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Analysis of diffusion in curved surfaces and its 
application to tubular membranes

ABSTRACT Diffusion of particles in curved surfaces is inherently complex compared with dif-
fusion in a flat membrane, owing to the nonplanarity of the surface. The consequence of such 
nonplanar geometry on diffusion is poorly understood but is highly relevant in the case of cell 
membranes, which often adopt complex geometries. To address this question, we developed 
a new finite element approach to model diffusion on curved membrane surfaces based on 
solutions to Fick’s law of diffusion and used this to study the effects of geometry on the entry 
of surface-bound particles into tubules by diffusion. We show that variations in tubule radius 
and length can distinctly alter diffusion gradients in tubules over biologically relevant times-
cales. In addition, we show that tubular structures tend to retain concentration gradients for 
a longer time compared with a comparable flat surface. These findings indicate that sorting 
of particles along the surfaces of tubules can arise simply as a geometric consequence of the 
curvature without any specific contribution from the membrane environment. Our studies 
provide a framework for modeling diffusion in curved surfaces and suggest that biological 
regulation can emerge purely from membrane geometry.

INTRODUCTION
Lateral diffusion of proteins in membranes is ubiquitous and is 
known to play important roles in several cellular processes, including 
neuronal signaling, immunological reactions, receptor endocytosis, 
and many signaling pathways (Choquet and Triller, 2003; Douglass 
and Vale, 2005; Kusumi et al., 2005; Eisenberg et al., 2006; Lajoie 
et al., 2007; Treanor et al., 2010) The diffusion of biomolecules in 
membranes is actively modulated in cells through several mecha-
nisms, including actin barriers and active fluctuations (Treanor et al., 

2010; Suetsugu and Gautreau, 2012; Jaumouillé et al., 2014; Krapf, 
2015; Trimble and Grinstein, 2015; Köster and Mayor, 2016). 
Diffusion of proteins in membranes is also sensitive to a number of 
factors, including the size of the protein, its confinement to do-
mains, the viscosity of the environment, and crowding (Petrov and 
Schwille, 2008; Eggeling et al., 2009; Kusumi et al., 2010; Harb 
et al., 2012; Edwald et al., 2014). Classical studies on diffusion in 
cell membranes assume the surface to be planar and model diffu-
sion in two dimensions (Saffman et al., 1975). This assumption, 
though valid in studying many phenomena, may not be correct in 
studying diffusion in membrane deformations (Sbalzarini et al., 
2005; Leitenberger et al., 2008; Adler et al., 2010).

Manifestations of curvature in membrane are ubiquitous and 
have observable biological functionality. For instance, curvature is 
highly regulated in development and retraction of outgrowths in 
neurons (Guerrier et al., 2009). Many processes such as recruitment 
of proteins, changes in composition of lipids, and changes in mem-
brane physical properties are curvature dependent (Baumgart et al., 
2003; Carlton et al., 2004; Roux et al., 2005; Tian and Baumgart, 
2009; Henle and Levine, 2010; Wu and Liang, 2014; Larsen et al., 
2015). Geometry is also known to play an important role in sorting of 
proteins. It has been hypothesized that the curvature of the trans-
Golgi network (TGN) aids in protein sorting (Carlton et al., 2004). 
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simulations, which apply stochastic models to describe diffusion. 
While these methods have been highly successful in addressing 
many interesting biological questions, they only asymptotically 
solve the diffusion equation of inherent interest and so add an extra 
order of approximation. Therefore, to understand how diffusion 
scales with different geometric parameters on a tubular surface, we 
described classical motion of diffusion set on a surface. We then 
derived a Laplace–Beltrami operator for the diffusion equation and 
solved it using finite element methods (FEM) for a symmetric condi-
tion (Supplemental Text S1). See also Supplemental Text S2 for the 
more general case of nonsymmetric conditions.

We solved the Laplace–Beltrami equations to understand how 
various geometric parameters affect diffusion and thereby the con-
centration gradient of a diffusing species along the surface of a tu-
bule for a prescribed boundary condition. A tubule is modeled as a 
cylinder with length h and radius r attached to a hemispherical cap 
of radius r. A cartoon representation of a tubule is shown in 
Figure 1A. We considered a range of radii and lengths that mimic 
various dimensions of membrane tubules found in cells or gener-
ated in vitro (Table 1 and Figure 1C). The geometry of the tubule is 
assumed to be constant as a function of time. This implies that mol-
ecules diffuse into pre-existing tubules. Such tubules are common in 
biological systems. Unless otherwise specified, we assume that dif-
fusing species enter the tubule from the open rim and diffuse into 
the body of the tubule. We want to emphasize that all diffusion con-
ditions described in this paper refer solely to surface diffusion along 

Interestingly, the relative concentration of proteins and lipids in the 
membrane and tubules emanating from the membranes are 
different (Mukherjee and Maxfield, 2000, 2004; Roux et al., 2005). 
This implies that molecular concentration in tubules and in the planar 
surface that they are connected to can be different, and this differ-
ence can have biological significance. Several researchers have ele-
gantly shown that this sorting could arise through a variety of physical 
and biological mechanisms (reviewed in Callan-Jones et al., 2011).

