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Abstract: In this article, properties of solitons in a parity-time periodical
lattices with a single-sited defect are investigated. Both of the negative and
positive defects are considered. Linear stability analyses show that, when
the defect is positive, in the semi-infinite gap, the solitons are always stable,
while in the first gap, the solitons are unstable in most of their existence
region except for those near the edge of the second band; when the defect is
negative, in the semi-infinite gap, other than those near the edge of the first
band, most solitons are stable, but in the first gap, all solitons are unstable.
Such stability analyses are corroborated by numerical simulations.
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1. Introduction

In quantum mechanics, physical observables require the corresponding operators must be Her-
mitian, i.e. the operator shows a real spectrum. Intriguingly, because of the pseudo-Hermitian,
a class of non-Hermitian Hamiltonian can also still show entirely real spectra, and they exhibit
parity-time (PT) symmetry [1]. The definition of PT operator and its properties were discussed
in [1–5]. The real part of a PT complex potentials must be an even function of position whereas
the imaginary component is odd. In the PT symmetric potentials, there exists a critical thresh-
old above which the system undergoes a sudden phase transition, i.e., the spectrum is no longer
real but instead becomes a complex one [1, 6–8]. In optical field, PT symmetric potentials can
be also constructed by introducing a complex refractive-index distribution into the wave-guided
system:n(x) = nr(x)+ ini(x), wherenr(x) = nr(−x), ni(x) = −ni(−x), andx is the normalized
transverse coordinate. The imaginary part inn(x) represent gain and loss region of the medium,
i.e., negative and positiveni(x) stand for gain and loss, respectively [9]. Therefore, the light
propagating in such system will experience a PT periodic potential.

When light propagates in periodic optical lattice with a local defect, both linear and nonlinear
defect modes can be formed due to the bandgap guidance [10, 11]. Defect guiding phenomena
of light in photonic crystals [12], fabricated waveguide arrays [13–15], and optically induced
photonic lattices [16–23], have been demonstrated both theoretically and experimentally in the
past few years. Light propagating in PT periodic potentials will exhibit some unique character-
istics such as double refraction, power oscillations etc [8]. Very recently, existing properties of
linear defect modes in a PT periodic potential were also studied [24]. In this article, nonlinear
defect modes (defect solitons) in PT periodic lattices with a single-sited defect are studied, and
their stability properties are analyzed.

2. Theoretical model

The normalized equation describing light propagating in a PT lattice with Kerr nonlinear re-
sponse is [7]:

iUz +Uxx +V0[V (x)+ iW (x)]+ |U |2U = 0. (1)

Here
V (x) = cos2(x)[1+ ε fD(x)],

W (x) = W0sin(2x),
(2)

are related to the real partnr and imaginary partni of the complex refractive-index distribution
(nr ≫ni). FunctionfD = exp(−x8/128)represents the single-sited defect of the lattice, and the
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strength of the defect upon the real part of the PT lattice is determined by parameterε. The
spatial transverse and longitudinal coordinatesx andz are scaled to the input beam widtha and
diffraction lengthLdi f f = 2k0n0a2, respectively, wherek0 = 2π/λ0 andn0 is the background re-
fractive index. The depth of the PT latticeV0 is scaled to the parameter 1/(2k2

0n0a2). Therefore,
from a physical perspective, for example, ifλ0 = 1µm, n0 = 3, anda = 10µm, thenx = 1 cor-
responds to 10µm, z = 1 means the propagation distance of 3.77mm, andV0=1 corresponds to
a maximum variation of the refractive indexnmax

r ≈ 4.22×10−5. The parameterW0 represents
the strength of gain or loss compared with the real index variationnr.

Whenε = 0, the PT periodic lattice in Eq.(1) admits Bloch band structure. However, differ-
ing from the band structure of real periodic lattice, there exists a thresholdW0 = 0.5 for the PT
lattice below which all of its eigenvalue spectrum are pure real; onceW0 > 0.5, its eigenvalue
spectrum becomes a complex one, and the first two bands start to merge together [6]. In this
paper, only PT lattice with its Bloch spectrum below the phase transition point is considered,
and without of generality, parametersW0 = 0.1 andV0 = 3 are adopted throughout the paper.
Typical PT lattice profile and its Bloch band structure are shown in Fig.1.
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Fig. 1. (color online) (a) Profile of the PT lattice. Solid blue: real part, dashed red: imaginary
part;(b) Band structure of the lattice in (a) (V0 = 3,W0 = 0.1).

