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Correlation diagrams of energy levels using � as the varying parameter have proven very useful in the
characterization of quantum vibrational dynamics of small polyatomic molecules, specially in relation to the
transition from order to chaos. In this paper, we present calculations of such correlation diagrams for three
molecular systems with very different characteristics, which can be traced down to the topology of their
potential energy surfaces. By studying the broad avoided crossings existing in the diagrams, we show that the
transition from regular to irregular states always corresponds to a frontier formed by scarred states.

DOI: 10.1103/PhysRevE.82.026201 PACS number�s�: 05.45.Mt, 03.65.Sq, 05.45.Df

I. INTRODUCTION

Last decades have witnessed a tremendous development
in the nonlinear science of classical Hamiltonian dynamical
systems �1,2�. Particularly important is the Kolmogorov-
Arnold-Moser �KAM� theorem �3� on the destruction of in-
variant tori due to perturbations, which serves as a faithful
guide to understand chaotic motion in this kind of systems.
In a molecular KAM scenario, the degree of vibrational ex-
citation constitutes a measure of the perturbation leading to
chaos. Moreover, the areas of ergodicity created by this
mechanism eventually overlap as this perturbation grows,
thus giving rise to widespread chaos according to Chirikov’s
criterium �4�.

Molecular dynamics has certainly benefited from such ad-
vancement. From the early applications reported in the mid-
1980s �5� to the most recent phase space version �6� of the
venerable transition state theory, made possible by the im-
portation from celestial mechanics of some sophisticated
techniques �7�, there have been a wealth of research on the
subject �8�. Moreover, the study of the vibrational motions of
simple molecules described by realistic potential energy sur-
faces using the methods of nonlinear dynamics have cer-
tainly helped in the understanding of the underlying dynami-
cal processes �9,10�, which can be studied by a number of
modern experimental techniques �11–13�, that go beyond
classical molecular spectroscopy �14�. Also, these new meth-
ods and their theoretical counterparts �15–17� provide a di-
rect link between spectroscopy and dynamics �18,19�.

In molecules, quantum effects are important and they can-
not be neglected. These effects when considered in systems
whose classical dynamics are chaotic give rise to very inter-
esting phenomena, which constitute the active research field
of quantum chaos �20,21�. One important development in
this area is the so-called scar theory �19,22,23�, which stud-

ies the influence of periodic orbits �POs� in the eigenfunc-
tions of classically chaotic systems. Heller �25� was the first
to find a strong localization of the quantum probability den-
sity of certain wave functions along unstable POs in their
numerical study of the stadium billiard. This came as an
absolute surprise since the opposite to a localization effect
was expected �24�. This author also provided a theoretical
dynamical explanation for this phenomenon, based on the
constructive interference caused by the recurrences produced
by the dynamics in the vicinity of the orbits. The hyperbolic
structure around the scarring PO is also relevant, as shown in
Refs. �26,27�. Finally, another interesting result in scar
theory for systems with mixed dynamics, i.e., with regularity
and ergodicity coexisting �1,2�, was found by Keating and
Prado �28,29�, who uncover the possibility of superscarring.
According to these authors, the localization effect is more
pronounced when caused by bifurcating orbits than in the
case of isolated ones.

Apart from being scarred, the eigenfunctions of generic
dynamical systems may exhibit other topological patterns.
Two opposite limits are of interest. First, the integrable or
very regular case, in which quantum numbers can be as-
cribed to the wave function, very much as to what happens in
standard textbook examples. In the other limit, we have com-
pletely irregular states in which the quantum probability den-
sity is, to a high degree, uniformly distributed in configura-
tion and/or phase space, in the spirit of Schnirelman’s
theorem �24�. Different numerical criteria have been pro-
posed in the literature trying to ascertain the character of a
given wave function. Among them, the zeros of the Husimi
function �30,31�, and the statistics of nodal lines �32� are
among the most sensitive ones. However, analyzing the
structure of single wave functions except for the case of
weak chaos is problematic �22�. The character of otherwise
simple structures usually appears strongly mixed, due to
eventual complex interactions. However, there is a way to
efficiently disentangle these mixtures. It consists of using the
correlation diagrams of the corresponding energy levels. In-
deed, if the aforementioned structures have different dynami-
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cal characteristics, their energies will vary very differently
with suitable parameters entering in the Hamiltonian. Ac-
cordingly, a simple variation of such parameters should be
able to separate the different contributions in a given wave
function. As an example, one can vary the value of � to
change the relative importance of the kinetic and potential
terms, separating in this way the mixtures of harmonic con-
tributions corresponding to different frequencies. This
method has been exploited in the past �33–35� in order to
analyze the structure of vibrational molecular states.