As with most physical properties of biological systems, curvature 
and shape of various membranes and membrane-bound organelles 
are highly regulated (Zimmerberg and Kozlov, 2006; Kozlov et al., 
2014; McMahon and Boucrot, 2015). In several cases, cells expend 
energy to maintain the geometry of these structures, as illustrated 
by recruitment of BAR domain proteins to sites of endocytosis (Rao 
and Haucke, 2011). Because geometry is tightly regulated in a cell, 
it is possible for the cells to modulate geometry to steer diffusion 
and concentration gradients. An important factor responsible for 
this, although less understood, is how biomolecules diffuse differ-
ently simply as a result of the nonplanarity of the surface (Yoshigaki, 
2007; Kusters et al., 2013). This influence of geometry on diffusion 
has been demonstrated for tubular geometries. Experimentally de-
termined diffusion constants measured for a protein KvAP have 
been shown to be directly proportional to the radius of the tubule in 
which the protein diffuses (Domanov et al., 2011; Aimon et al., 
2014). However, even the measurement of diffusion coefficients in 
nonplanar geometries could be inherently difficult due to the com-
plexity of geometry (Sbalzarini et al., 2005; Daniels and Turner, 
2007; Domanov et al., 2011; Renner et al., 2011). Thus there is a real 
need to develop models that accurately measure the diffusion of 
molecules in complex geometries.

In this paper, we examine how the geometry of a surface plays a 
role in diffusion of molecules and, consequently, how concentration 
gradients of diffusing species develop. To address this, we devel-
oped a numerical implementation of the Laplace–Beltrami mathe-
matical model to understand diffusion in geometrically complex 
surfaces using membrane tubules as a biologically relevant exam-
ple. Tubular membrane geometries are typical of many structures 
found in cells, including dendritic spines, the endoplasmic reticu-
lum, membrane nanotubes, primary cilia, clathrin-independent car-
riers, and sorting tubules emanating from endosomes and the TGN 
(Waterman-Storer and Salmon, 1998; Sorra and Harris, 2000; Pazour 
and Witman, 2002; Carlton et al., 2004; Upadhyaya and Sheetz, 
2004; Römer et al., 2007; Domanov et al., 2011; Day et al., 2015). 
We report numerical simulations of the mathematical model that 
incorporate the cylindrical nature of tubules and the effect of the 
cylindrical geometry on diffusion of molecules along the tubule sur-
face. We show by adapting standard diffusion paradigms that 
geometry has a nontrivial influence on diffusion and thereby the 
concentration of molecules that diffuse into tubules. These mathe-
matical considerations predict that nonplanarity of membranes 
prolongs concentration gradients across a tubular surface. The am-
plitude and temporal spread of the concentration gradient is 
systematically dependent on the curvature of the tubule and the 
diffusion coefficient of the molecule. Thus our results imply that bio-
logical regulation can emerge from a strategic coupling of these 
geometric constraints with the cellular sorting machinery.

RESULTS
Diffusion in membranes has been characterized by a wide variety of 
theoretical techniques, including some that describe a tubular ge-
ometry (Saffman et al., 1975; Berk and Hochmuth, 1992; Yoshigaki, 
2007; Kusters et al., 2013). Many of these methods use random-walk 

FIGURE 1: Representation of concentration along tubular surface. 
(A) A tubule is described as two geometric structures: a cylindrical 
portion (clear) and a hemispherical portion (gray). (B) Example of plots 
of concentration of diffusing species for a tubule with length 1 μm and 
radius 200 nm. The shaded portion corresponds to the hemisphere 
region, and the white portion represents the cylindrical region of the 
tubules. The dotted and solid lines illustrate two different arbitrary 
concentration profiles. (C) Illustration of the difference in length scales 
of membrane tubules in biology.
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diffusing species available to enter the rim of the tube remains con-
stant throughout the time course of the simulation. This boundary 
condition represents a unity Dirichlet data, and the simulations with 
this boundary condition are referred to subsequently as Dirichlet 
simulations purely for the sake of convenience. This represents a 
biological condition in which the surrounding membrane is satu-
rated with molecules at all times. These molecules will then diffuse 
into the tubule until equilibrium is reached between the membrane 
and tubule.

We first characterized diffusion onto a tubule as a function of 
time under the Dirichlet boundary condition. For this, we selected a 
tubule with radius of 0.1 μm and length 1 μm and set the diffusion 
coefficient as 0.1 μm2/s. We then simulated the concentration of 
diffusing material across the tubule surface at 0.25 s intervals for a 
total time of 10 s. Under these conditions, the magnitude of the 
concentration gradient across the tubule systematically decreases, 
and eventually the tubule fully equilibrates to a concentration of 1 
(Figure 2A). Correspondingly, a plot of the average concentration of 
diffusing species in the tube saturates as a function of time 
(Figure 2B). From such plots, the half-time (t1/2) required for equili-
bration can be directly calculated.

We next investigated how diffusion coefficient, tubule radius, 
and tubule length alter the equilibration time. For these studies, we 
varied each of the parameters individually, keeping the other two 
constant. First, we varied diffusion coefficients from 0.01 to 0.5 μm2/s 
on a tubule of length 1 μm and radius 0.1 μm for a total simulation 
time of 5 s. Not surprisingly, for faster diffusion coefficients (Supple-
mental Figure 3), the diffusing species equilibrates faster, while for 
slower diffusion coefficients, the equilibration is considerably 
slower. For example, diffusing species with a diffusion coefficient of 
0.5 μm2/s have a half-time of ∼0.5 s, whereas a 10-fold slower diffu-
sion coefficient of 0.05 μm2/s yields a half-time of ∼4.5 s.