Defect soliton solutions to Eq.(1) are sought in the form ofU(x,z) = u(x)e−iµz, andµ is the
propagation constant. After substituting U(x,z) into Eq.(1), stationary defect soliton solution
u(x) satisfies:

uxx +V0[V (x)+ iW (x)]u+ |u|2u+ µu = 0. (3)

Eq.(3) can be solved numerically [25].
To study the stability properties of defect solitons, the stationary solutionsu(x) are perturbed

in the form:

U(x,z) = {u(x)+ [v(x)−w(x)]eλ z +[v(x)+w(x)]∗eλ ∗z}e−iµz, (4)

wherev,w<<1, and∗ represents the complex conjugation. Substituting perturbedU(x,z) into
Eq.(1), after linearization, an eigen value equation aboutv andw is derived:

− i

[

−iV0W − iIm(u2) L̂+V0V −Re(u2)
L̂+V0V +Re(u2) −iV0W + iIm(u2)

][

v
w

]

= λ
[

v
w

]

. (5)

HereL̂ = d2/dx2 +2|u|2 + µ .
The unstable growth rate Re(λ ) can be obtained numerically [26]. If Re(λ ) = 0, defect soli-

tions are linearly stable, while whenλ has a real component, they becomes linearly unstable.
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3. Numerical results

Thedefect solitons’P vs µ curves are shown in the first row of Fig.2, where the soliton power
P is defined asP =

∫ +∞
−∞ |U |2dx. Here two typical defect strength are considered, i.e,ε=0.5 for

the positive defect andε=-0.5 for the negative defect. For comparison, power curves of the
solitons in uniform (ε=0) PT lattice are also shown in Fig.2 (left column).
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Fig. 2. (color online) (a)-(c) Power curves of solitons in PT lattice withε=0,ε=0.5 andε=-
0.5, respectively (Solid curves: stable; dashed curves: unstable); (d)-(f) soliton solutions
in the semi-infinite gap withµ=-4, which correspond to the red circle markers in (a)-(c);
(g)-(i) soliton solutions in the first gap withµ=-0.7, which correspond to the blue circle
markers in (a)-(c). Shaded in (a)-(c): Bloch bands; shaded in (d)-(i): the real part of the
lattices (different color stripes mean the defect). In (d)-(i): solid blue lines plot the real part
of u and dashed red lines plot the imaginary part ofu.

As can be seen, both positive and negative defect solitons exist in the opened Bloch gaps
of the PT lattice. For positive defect solitons, unlike solitons in uniform lattice, their power
curves can not approach the corresponding band edges; in the semi-infinite and the first gap,
their power curves terminate atµ =−2.6 andµ = 0.02, respectively. For the same propagation
constantµ , to form a soliton, in the lattice with negative defect more light power is needed,
while in the lattice with positive defect less light power is needed, comparing to the case in
the uniform lattice. As known that a positive defect likes a higher index waveguide which
can even guide linear modes without nonlinearity, and that’s why the power curves of positive
defect soliton become zero before they approach the band edges. While negative defect likes
a lower index waveguide, which needs light power to compensate the index difference (by
nonlinearity) to guide light. In the semi-infinite gap, for negative defect solitons, there exists a
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power thresholdP = 3.857 (correspondingµ =−2.118), below which the solitons do not exist.
Therefore, the power slope upon the propagation constant, i.e. dP/dµ changes sign at this point,
and according to the V-K criterion, the stability property will also change at this point. In the
first gap, the numerical results show that power curve of negative defect solitons terminates at
µ = 0 (P = 4.45).

Soliton solutions in PT lattices are complex. Fig.2 (d)-(f) and (g)-(i) show some typical soli-
ton profiles in the semi-infinite gap and the first gap, respectively. In the semi-infinite gap, the
real part of the solition solution is even and the imaginary part is odd; while in the first gap, the
real part is odd and the imaginary part becomes even.