In correlation diagrams, the Wigner–von Neumann non-
crossing rule �36� for states with the same symmetry applies.
When two such states evolve as a function of an external
parameter, the corresponding energy curves may eventually
get very close, but due to this rule they cannot cross. For this
reason they are referred to as avoided crossings �ACs�, and
in the corresponding range of the parameter some mixing of
the two involved wave functions takes place. AC’s have been
shown to be important to understand different dynamical
processes in gas �37� and adsorbed phases �38�, and also to
control �39�. These ACs can be sharp �SACs� or broad
�BACs�. In the first case, the interaction of states �or alterna-
tively the mixing of their wave functions� is confined to a
very narrow range of parameter values, and its net effect is a
mere exchange of character, following the simple Landau–
Zener model �40�. However, in BACs the interaction is ef-
fective in a broad range of values of the parameter, giving
rise to the possibility of interacting with many other different
eigenstates, the number of which increases, in general, with
the density of states. Based on this idea, Marcus et al. �41�
proposed to use the existence of overlapping BACs as a cri-
terium for quantum chaos, since in this case the topology of
the corresponding eigenfunctions would be necessarily
complicated.

In this respect, another interesting result is found in Refs.
�33,34�. There, it was shown that in the correlation diagram
for the LiNC–LiCN isomerizing molecular system a frontier
between the regular region, only populated by SACs, and the
chaotic region, characterized by the existence of numerous
overlapping BACs, could be defined. It actually consisted of
a series of isolated BACs, all corresponding to the same
quantum resonance �42�. The validity of this conclusion was
further assessed by using the Brody exponent �a standard
indicator in random matrix theory �43�� which showed a
transition from Poisson �regularity� to the Wigner surmise
�chaos� in the distribution of nearest neighbors splittings.
More interestingly, the interaction taking place in this series
of ACs gave always rise to states scarred by the POs corre-
sponding to the above mentioned quantum resonance �34�,
that were born in this way in the transition from order to
chaos taking place at the frontier.

This is an important result, which may have far reaching
consequences for molecular systems. A crucial point in this
respect is, however, to what extent it can be a general results,
applicable to other molecular, or even more general dynami-
cal systems. For this purpose, we extend in this paper our
previous work for LiCN to other molecular systems, namely,
the HCN molecule and the HO2 radical, for which some
preliminary studies have been performed in our group �44�.
We also include, to make the paper complete, a short discus-

sion of the main results found in our previous studies on the
correlation diagram for LiNC–LiCN �33,34�.

The organization of the paper is as follows. In the next
section we briefly describe the molecular systems under
study, as well as the computational methods used in our cal-
culations. In Sec. III, we present and analyze some results
concerning the correlation diagrams of the vibrational levels
of the molecular systems under study. Finally, we summarize
our main conclusions in Sec. IV.

II. DESCRIPTION OF THE MOLECULAR SYSTEMS
AND CALCULATIONS

A. Molecular systems

In this paper we have chosen three triatomic systems, the
LiNC–LiCN and HCN–HNC isomerizing systems, and the
HO2 radical, to perform a comparative study of their corre-
lation diagram of vibrational energy levels. Each of them is
characterized by a different topology in their potential energy
surface, and the atomic masses of the constituents. However,
they share one common characteristic, namely, the vibra-
tional constant of one of their fragments, C–N for LiNC–
LiCN and HCN–HNC and O–O for HO2, is very high, and
then the corresponding motion effectively decouples from
the remaining modes in the system. Accordingly, the vibra-
tional motion of these systems can be adequately studied
with a two degrees of freedom model, where the C–N and
O–O distances are kept frozen at their equilibrium values.
The corresponding classical vibrational �J=0� Hamiltonian
is given, in Jacobi coordinates, by

H =
PR

2

2�1
+

1

2
� 1

�1R2 +
1

�2re
2�P�

2 + V�R,�� , �2.1�

where R is the distance from the N–C center of mass to the
Li or H atoms for LiNC–LiCN or HCN–HNC, respectively,
and the distance from the O–O center of mass to the H atom
for the HO2 radical, re is the N–C or O–O equilibrium dis-
tance, and � is the angle formed by the associated vectors.