Next we simulated diffusion on tubules of variable lengths, as-
suming a constant radius of 0.1 μm and a diffusion coefficient of 
0.1 μm2/s (Supplemental Figure 4A). While the shortest tubule 
(h = 0.1 μm) equilibrated rapidly, as expected, even lengths of 
0.5 μm posed a significant barrier to the diffusion of molecules onto 
the tubule (Supplemental Figure 4B). To generalize how the length 
of the tubule affects equilibration, we calculated the half-time (t1/2) 
of the tubule to equilibrate (Figure 2C). For tubules that had not 
reached half-saturation by the end of the simulation, we used ex-
trapolation to obtain t1/2. We found that t1/2 is not linear for small 

tubules and not diffusion in the lumen of the tubule. A reservoir of 
molecules is assumed to be present outside the rim and available to 
diffuse into the tubule. Diffusion from the rim into the tubule occurs 
with a defined diffusion coefficient k, which falls within a range of 
values previously reported for membrane-associated proteins (Dau-
mas et al., 2003; Kenworthy et al., 2004). Note that the model only 
considers the effects of geometric factors on diffusion. Thus the dif-
fusing species have no explicit size or shape, the surface of the tu-
bule does not have a defined thickness, and the regions inside or 
outside the tubule have no viscosity. Correspondingly, hydrody-
namic effects are not included in this model.

To understand how material diffuses on the tubules as a function 
of time, we typically generate plots of the concentration of diffusing 
species along the length of the tubule, where the rim of the tubule is 
set as 0. Note that the coordinate system used in the figures is differ-
ent from the coordinate system used while solving the Laplace–
Beltrami equation. An explanation and the relationship between the 
coordinate system used in the figure and in the equation are de-
scribed in Supplemental Text S3 and in Supplemental Figure 2. 
Examples of two possible concentration gradients are illustrated in 
Figure 1B. For these cases, the concentration of diffusing species is 
identical at the rim but differs along the length of the tubule.

How does geometry impact the time it takes for material to 
equilibrate along the surface of a tubule?
In subsequent sections, we simulate biologically relevant tubular di-
mensions and boundary conditions to understand how molecules in 
tubules diffuse. We expect the geometry of the tubule to control the 
diffusion of molecules along its surface in two ways. First, geometry 
should regulate the time it takes for a molecule to equilibrate com-
pletely across the length of the tubule. Second, geometry can 
influence how concentration scales spatially along the length of the 
tubule. We performed simulations to understand the magnitude of 
each of these effects. To carry out these studies, we considered tu-
bule lengths and radii similar to those seen in biological membranes 
(Table 1 and Figure 1C). Diffusion coefficients ranging from 0.01 to 
0.5 μm2/s were chosen to mimic those previously reported for mem-
brane proteins (Daumas et al., 2003; Kenworthy et al., 2004).

To investigate the impact of tubule geometry on the equilibra-
tion time, we simulated a condition in which the concentration of 
diffusing species within the surface of the tube is initially 0 except at 
the rim, where it is set as 1. We assume that the concentration of 

Structure Radius (nm) Height Reference

Clathrin-coated pits Pits 20–80 Kirchhausen, 2009
Coats 35–100

Caveolae 40–60 100 nm Westermann et al., 1999

Cholera toxin endocytic tubules ≤250 5 μm Day et al., 2015

Shiga toxin endocytic tubules ≤250 1–20 μm Römer et al., 2007; Renard et al., 2015

Filopodia 100 1–2 μm Mogilner and Rubinstein, 2005

PACSIN2 tubes 10–100 Wang et al., 2009

Endophilin A2 tubules 10–50 Farsad, 2001

Endoplasmic reticulum tubule 57 Upadhyaya and Sheetz, 2004

Golgi tubule 90 Upadhyaya and Sheetz, 2004

Inner mitochondrial tubule 18 Scorrano et al., 2002

Neurites 25–1250 ≥1μm Windebank et al., 1985; Briggman and Bock, 2012

TABLE 1: Examples of length and radii of membrane tubules.
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How does geometry influence the 
magnitude of concentration gradients 
across the surface of the tubules?
In the scenario outlined above, we consid-
ered a situation in which the material that 
enters the tubules is present at constant lev-
els in the membrane reservoir. However, un-
der some conditions, the concentration of 
material available to enter the tubes may it-
self vary as a function of time, for example, 
as the result of a chemical reaction or signal-
ing event. To model this situation, we con-
sidered a second boundary condition, in 
which we assumed that the concentration of 
diffusing species is initially 0 both across the 
surface of the tube and at the rim at t = 0. A 
linearly increasing quantity of molecules was 
then added to the rim as a function of time, 
and the molecules then diffused onto the 
tubule. Because the flow is unity and 
increasing, this boundary conditions repre-
sents a unity Neumann data, and the simula-
tions are henceforth referred to as Neumann 
simulations for the sake of convenience. We 
then examined how concentration evolves 
as a function of time for the same tubule di-
mensions and diffusion coefficients simu-
lated for the Dirichlet boundary condition.

We first characterized how a typical Neu-
mann boundary condition evolves by using 
as an example a molecule with a diffusion 
coefficient 0.1 μm2/s diffusing onto a tubule 
of radius 0.1 μm and length 1 μm. Figure 3A 
shows the concentration gradients along 
the length of the tubule as a function of time 
over 0.25 s time intervals (dashed lines) be-
ginning at time t = 0 (solid line) for a total of 
10 s. Unlike the Dirichlet boundary condi-
tion, here the concentration of material in 
the tubule grows without bounds as the re-
sult of the constant rate of influx of mole-
cules at the rim for as long as that constant 
rate of influx is prescribed (Figure 3A). Con-
sequently, for a given tubule, the overall 

shape of the gradient is maintained over time, and the total concen-
tration rises linearly (Figure 3B). To provide a measure of the relative 
differences in concentration at the rim and the tip of the tubule at 
the end of these simulations, we define an “exclusion factor” term 
as C C Cexclusion factor 0 1 0( ) ( )= − , where C1 and C0 are the con-
centration of molecules at the rim and the end of the tubule. This 
factor ranges from 0 to 1, with 1 implying that the tubule bottom has 
0 concentration and 0 representing an equilibrated state with equiv-
alent concentrations at the tubule rim and tip.