The most unstable growth ratemax{Re(λ )} of solitons are shown in Fig.3. Without defect,
fundamental solitons in the semi-infinite gap are stable [10]. Similarly, positive defect solitons
in the semi-infinite gap shown in the second column of Fig.2 are stable throughout their
existence region. For negative defect solitons, their stability properties obey the V-K criterion,
i.e. when dP/dµ<0 (µ<-2.116), they are stable, and when when dP/dµ>0 (-2.118<µ<-2.04),
they are unstable. Their maximum unstable growth ratemax{Re(λ )} vs µ curve is shown
in Fig.3 (c). In the first gap, negative defect solitons shown in the right column of Fig.2 are
unstable throughout their existence region (see Fig.3(d)). For solitons in the uniform lattice
and positive defect solitons, in the first gap, their stable region are very narrow which are
0.13 < µ < 0.142 and−0.07 < µ < 0.02, respectively, i.e. they are stable only when they
are very near the right side of their existence region. Their maximum unstable growth rate
max{Re(λ )} vs µ curves are shown Fig.3(a) and (b).
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Fig. 3. The most unstable growth ratemax{Re(λ )} versusµ of solitons in: (a) and (b) the
first gap withε=0 and 0.5; (c) and (d) the semi-infinite gap and the first gap withε=-0.5.
Shaded: Bloch bands. Unstable propagation of solitons marked with red circles are shown
in Fig.4.

To test the stability robustness and validate the above stability analyses, the dynamical
Eq.(1) is simulated numerically with the stationary soliton solutionsu(x) plus small random
noise as the initial input beam atz = 0. The simulation results are shown in Fig.4. In Fig.4, the
first row display three propagation examples of solitons in the uniform PT lattice, the second
row display three propagation examples of positive defect solitons, and the third row shows
propagation examples of negative defect solitons. Fig.4 (a) shows the stable propagation of
uniform soliton (profile was displayed in Fig.2 (d)) in the semi-infinite gap. Fig.4(b) shows
unstable propagation of uniform soliton in the first gap withµ=-0.7. The spatial profile of
this soliton was shown in Fig.2 (g), and it’s maximum unstable growth rate was marked by a
red circle in Fig.3 (a). Panel (c) in Fig.4 shows stable propagation of uniform soliton in the
first gap with propagation constµ=0.13. Stable propagation of positive defect soliton in the
semi-infinite gap withµ=-4 is shown in Fig.4 (d). Fig.4 (e) and (f) display unstable and stable
propagations of positive defect solitons in the first gap withµ=-0.7 andµ=0, respectively. The
profile of this unstable soliton was plotted in Fig.2 (h), and the maximum unstable growth rate
of this soliton was marked by a circle in Fig.3 (b). In Fig.4 (g) and (h), stable and unstable
propagations of negative defect solitons in the semi-infinite gap withµ=-4 andµ=-2.06 are
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shown. Soliton profile of Fig.4 (g) was plotted in Fig.2 (f). The maximum unstable growth rate
of soliton in Fig.4 (h) was marked in Fig.3 (c). Unstable propagation of negative defect soliton
in the first gap withµ=-0.7 is displayed in Fig.4 (i), with its profile plotted in Fig.2 (i) and its
maximum unstable growth rate marked in Fig.3 (d). As can be seen from Fig.4, the simulation
results are in good agreement with the linear stability analyses.
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Fig. 4. (color online) (a)-(c) Propagation of solitons in the uniform (ε=0) PT lattice with
µ=-4, µ=-0.7, andµ=0.13, respectively; (d)-(f) Propagation of positive defect (ε=0.5) soli-
tons withµ=-4, µ=-0.7, andµ=0, respectively; (g)-(i) Propagation of negative defect (ε=-
0.5) solitons withµ=-4, µ=-2.06, andµ=-0.7, respectively. The maximum unstable growth
rate of unstable solitons are marked by circles in Fig.3.

4. Summary

In this paper, the defect solitons at the single-sited defect in one-dimensional parity-time sym-
metric photonic lattices with focusing Kerr nonlinearity are investigated. For a positive defect,
the solitons can be stable in both of the semi-infinite gap and the first gap, but in the first gap,
their stability region is very narrow where the solitons are broad expanded and have lower
power. For negative defect, in the semi-infinite gap, the solitons’ stability property obeys the
V-K criterion, and are stable in most of their existence region; while in the first gap, the solitons
are unstable in their entire existence region. The linear stability analyses are corroborated by
direct numerical simulations.
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