The potential energy surfaces �PES�, V�R ,��, have been
taken from the literature �45–47�, and are shown in Fig. 1 as
contour plots for the three systems under study. These PESs
present for LiNC–LiCN and HCN–HNC two wells at the
linear configurations, corresponding to the two existing
stable isomers. The most stable one for the first system is the
Li–NC ��=180°�, while in the second case the opposite is
true, namely, the H–CN ��=0°� configuration is the most
stable. The other two structures, Li–CN ��=0� and H–NC
��=180°�, are both higher in energy. Moreover, the two iso-
mers are separated in both molecules by moderate energy
barriers. The HO2 radical, on the other hand, has different
characteristics, presenting minima at the two equivalent tri-
angular configurations �=46.1° and �=133.9°, respectively.
There are also three saddle points, higher in energy, located
at �=0,90° and 180°, respectively. The first and the last
correspond to linear configurations, while the other is at a
T–shaped or triangular configuration. The minimum energy
paths �MEPs� connecting the different potential wells have
also been plotted in dashed line superimposed to the PES.
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The energy profiles along the MEPs are shown in Fig. 2 for
the three systems. As can be seen, in the first two cases,
LiNC–LiCN and HCN–HNC, there is a modest energy bar-
rier at the saddles of the PES separating the two existing
stable isomers. For HO2 we find a symmetric double well
potential.

One final point worth commenting is that, due to the char-
acteristics of the PESs, the H, Li or H atoms in LiNC–LiCN,
HCN–HNC, or HO2 can easily perform large amplitude mo-
tions in the � coordinate, thus sampling extensive regions of
the corresponding PES, where anharmonicities and inter-
mode couplings are important. This causes that chaos sets in
at very low values of the excitation energy in these systems,
making them ideal benchmarks for nonlinear science of mo-
lecular vibrations.

B. Classical calculations

To follow the dynamics of our three systems we have
numerically calculated trajectories using a Gear algorithm to
numerically integrate Hamilton equations of motion corre-
sponding to Eq. �2.1�. For each trajectory a Poincaré surface
of section �SOS� is then computed by taking the MEP, Re���,
connecting the two system isomers �see Fig. 1� as the sec-
tioning surface. In this way, the most significant dynamical
information, which is contained in the angular coordinate, is
obtained. This choice, however, presents the problem of ren-

dering a SOS which is not an area preserving map. This
problem, associated to the fact that the sectioning surface,
Re, depends on one of the coordinates, � in this case, can be
easily solved by making the following canonical transforma-
tion �48�

� = R − Re��� , � = � ,

P� = PR, P� = P� + PR�dRe���/d�� .
�2.2�

The SOS is now given in these new set of coordinates by the
conditions �=0 and P� being in a predetermined branch �the
negative one in our case� of the second degree equation ob-
tained from energy conservation for the momentum. Finally,
the data obtained in this way are further folded into the 0
���� interval using invariance under the transformation

� → 2� − � ,

P� → − P�, �2.3�

to solve, in part, the problem �48� associated with the un-
physical �in the sense that the quantum mechanical probabil-
ity density at the linear configuration is zero �49�� crossing of
the �=0 plane taking place in the classical dynamics �50�.

C. Quantum calculations

To perform the quantum mechanical calculations we have
used the discrete variable representation-distributed Gaussian
basis �DVR-DGB� program of Bačić and Light �51� and

FIG. 1. Potential energy surfaces for the LiNC–LiCN, HCN–
HNC, and HO2 molecular systems. The energy separation between
contours is 1000 cm−1 in all cases. The minimum energy paths
connecting the equilibrium points have also been plotted superim-
posed in dashed lines.

FIG. 2. Potential energy profile along the minimum energy path
for the LiNC–LiCN, HCN–HNC, and HO2 molecular systems.
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obtained the first 900 vibrational eigenfunctions, �R� �n	,
with the corresponding eigenenergies converged to within
0.1 cm−1. However, only the first 
100 low-lying states will
be used in the discussions contained in this paper. It should
be noted here that due to the symmetric double well charac-
ter of the PES for HO2 at low-excitation energies most of the
vibrational states considered in the present work will appear
degenerate.