To study how tubule geometry influences the way molecules 
are sorted into tubules, we varied the length and radius of the tu-
bule and the diffusion coefficient of the diffusing species to deter-
mine the corresponding concentration gradients. We would like to 
stress that, in real biological systems, this condition would not con-
tinue indefinitely and would have an upper bound on the time up to 
which material flows. Hence we compare the concentration profiles 
and “exclusion factor” (Supplemental Text S4) between different 
conditions at a single time point (t = 5 s) for the different Neumann 

lengths (Figure 2C, inset), but for lengths >2 μm, it increases linearly, 
since the contribution from the hemispherical region is negligible. 
We also determined the t1/2 for the cylindrical portion only and 
found that this closely resembles the t1/2 of the entire tube, espe-
cially for long tubules. When we attempted to do the same for the 
hemisphere, we found that, for longer length scales, the hemisphere 
was devoid of diffusers, and extrapolations were therefore not ac-
curate. Thus these have not been reported here.

We next simulated diffusion in tubules with a constant length of 
1 μm but radii ranging from 0.01 to 0.2 μm (Supplemental Figure 4D). 
These simulations were carried out for a time period of 5 s. As be-
fore, we determined the t1/2 required for material to equilibrate 
along the entire tube or the cylindrical region (Figure 2D). The results 
of these simulations show that increasing the tubule radius from 0.01 
to 0.2 μm slows down the entry of material onto the tubule. For 
example, the time it takes for the average tubule to become half-
saturated increases from almost 1.5 to 2.2 s when the radius is in-
creased from 0.01 to 0.2 μm, translating to almost a 50% increase.

FIGURE 2: Variation of concentration along the tubule over time under Dirichlet boundary 
conditions. (A) Evolution of concentration gradients as a function of time for a Dirichlet simulation 
of molecules actively flowing into a tube of length 1 μm and radius 0.1 μm with a diffusion 
coefficient of 0.1 μm2/s shown for time steps of 0.25 s. The zero time point is indicated by the 
solid line and the subsequent time points are shown as dashed lines. The arrow indicates 
increasing time. (B) Change in average concentration of molecules in the tubule as a function of 
time for the case of the unity boundary conditions. (C) Half-time (t1/2) required to fully equilibrate 
material along the entire tubule (black circles) or the cylindrical region only (gray squares) as a 
function of tubule length for a tubule of radius 0.1 μm. Inset shows t1/2 for small lengths. (D) t1/2 
required to fully equilibrate material across the entire tubule (black circles) and the cylindrical 
portion only (gray squares) as a function of tubule radius for a tubule with length of 1 μm.



Volume 27 December 1, 2016 Diffusion in tubular surfaces | 3941 

found that changing the radius does not 
substantially impact the underlying charac-
teristics of the concentration profile in the 
tubule, although we did note that at the 
largest radius, r = 0.2 μm, a concentration 
gradient was present at the bottom of the 
tube. This presumably reflects the fact that 
the radius is comparable to the tube length. 
As the tube radius was decreased, a higher 
density of molecules accumulated in the 
bottom of the tubule. This behavior is also 
reflected in the “exclusion factor” increas-
ing linearly with increasing radii for this 
range of values (Figure 3C).

Finally, we varied the length of the cylin-
drical region to determine the effects of 
tube length. We varied the tubule length 
over two orders of magnitude ranging from 
0.1 μm up to 10 μm with a constant tubule 
radius of 0.1 μm under the Neumann 
boundary condition. We observed that 
overall concentration gradients are differ-
ent for different tubule lengths with identi-
cal radii (Supplemental Figure 7B). As seen 
from the “exclusion factor” (Figure 3D) for 
very small length scales, for instance for h = 
0.1 μm, the length is sufficiently small for 
the entire tubule to be exposed to diffusing 
molecules within 5 s, resulting in a relatively 
uniform concentration across the entire tu-
bule. The plateau seen in the exclusion fac-
tor occurs because material has not yet 
reached the hemispherical region and, 
hence, for these geometries at this time 
point, the exclusion factor would remain 
the same. In the case of long tubules, the 
hemisphere and even some portions of the 
cylindrical region are not even exposed to 
the diffusing molecules. However, length of 
the tubule, more than radius is a chief con-
tributing factor in determining the exclu-
sion factor.

Comparison of diffusion of molecules in a tubular surface 
and a flat surface
Until now, we have compared the diffusion of molecules along a 
tubular surface of various dimensions. To understand the impor-
tance of tubular geometry on diffusion from a more general per-
spective, it is useful to compare diffusion on a tubule to diffusion on 
a flat surface. Such a comparison requires one to define a geometri-
cally comparable noncurved surface. However, due to Gaussian 
curvature obstructions, we cannot expect these systems to be point-
wise comparable in the mathematical sense of isometric equivalence. 
A Riemannian isometry would erase the very local curvature differ-
ences we aim to explore. Instead, we design surfaces that are com-
parable by enforcing that they share a common amount of total 
material (area). By this, we preserve global area, and the same total 
area is available to diffusion in both systems, though in one it is 
shaped like a curved tube and in the other like a flat disk. In this 
sense, differences in diffusion are solely due to differences in curva-
ture between the systems. We designed such a control by defining 
a planar disk containing an outer annulus with an area corresponding 

simulations. This time point was chosen arbitrarily to emphasize di-
versity in concentration gradients for the different parameters we 
compared. The flow rate was likewise held constant across our 
simulations.

