R−1 (δτ ) σres (r, φ) 12 ⊕ e− 2 R−1 (δτ ) +2 02 ⊕ W̄ (δτ ) ,

where we have expressed all quantities in terms of the
dimensionless channel transit time δτ . It is useful to
rewrite Eq. (28) as:

(28)

where A(r) is the matrix defined in Eq. (23), and:
Γ(δτ )
2

C(r, φ)R−1 (δτ ) ,

(30)

D(r, δτ ) = e−Γ(δτ ) A(r) − 2W̄ (δτ ) .

(31)

C(r, δτ ) = e−

In the above, W̄ (t) and C(r, φ) are, respectively, the matrices defined in Eq. (23) and Eq. (24). In order to quantify the entanglement of the shared resource state we resort to the logarithmic negativity, Eq. (5) in the main
text [41]:
EN (δτ ) = max{0, − log ν̃− (δτ )} ,


σres (r, φ, δτ ) =

A(r)
C(r, φ, δτ )
C(r, φ, δτ ) D(r, φ, δτ )


,

(29)

where ν̃− (δτ ) is the smallest symplectic eigenvalue of the
covariance matrix. Its expression in terms of the submatrices composing the covariance matrix Eq. (29) is given
by [41]:

r
q
1 ˜
1˜
∆(r, φ, δτ ) −
ν̃− (r, φ, δτ ) =
∆(r, φ, δτ )2 − 4 det[σ(r, φ, δτ )2 ] ,
2
2

with:
˜ φ, δτ ) = det[A(r)]+det[D(r, φ, δτ )]−2 det[C(r, φ, δτ )] .
∆(r,
(33)

Non-Markovianity measure of the QBM channel

In this Section we briefly review the non-Markovianity
measure used to quantify the non-Markovianity content
of the QBM channel. Further details can be found in
Refs. [26, 37]. The Gaussian nature of the QBM channel
allows to characterize it in terms of two 2 × 2 matrices
(X, Y ), that act on the covariance matrix σ of the input
state as follows:
σ(t) = X(t)σ(0)X(t)| + Y (t) .
For a Gaussian channel, the condition of Complete positivity (CP) is then expressed as:
ı
ı
Y (t) − Ω + X(t)ΩX(t)| ≥ 0 ,
2
2

(34)

where Ω is the symplectic matrix defined in Eq. (12).
The non-Markovianity of the dynamics can be measured
by the violation of the divisibility condition. In turn,
the violation of the latter is measured by the amount

(32)

by the QBM channel violates the CP condition for the
intermediate map, namely the map that describes the
system evolution between two generic time instants. In
Ref. [26] we have shown that in any interval [t, t + ],
violation of the CP condition occurs if and only if
ı
ı
Y (t + , t) − Ω + X(t + , t)ΩX(t + , t)| < 0 , (35)
2
2
where the matrices (X(t + , t), Y (t + , t)) are given by
the following relations:
X(t + , t) = X −1 (t + , 0)X(t, 0) ,
Y (t + , t) = Y (t + , 0) − X(t + , t)Y (t, 0)X | (t + , t) .
(36)
A natural measure of punctual non-Markovianity, namely
the non-Markovianity at any given time t, can then be
defined in terms of the negative part of the spectrum
of the matrix appearing in the l.h.s. of Ineq. (35) as
follows [26, 37]:
P2
(|λi (t + , t)| − λi (t + , t))
, (37)
Np (t) = lim+ i=1 P2
→0
i=1 |λi (t + , t)|
where λi (t + , t) are the eigenvalues of the matrix on
the r.h.s. of Ineq. (35). The expression of the measure
of non-Markovianity, Eq. (37) above, has been computed
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explicitly in Ref. [37] for the QBM channel in terms of
the channel coefficients Eqs. (9)–(11) as functions of the
dimensionless channel transit time δτ and is reported in
Eq. (6) of the main text.
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