Using these data, quantum levels correlation diagrams
have been constructed for LiNC–LiCN, HCN–HNC, and
HO2 using � as the actual parameter. The reason for making
� variable is simple. As � decreases more and more states
can be accommodated in the classical regular region, since
the classical dynamics is independent of this parameter. In
this way a transition from chaos to order is �artificially� en-
forced in different states, and their characteristics are then
unveiled, as shown previously by us. Also using this method
a systematic formation of scars in this system can be ob-
served �34�.

III. RESULTS

A. Classical dynamics

Let us examine now the classical dynamics of the systems
under study.

1. LiNC–LiCN and the HCN–HNC isomerizing systems

In Fig. 3 we present composite SOSs for LiNC–LiCN at
E=2,500 cm−1, and for HCN–HNC at E=11,200 cm−1.
Notice that these energies are high enough to allow the mo-
tion of the systems in both of the two existing PES wells, but
not to allow isomerizing motion above the barrier. Moreover,
it can be observed that in both cases the motion around the
well at �=0 is quite regular, taking place on invariant tori.
The dynamics on the other well, �=180°, exhibit, on the
other hand, mixed regular and chaotic motions. One remark-
able feature in the SOS of HCN–HNC is the conspicuous
island of regularity found at ��120°. This is associated to
the inflection point that can be seen in the corresponding
energy profile along the MEP �see middle panel of Fig. 2�,
where an adiabatic stabilization of the motion highly excited
in the R coordinate takes place �52�. In the LiNC–LiCN sys-
tem the effect is not so pronounced, but traces of a cantorus
�53�, with the same dynamical origin, are seen as an accu-
mulation of points next to the LiNC regularity region. In
despite of being truly spectacular in their SOS representa-
tions, these effects play no role in the issues discussed in the
present paper. Another more important fact, since it will be
shown to be very relevant for our purposes, is the existence
of chains of islands embedded in the chaotic region next to
the border of the available energy shell around the second
well. They correspond to a 1:8 resonance in the case of LiNC
and to a 1:10 resonance for HNC. As it will be shown later,
both have a profound influence in the quantum mechanics of
the corresponding systems.

2. HO2 radical

Composite SOS for the HO2 radical are presented in Fig.
4 at three different values of the vibrational excitation en-

ergy. Although they look similar to the previous cases, the
dynamical characteristics for this system are very different.

As can be observed, at the lowest energy considered, E
=3000 cm−1, the dynamics are mainly regular, being located
the corresponding trajectories in two different regions of the
available phase space. The first one is the central region,
which appears filled with trajectories confined into invariant
tori around the �� , P��= �45° ,0� point. This region is sur-
rounded by a small area of chaos, in which one finds embed-
ded the second region of regularity, formed by a chain of
three big islands, which corresponds to a 1:3 resonance. As
energy increases, we see at E=4,500 cm−1, which is an en-
ergy value just of the order of the second excited state, that
the central PO becomes unstable, taking place a pitchfork
bifurcation that gives rise to a new stable 1:2 PO whose
islands of stability are seen in the figure. At the same time,
the area of the chaotic region increases substantially, follow-
ing KAM theorem; the 1:3 chain of islands, however, still
survives. Higher up in energy, at E=12,500 cm−1, the regu-
lar structure in the central part of the SOS has disappeared
completely, and new chains of islands appear in the chaotic
sea. These islands correspond to stable 1:3 �marked with ��
and 1:2 �marked with �� POs that are born simultaneously at
E=7,000 cm−1 in a saddle node bifurcation. Two things
may seem strange here. In the first place both POs should

FIG. 3. Composite Poincaré surfaces of section for LiNC–LiCN
at a vibrational energy of 2 ,500 cm−1, and for HCN–HNC at
11,200 cm−1. Notice the existence of a chain of eight islands �tak-
ing into account the symmetry of Eq. �2.3�� for LiNC–LiCN and ten
in the case of HCN–HNC, close to the energy boundary around the
isomers at �=180°.
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have different stability if born at the same bifurcation, which
seems to contradict the fact that both are stable here. What
happens is that the 1:2 PO is unstable when born at the
bifurcation, but changes later its character at E
	7,000 cm−1. The second apparent inconsistency is that
both POs have different resonance parameter, i.e., 1:3 vs 1:2.
Again this is only an unfortunate circumstance, only due to
the way in which we calculate our SOS. For molecular sys-
tems, taking the MEP as the sectioning plane to compute
SOSs provides better dynamical information than any other
choice. However, this brings some problems related to the
fact that the MEP is not a real trajectory of the system. In our
case, and as will be shown later in Sec. III, this makes that

these two POs cross a different number of times the SOS,
despite the fact that they are dynamically equivalent in every
other respect.