First, we investigated how diffusion coefficients impact the evo-
lution of concentration gradients across the surface of a tubule of 
constant length 1 μm and radius 0.1 μm for a simulation time of 5 s. 
Not surprisingly, as shown in Supplemental Figures 5 and 6, increas-
ing the diffusion coefficient increased the absolute concentration of 
material present within the tubule. Interestingly, increasing the dif-
fusion coefficient also decreased the “exclusion factor” (Supple-
mental Text S4). Thus the less mobile a molecule is, the less its 
gradient relative to the reservoir.

Next we studied the effect of tubule radius (Supplemental 
Figure 7A) by simulating molecules diffusing into tubules of a con-
stant length 1 μm and diffusion coefficient of 0.1 μm2/s for a period 
of 5 s. For this analysis, we kept the concentration of molecules 
available at the rim for diffusion as a constant, implying that the total 
number of molecules available differs as a function of radius. We 

FIGURE 3: Variation of concentration along the tubule surface under Neumann boundary 
condition simulations. (A) Evolution of concentration gradients as a function of time for a 
Neumann simulation of molecules actively flowing into a tube of length 1 μm and radius 0.1 μm 
with a diffusion coefficient of 0.1 μm2/s. The zero time point is indicated by the solid line and the 
subsequent time points are shown as dashed lines (time steps = 0.25 s). (B) Change in average 
concentration of molecules along the tubule surface as a function of time in the case of the unity 
Neumann boundary conditions. (C) Effect of changing the radius of a tubule on the exclusion 
factor for a molecule with diffusion coefficient of 0.1 μm2/s while keeping the length of the 
tubule constant at 1 μm. (D) Effect of changing the length of a tubule on the exclusion factor for 
a molecule with diffusion coefficient of 0.1 μm2/s while keeping the radius of the tubule constant 
at 0.1 μm.
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essence the ratio of how fast molecules can diffuse out of a tubular 
surface compared with a flat surface. By this measure, a value of 1 
indicates the tubule and the flat geometry match. While this quanti-
fication of slowdown is arbitrary, it enables us to study the relative 
effects of flat versus tubular geometries on diffusion. The slowdown 
parameter is explained in detail in Supplemental Text S5.

As before, we varied the three parameters of interest (radius, 
length, and diffusion coefficient), but in this case, we carried out 
simulations for both flat and curved surfaces. In every case exam-
ined, we found that, compared with the flat geometry, the loss of 
material from the hemisphere was slowed in the tubular geometry 
(Figure 4). In some cases, the magnitude of this effect was nearly 
20%. When we increased the length of the tubule, the effective 
slowdown due to tubular geometry reached an asymptotic value. 
This is because the effect of hemispherical region is minimal for 
lengths greater than 1 μm, and thus all longer tubules behave iden-
tically at the early time points. However, the effects of radii and dif-
fusion coefficient were nonsymmetrical paraboloids, suggesting 
that a complex relationship exists between these parameters.

Comparison with experimental results
To assess the validity of our models, we compared our simulations 
with a recent experimental work by Aimon et al. (2014), who 
measured diffusion of proteins in membrane tethers connected to 
a giant unilamellar vesicle using a fluorescence recovery after pho-
tobleaching (FRAP) assay. In these experiments, an entire tubule of 
a defined length and radius was photobleached and allowed to 
recover (Figure 5). The diffusion coefficient was then determined 
using a theoretical solution for diffusion in the special case of a 
long, thin cylinder connected to a sphere that acts as a reservoir 
for the diffusing molecules (Berk and Hochmuth, 1992). Both ex-
periments were performed on tubes with a length of 6 μm but 
slightly different radii of 30 and 20 nm and contained two different 
proteins whose diffusion coefficients were quantified as 0.73 and 
0.38 μm2/s.

To compare these experimental photobleaching data with our 
diffusion model, we simulated diffusion on these exact geometries 
using the experimentally determined diffusion coefficients. We as-
sumed that, at time t = 0, the tubule contains no diffusing species 
except at the rim, which is attached to a reservoir with a uniform 
concentration of one. We simulated diffusion into the tubes for 
80 s and then calculated the average concentration of diffusing 
species across the tubule surface over time. The data obtained 

to the cylindrical area of the tubule and an inner circular region with 
an area equal to the hemispherical region of the tubule (Supple-
mental Text S1 and Supplemental Figure 8). In this manner, the verti-
cal tube and flat annulus respectively surround the hemisphere and 
corresponding disk in two and three dimensions. We then described 
the flat surface using the same coordinate system used to describe 
the tubules.

Using this equivalent geometric description, we simulated con-
ditions to compare diffusion in curved tubes with that on compara-
ble planar disks. To carry out these simulations, we used an initial 
condition in which the molecules were present uniformly in the 
hemispherical region or its corresponding planar region and al-
lowed them to diffuse into the cylindrical region or its flattened 
equivalent for a total time of 5 s. Thus, unlike the previous simula-
tions, where the material diffused from the open rim of the cylindri-
cal region of the tubule, in these simulations material diffuses from 
rim of the hemisphere into the cylindrical region of the tube. The 
initial value of concentration was arbitrary set at 1000 U. In addition, 
these simulations have a closed boundary condition, in that the mol-
ecules do not flow out of the tube.

We performed the simulation with the initial boundary conditions 
described above, except that, in this case, the hemisphere contained 
a uniform concentration of diffusing species at t = 0. Thus, for these 
simulations, the concentration gradient should dissipate outward to-
ward the tubule rim given sufficient time. However, comparison of 
the diffusion as a function of time between two distinct geometries 
could be extremely arbitrary. At the start of the simulation, the two 
conditions have similar concentration, and in many cases, both the 
tubule and the flat surfaces could be completely equilibrated at the 
end of the simulation. Hence it becomes important to compare them 
using a temporally equivalent parameter. Similarly, the difference be-
tween the two geometries could be spatial as well. Therefore, to 
compare the rate of dispersal of material between the two different 
geometries, we introduce a “slowdown” parameter, which incorpo-
rates both the spatial and temporal components as a single measure. 
This is calculated at the rim of the hemisphere–cylinder junction as 

C C C Cslowdown ( ) ( )0 0.25 tubule 0 0.25 flat= − −  between time t = 0 s 
and t = 0.25 s (the first time step in these simulations). The numerator 
terms, C0 and C0.25, denote the concentration at the junction of the 
two surfaces (cylinder and hemisphere) for the tubule for times t = 0 
and 0.25 s, respectively, while the denominator denotes the concen-
tration at the intersection of the two concentric annuli of the flat sur-
face for the same two time steps. The “slowdown parameter” is in 

FIGURE 4: Comparison of concentration gradients in flat surfaces and in tubules. Slowdown of diffusion in the tubular 
geometry was quantified at the rim of the hemisphere–cylinder junction as C C C Cslowdown . . flattubule0 0 25 0 0 25( ) ( )= − −  
between time t = 0 s and t = 0.25 s. (A) Effect of tubule length with tubule radius and diffusion coefficient held constant 
at 0.1 μm and 0.1 μm2/s, respectively. (B) Effect of diffusion coefficient with tubule radius and length held constant at 0.1 
and 1 μm, respectively. (C) Effect of tubule radius with tubule length and diffusion coefficient held constant at 1 μm and 
0.1 μm2/s, respectively.
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ual particle motions. In our model, the dynamics at the boundary 
are prescribed and not merely observed, and the a priori knowl-
edge of the boundary reconstructs the system behavior. An alter-
nate approach to solving diffusion equations would be to use ana-
lytical approaches. This approach is typically not feasible for 
complex geometries and boundary conditions. In case of a tubule, 
for example, the adjoin of the hemisphere and tube disallows the 
use of analytical methods due to the need to “knit” the solutions 
across the boundary of the two geometries. To obtain a solution in 
the whole tubule (i.e., across the separating boundary), one has to 
ensure continuity of the solution and continuity of fluxes across such 
a boundary. Enforcing such conditions could result in at least one of 
the two problems (in their own regions) being overdetermined. 
Iteration techniques typically lead to issues of convergence, and the 
limit may not be expected to be explicit in some topologies. In this 
paper, we have sought to present a method that may be directly 
applied to many future real-world geometries of interest. In these 
cases, numerical methods will be the only realistic recourse for de-
termining solutions. Further, to broaden the scope of usage of our 
model, we have implemented another parallel approach of solving 
the Laplace–Beltrami using virtual coordinates, and this has been 
described in Supplemental Text S2. Thus, compared with the “1-D” 
used in the simulation, this framework can model more general 
boundary conditions such as asymmetric initial boundary conditions 
(Supplemental Figure 1C), and the models presented here can be 
applied to any arbitrary surface geometry and boundary condition.

In this study, we focused on understanding how geometric effects 
impact concentration gradients under conditions that are relevant to 
tubular structures found in biological membranes. We acknowledge 
that this description is still incomplete, as other factors could poten-
tially impact how concentration gradients evolve for a given tubule 
geometry and diffusion coefficient. The most prominent of these fac-
tors that are not included in the present model is the effect of hydro-
dynamics (Arroyo et al., 2010; Rahimi and Arroyo, 2012; Rahimi et al., 
2013; Kosmalska et al., 2015). Membranes can be approximated as 
a viscous fluid enclosed by fluids on both sides. Recent studies have 
shown that hydrodynamics vary as a function of tubule geometry for 
membranes (Daniels and Turner, 2007; Henle and Levine, 2010; 
Henle et al., 2007; Domanov et al., 2011), which in turn could alter 
the way molecules diffuse in tubules. Similarly, our model does not 
account for the size of the diffusing species, which could also be criti-
cal for understanding diffusion in a real membrane (Guigas and 
Weiss, 2006). Earlier experiments have shown that the protein and 
lipid composition of membrane tubes themselves can be curvature 
dependent, which could potentially introduce additional constraints 
on diffusion (Callan-Jones et al., 2011; Aimon et al., 2014). To delin-
eate these factors from differences arising purely from geometry, we 
have included a program (Supplemental Text S6) that can determine 
the “expected diffusion coefficient” given t1/2 (as measured in FRAP 
experiments) for concentration equilibration for a given tubule ge-
ometry. Comparison of diffusion coefficients obtained from the simu-
lation with those obtained from other empirical models (Berk and 
Hochmuth, 1992) that incorporate factors such as hydrodynamic ef-
fects (Daniels and Turner, 2007) will decouple these two factors. In 
the case of long thin tubules, our simulated diffusion profile resem-
bles but is not identical to the experimentally observed diffusion pro-
files (Aimon et al., 2014), as demonstrated in Figure 5. In the two 
examples, we see that the difference in t1/2 as predicted from our 
model is 20–30% different from the experimental values modeled 
using an empirical model for this particular case (Berk and Hochmuth, 
1992). The discrepancy between the two values could potentially 
arise from hydrodynamic effects.

from the simulation closely agree with the data obtained experi-
mentally (Figure 5). Thus our simulations capture this special 
geometric scenario, corroborating our approach using the finite 
element model for solving the Laplace–Beltrami equation.