B. Correlation diagrams

In this section we will discuss the correlation diagrams of
LiCN, HCN, and HO2, which are presented in Figs. 5–7,
respectively.

1. LiNC–LiCN isomerizing system

The correlation diagram of LiCN contains vibrational en-
ergy levels up to values of E /� of 4000 cm−1 /a.u. This in-
cludes, for example, the first 70 eigenvalues corresponding
to �=1 a.u. In this plot we have chosen to represent in the
vertical axis E /� instead of E to make the figure clearer. The
reason for this is the following. At high energies the slope of
the energy level curves are very large, and then some por-
tions of the E vs. � plot get too crowded. As a result, some
curves get too close to allow for an adequate following of
their evolution. This is avoided by using E /� instead of E,
since this change progressively reduces the slope of the en-
ergy levels curves as �→0. For example, the low lying
states localized in the most stable Li–NC well render hori-
zontal lines �except for very small values of the parameter ��

E

�
= 
�

LiNC�n�
LiNC +

1

2
� + 
�

LiNC�n�
LiNC +

1

2
� , �3.4�

with this choice of scaling, showing their highly harmonic
character. On the other hand those states corresponding to
the other isomer, Li–CN, appear as hyperbolas displaced ver-
tically

E

�
=

ELiCN

�
+ 
�

LiCN�n�
LiCN +

1

2
� + 
�

LiCN�n�
LiCN +

1

2
� .

�3.5�

As can be seen in Fig. 5 there are numerous ACs in the
correlation diagram of LiCN. However, this number is not
uniformly distributed. Indeed, as we consider the region of
higher values of E we see that the number of ACs increases
and more importantly they are all mostly BACs. As pointed
out by Marcus et al. �41� this occurrence of many overlap-
ping BACs is a strong indication of mixing of the corre-
sponding wave functions, leading to complex nodal patterns
and chaos. On the other hand, in the region of small values
of E one only finds SACs. As explained before, at these
SACs only a mere exchange of character takes place, thus,
being typical of a regular regime. Also, and as discussed in
Ref. �34�, one can clearly distinguish between these two situ-
ations, which appear well separated in the correlation dia-
gram. As a result a frontier between these two situations,
chaos and regularity, can be defined. In our case, we have
marked the position of this frontier by plotting a series of
circles in the diagram along the separation. When this fron-
tier is closely examined, one finds that at the position of each
circle there is an isolated BACs. Moreover, the effect of the
corresponding interactions is rather peculiar. To illustrate this
situation, we show in the rightmost part of the figure the two

FIG. 4. Composite Poincaré surfaces of section for HO2 at three
values of the vibrational excitation energy. Notice the appearance in
the bottom panel of two new chains of islands, corresponding to 1:2
�� � and 1:3 �� � resonances, respectively, which are born in a
saddle node bifurcation.
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wave functions �n=24 and n=25� involved in the AC marked
with a diamond in the corresponding correlation diagram, for
two different values of the � parameter. In our case we have
chosen the values �=0.8 a.u. and �=1.0 a.u., which mark
positions clearly before and after the AC under consider-
ation. As can be seen in the left column, the wave functions
of the interacting states present, before the AC, a regular
character with clear nodal patterns along the MEP �also plot-
ted in the figure� and the direction perpendicular to it. The
corresponding quantum numbers, �n� ,n��LiNC= �0,24� and
�1,16�, can then be easily ascribed. Moreover, the difference
in these values, ��n�� : ��n��=1:8, shows that they are linked
by a 1:8 quantum resonance. The situation after the AC is
passed is shown in the second column. There, it is clearly
observed that the states have changed their characters dra-

matically, appearing strongly scarred by the 1:8 POs that has
been plotted superimposed, which correspond to the unstable
�n=24� and stable �n=25� fixed points in the chain of islands
that is visible at the border of the available phase space in the
composite SOS on the upper part of Fig. 3. These two orbits
are complementary in the sense of the Poincaré–Birkhoff
theorem �54�, and �as can be seen in the figure� they describe
complementary orbits with opposing �inner–outer� turning
points. Notice that both classical and quantum resonances
responsible for the interactions in this AC are exactly the
same.

One final comment concerning the applicability of our
correlation diagrams to understanding experiments is in or-
der. Obviously, � cannot be varied in real life. However,
varying the value of � in a quantum mechanical calculation

FIG. 5. �Left� Correlation diagram of vibrational energies levels versus � for LiCN. The series of broad avoided crossings that represents
the frontier between order and chaos �see text for details� has been marked with circles and diamond. �Right� Wave functions of the states
involved in the avoided crossing marked with a diamond in the correlation diagram. The 1:8 periodic orbits corresponding to the chain of
islands shown in Fig. 3 have been plotted superimposed in thick line. Also, the minimum energy path has been plotted as a dashed line. The
axes in the right panels are the same as in Fig. 1.

FIG. 6. Same as Fig. 5 for HCN. Here, the zero of the energy scale has been shifted to E0=EHNC.
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is equivalent to scaling all masses of the problem. Although
this is strictly not possible in a real molecule due to the
reduced number of existing atomic isotopes, at least nature
provides us with some combinations. For example, in the
present case of the LiNC–LiCN system, instead of the most
abundant isotope combination 7Li 14N 12C- 7Li 12C 14N used
in the previous calculation, we can use other alternative iso-
topic substitutions. For example, for 9Li 19N 16C-9Li 16C 19N
we have found that the calculated 24th and 25th eigenfunc-
tions �for �=1 a.u.� look completely regular and correspond
to the states �0,24� and �1,16�, respectively.

2. HCN–HNC isomerizing system

The situation in the HCN molecule is quite similar, al-
though some differences are present that are worth comment-
ing. In the first place, the correlation diagram which is shown
in Fig. 6 is much more crowded, making our study more
difficult. Actually, one crucial fact that made possible the
identification of the frontier for the order to chaos transition
was the shifting of the energy scale by an amount, E0
=EHNC, corresponding to the energy of the HNC isomer. No-
tice that in this case, we are analyzing the situation taking
place around �=180° that corresponds to the least stable iso-
mer in the system. One this transformation is done an struc-
ture of ACs similar to that for the LiCN case is found, if one
takes into account that the curves corresponding to H–CN
states are ascendent curves, while the others correspond to
the states of the H–NC isomer. The frontier from order to
chaos is again indicated with a series of circles plotted in
Fig. 6, and as can be seen it marks the transition from mostly

SACs to the existence of widespread overlapping BACs.
Also, the interaction at the isolated BACs of this frontier
produces the formation of scarred states as linear combina-
tions of regular ones. This is illustrated again by showing in
the rightmost part of the figure the wave functions involved
in the AC marked with a diamond in the correlation diagram.
In this case states �n� ,n��HNC= �0,22� and �1,12�, linked by a
��n�� : ��n��=1:10 quantum resonance, are shown in the left
column. The right column shows the corresponding states,
scarred by the 1:10 POs whose fixed points correspond to
the chain of islands that is visible at the border of the avail-
able phase space in the composite SOS on the lower part of
Fig. 3.

3. HO2 radical

Let us consider next the case of the HO2 radical, whose
PES is very different from those of the systems that have
been discussed before. In Fig. 7 we show the corresponding
correlation diagram, in which vibrational levels up to a value
of E /� of 18,000 cm−1 /a.u. have been plotted. This in-
cludes, for example, the first 84 eigenvalues for �=1 a.u.
Remember that many of the states shown are doubly degen-
erated, as discussed in Sec. III. As can be seen in the figure,
there is a very large region free from chaos for low values of
E /� and �, similarly to what was found for LiCN. In it, very
few ACs, all of the sharp type, are observed, indicating that
there are very little interaction among levels. On the other
hand, we see that upper right corner gets very crowded since
the curves get very close, also having important interactions.
This is a consequence of the double well structure presented