DISCUSSION
Understanding how geometry influences diffusion of molecules on 
membrane surfaces has important cell biological implications. In this 
paper, we have developed a mathematical framework to describe 
how geometry influences diffusion using a tubular surface as a 
model system. This geometry occurs in a number of biologically 
important structures, including primary cilia, dendritic spines, endo-
somal tubules, and clathrin-independent endocytic carriers. For dif-
fusion along the curved surface, the local area available for diffusion 
is different relative to a flat surface. This gives rise to a strong depen-
dence of diffusion on the tubule geometry. We examined three key 
parameters that can potentially influence diffusion—the tube radius, 
the length of the tubule, and the diffusion coefficient of the diffusing 
species—using a range of biologically relevant values of these pa-
rameters. We found that each of these variables plays a distinct role 
in regulating diffusion, depending on the boundary conditions. We 
also compared diffusion in tubular structures with that in a compa-
rable flat surface and showed that the tubular geometry slows down 
diffusion.

The model described in our paper represents a significantly 
different approach for understanding diffusion in surfaces with 
complex geometries compared with many other earlier models 
that typically use random-walk motion and escape times of mole-
cules to determine geometric effects on diffusion (Yoshigaki, 2007; 
Jiang and Powers, 2008; Callan-Jones et al., 2011; Holcman and 
Schuss, 2011; Singh et al., 2012; Kusters and Storm, 2014; Kusters 
et al., 2014). Our model represents a simple but fundamental for-
mulation of a diffusion equation in a static tube. Compared with 
random-walk approaches, in which the only modeling degree of 
freedom is the random variable describing the walk of an individual 
particle (Gikhman and Skorokhod, 1969), a diffusion equation–
based method requires less restrictive assumptions about individ-

FIGURE 5: Comparison of simulated diffusion with previously 
published experimental data (Aimon et al., 2014). The experimental 
recovery curve data are adapted from Figure 3 (gray circles) and 
Figure S3B (black circles) of Aimon et al. (Original data depicted in the 
figure as gray/black open circles and the diffusion coefficients were 
kindly provided by Patricia Bassereau, Institut Curie.) The open circles 
denote the original FRAP data from the paper, and the lines denote 
the recovery curve from the simulation, adapting the geometry and 
diffusion coefficients measured in the paper.
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disfavoring the entry of β2AR. Instead, β2AR tended to accumulate 
in a longer-lived specialized class of endosomal tubules stabilized 
by actin. Interestingly, the t1/2 for β2AR to recover on a small region 
of the endosomal membrane by FRAP was ∼25 s. This is compara-
ble to the lifetime of the short-lived bulk-recycling tubules (<30 s) 
(Puthenveedu et al., 2010). Thus, even though the concentration 
gradients that develop across the tubules are transient, their tem-
poral evolution ultimately has a significant biological impact on 
sorting.

Another prediction of our model is that, in situations in which 
increasing concentrations of cargo are available to flow into tubes, a 
concentration gradient along the length of the tube would be set up 
almost immediately. The geometry of tubes also dictates the tem-
poral evolution of the shape and the magnitude of the concentra-
tion gradient along the tube surface. Such concentration gradients 
could play a biological role in clathrin-independent endocytosis of 
AB5 toxins. These toxins not only drive the formation of tubular en-
docytic structures but are also known to change membrane physical 
properties in a concentration-dependent manner (Römer et al., 
2007). The cell could in principle couple the geometry of the tubule 
with the regulation of endocytosis to sense the cargo concentration 
in the tubule.

In summary, we have developed a generalizable model of diffu-
sion in tubular geometries from fundamental diffusion equations 
and have simulated diffusion for various biologically relevant bound-
ary conditions and parameters. Our findings emphasize that sorting 
and concentration gradients can be initiated merely by the presence 
of curvature in the system, without requiring that the surface-
embedded molecules themselves exhibit curvature preferences. 
These results provide a framework for modeling diffusion in com-
plex surfaces and suggest new numerical models for how biological 
functions could emerge as a consequence of the nature of diffusion 
in tubular geometries.

MATERIALS AND METHODS
Finite element approximations and simulation details of 
Laplace–Beltrami equations
We first derived a Laplace–Beltrami equation (Eq. 5 in Supplemental 
Text S1) for tubular surfaces. We would like to emphasize that com-
plementary approaches for deriving the equation of continuity can 
be found elsewhere (Marsden et al., 1984; Frankel, 2011). To solve 
this equation for a tubular surface, we have developed a univariate 
FEM solver (Oden, 2006). This FEM solver is designed for tubular 
diffusion under symmetric conditions, that is, all prescribed solutions 
are independent of the angle about the tube’s center axis. Conse-
quently the data depend only on the position along the tube’s cen-
ter axis. Under such symmetric conditions, the tubular diffusion has 
only a single degree of freedom and is modeled in a univariate set-
ting. The symmetric tubule diffusion using defined virtual coordi-
nates reduces to the form ( )−   =u k A x u 0t x x

 for specific forms of 
A(x) determined by the tube’s geometry. This is then solved using 
our 1-D FEM solver. The numerical solution is computed by 
semidiscrete methods. First, the uniform mesh and approximating 
spline space are user specified. As the basis of the symmetric solver, 
we use normalized B-splines Sd

r ( )∆  (Schumaker, 2015). This reduces 
the computation time and, unlike other methods such as nodal basis 
elements, avoids artifacts such as negativity while smoothing the 
splines. We then use the De’Castlejeau algorithm for the evaluation 
of the B-splines without having to construct individual basis spline in 
the Sd

r ( )∆  space. Then a Galerkin procedure is implemented. The 
integration is accomplished through a Gaussian quadrature exact up 
to polynomials of degree 11. For example, when the approximation 

Even just using first principles and varying only relative geome-
try, we can make several interesting predictions about material flow 
and concentration gradients arising from diffusion in tubules with 
relevance to biological processes occurring in membranes. One 
such prediction is that diffusion of a particle in a tubular structure 
appears to be slower than its diffusion in a flat surface, simply as a 
consequence of geometric effects. This can be thought about as a 
loss of freedom due to the constrained geometry imposed by the 
curvature. Thus, while the total areas of the tubular and the flat 
surface are equal, the local area for the diffusion of molecules is 
reduced in a tubular geometry due to radial curvature, thus prolong-
ing the gradient. This effect could potentially explain recent 
observations that diffusion of membrane proteins is slower in tu-
bules than the surrounding “flat” membranes in vitro (Domanov 
et al., 2011). The predicted slowdown also confirms other theoretical 
works by groups who have investigated diffusion in curved surfaces. 
For instance, Kusters and Storm (2014), using random-walk simula-
tions of single particles diffusing on tubes, have shown that curved 
surfaces retain molecules for an increased period of time before the 
molecules escape. The predicted slowing down of diffusion due to 
curvature effects was shown to influence receptor egress from the 
dendritic spine (Kusters et al., 2013). This is analogous to the reten-
tion of a concentration gradient along the tubule length due to its 
inherent curvature. Most models and experiments assume that the 
changes in diffusion with curvature are due to the altered diffusion 
coefficients of molecules (Berk and Hochmuth, 1992; Domanov 
et al., 2011; Zhu et al., 2012; Aimon et al., 2014). However, from a 
fundamental standpoint, our results show that geometry itself can 
also contribute to such effects. This delineation between diffusion 
coefficient changes and geometric slowdown is a critical, yet under-
realized aspect of diffusion that readily emerges from our work.

Our model also predicts a priori the conditions that would in-
crease the entry or retention rate of molecules in tubules. Because 
the tubular nature of the membrane stretches out the concentra-
tion gradient temporally, it leads to an interesting hypothesis, that 
is, cells can tune the geometry of tubes as a mechanism to regulate 
the entry and exit of membrane-associated cargo. Modulation of 
concentration gradients could potentially be one reason why curva-
ture in membrane tubules is tightly regulated by proteins such as 
BAR domain proteins (Rao and Haucke, 2011; Ramesh et al., 2013; 
Simunovic et al., 2015). Of the three parameters we examined (tu-
bule height, tubule radius, and diffusion coefficient), within the lim-
its of biological molecules, we found that tubule height was a key 
parameter affecting the equilibration of material across the surface 
of tubules. Variation of tubule radii found in cells could vary equili-
bration times by almost 50%, and we expect this factor, along with 
hydrodynamics (Domanov et al., 2011), to also play a crucial role in 
setting up concentration gradients. Based on these findings, we 
predict that entry of membrane-bound cargo into tubes should oc-
cur most slowly in the case of slowly diffusing molecules moving 
into long tubes with large radii. Such a mechanism could potentially 
slow down the intake of cargoes to allow the cellular machinery the 
time to respond, for example, by scissioning the tubules and thus 
decoupling them from the membrane reservoir. This type of kinetic 
sorting model has been proposed to regulate the entry of the β2 
adrenergic receptor (β2AR) into a specific class of endosomal tu-
bules (Puthenveedu et al., 2010). In that study, β2AR was shown to 
diffuse four times more slowly than another cargo protein, transfer-
rin receptor, on endosomal membranes. Consequently transferrin 
receptor was able to enter into endosomally derived bulk recycling 
tubules more rapidly than β2AR could. These bulk recycling tubules 
scissioned from the endosomal membrane relatively rapidly, thus 
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is conducted in any of the recommended spaces S S S, ,2
0

2
1

3
2 ( )∆ , the 

quadrature is exact. The remaining temporal part is then handled 
using Matlab’s ODE45 solver. All our simulations were performed 
using Matlab R2014/R2015a on Windows computers. A more gen-
eral two-dimensional code capable of handling even asymmetric 
boundary conditions is described in Supplemental Text S2. Finally, 
as a note, we do remind readers that numerical approximation of 
this model is entirely a different problem to solve and this is inde-
pendent from the model’s theoretical justification and derivation. 
We have included ways to improve numerical solutions and avoid 
artifacts due to approximation in Supplemental Text S7.

Availability of the code
The complete code has been made available online at https://my 
.vanderbilt.edu/kenworthylab/fem-software-for-diffusion. We have 
also included, as a part of the code, a diffusion coefficient mapper 
for FRAP experiments of tubules that, given the height, radius, and 
t1/2 will give out the diffusion coefficient. Instructions for use of the 
code are given in Supplemental Text S6.
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