FIG. 7. Same as Fig. 5 for HO2. Here two series of broad avoided crossings, marked with circles and diamonds, represent the frontier
between order and chaos. The range spanned by the horizontal axis in the right panel is 0° –90°.
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by the PES �see lower panels of Figs. 1 and 2�. The lowest
states are well confined into the wells corresponding to the
triangular configurations, and then are very regular. As en-
ergy is increased, next and above the barrier, the interaction
grows and the states become more complex. Moreover, be-
tween these two regions, a series of isolated BACs, which
can be identified as forming a frontier between regularity and
chaos in this system, are observed. What it is interesting here
is that this series of ACs is double, see circles and diamonds
in Fig. 7, contrary to what happened in LiNC–LiCN and
HCN–HNC. The corresponding interaction is more complex,
since it involves three states in each case. Actually, we see
that it takes place in two steps. First, two curves approach to
later become parallel as � increases. A third party then enter
into play avoiding crossing with the two members of the
initial pair, this marking the end of the interaction. To under-
stand the net effect of these two processes, we show in the
rightmost part of Fig. 7 the wave functions corresponding to
the ACs marked with diamonds in the correlation diagram.
Just after the first AC ��=0.8 a.u.� the two lowest involved
states, n=41 /42 and 43/44 �remember the double degenerate
character of these states�, appear localized on the 1:3 stable
PO plotted superimposed in the figure �see the corresponding
fixed points as crosses in the bottom panel of Fig. 4� and
characterized by the quantum numbers, parallel and perpen-
dicular to the PO, �n� ,n��= �1,6� and �0,9�, respectively. The
third involved state, n=45 /46, is on the other hand localized
on the other unstable 1:2 PO �also plotted superimposed in
the figure� originated in the pitchfork bifurcation of the cen-
tral orbit at �� , P��= �45° ,0� as described in Sec. II �see
transition from the top to medium panels in Fig. 4�. Notice
that here the two lowest states are also linked by a
��n�� : ��n��=1:3 quantum resonance, as in the previous
cases. Once the second AC is passed ��=1.0 a.u.� we ob-
serve that the net effect of the two interactions is again the
formation of scarred states, n=41 /42 and 45/46. Now, the
scarring POs, plotted superimposed to the final wave func-
tions on the last column of the figure, corresponds to the
stable 1:3 and 1:2 POs marked respectively with crosses and
triangles in the lower panel of Fig. 4.

Finally, let us remark that the main reason for the different
behavior observed in this case with respect to LiNC–LiCN
and HCN–HNC is that the former presents a non-linear equi-
librium geometry. This implies that the couplings leading to
chaos are more important. Actually, a similar behavior can be

expected in other non linear molecular systems, such as, for
example, KCN, which is triangular or the T–shaped He-I2.

IV. CONCLUDING REMARKS

Modern experimental techniques and theoretical methods
allow nowadays the accurate investigation of highly excited
vibrational states of small polyatomic molecules. At low en-
ergies the corresponding spectra are simple, and the charac-
teristics of the associated states are easily understood by
means of standard methods in quantum chemistry. However,
for intermediate and high excitations, spectra gets more com-
plex showing new features derived from the different inter-
actions due to anharmonicities and mode couplings. For
these cases, different authors have proposed alternative
complementary methods that can be used to compute the
corresponding states and explain their dynamical character-
istics.

In this paper, we extend our previous work on the use of
the vibrational levels correlation diagrams to study such ex-
cited vibrational states in molecules with classically chaotic
behavior. This procedure has been applied here to the study
of the low lying states of three floppy triatomic molecular
systems, namely, LiNC–LiCN, HCN–HNC and the HO2
radical, with very different dynamical characteristics. In par-
ticular, we have checked our previously obtained conclusion
on the scar formation at the edge of the chaotic region �34�.
according to which these correlation diagrams can be used to
discern the regular and chaotic dynamical regimes at quan-
tum level. And more importantly, the frontier between these
two regions is constituted by a series of isolated BACs at
which by less or more complicated mechanisms scarred
states are formed as combination of regular structures to
which definite quantum numbers can be assigned. The new
results reported in this paper for the HCN–HNC isomerizing
system and the HO2 radical clearly show that the conclusions
drawn by us in Ref. �34� seem to be of general application to
the vibrations of molecular dynamical systems.
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