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Abstract
The quantization of gauge-affine gravity within the superfiber bundle formalism is proposed. By introducing an even pseudotensorial 1superform over a principal superfiber bundle with superconnection,
we obtain the geometrical Becchi-Rouet-Stora-Tyutin (BRST) and
anti-BRST transformations of the fields occurring in such a theory.
Reducing the four-dimensional general affine group double-covering
GA(4, R) to the Poincaré group double-covering ISO(1, 3) we also
find the BRST and anti-BRST transformations of the fields present
in Einstein’s gravity. Furthermore, we give a prescription leading
to the construction of both BRST-invariant gauge-fixing action for
gauge-affine gravity and Einstein’s gravity.
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Introduction

One of the most outstanding problems in modern theoretical physics is to
construct a consistent theory of quantum Einstein gravity. Several models
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have been proposed (for a review see e.g. Ref. [1] and references therein),
however none of these models, both renormalizable and unitary, has been
found. This is basically due to the dimensionful nature of the gravitational
coupling constant [2] which destroys the predictivity of quantum Einstein
gravity, i.e. it is impossible to have a renormalizable theory.
On the other hand, a serious progress has been achieved by Ne’eman and
Šijački [3] for solving this problem. They proposed a model for quantum
gravity that reproduces Einstein’s gravity at low energy with a fair possibility to be renormalizable and unitary. However, it has been proved by Stelle
in [4] that a theory containing Einstein’s action with term quadratic in the
appropriate curvatures was renormalisable, but violated unitarity. The failure of unitarity in that model arises through the Riemannian condition which
relates the connection to the metric (i.e. torsion free and metric compatible).
To avoid this difficulty one has attempted to consider spacetime with torsion and thus guaranteeing the independence of metric and connection fields.
In this context, the Poincaré gauge theory (PGT) has been developed as a
gravitational theory based on the double-covering ISO(1, 3) = SL(2, C) ⊗R4
of the Poincaré group ISO(1, 3) = SO(1, 3) ⊗ R4 [5, 6]. We note that the
connection is not an independent variable, since the metricity condition is
also preserved in this model [5, 6, 7]. However, it has been confirmed that
no PGT model can be renormalizable if one imposes unitarity [8].
Another possibility for doing away with the Riemannian condition consists to have gravitational gauge model in which the Poincaré group acting on the local frames is extended to a larger gauge group for frames,
namely GA(4, R). The resulting gravitational model is a metric-affine gauge
theory of gravity (MAG) which has been suggested in Ref. [3]. The theory
has a metric-affine spacetime with torsion and nonmetricity and incorporates gravitational models like Einstein’s gravity. The model is based on
gauging the four-dimensional general affine group GA(4, R) = GL(4, R) ⊗ R4
[9, 10, 11], or its double-covering GA(4, R) = GL(4, R) ⊗ R4 [1, 12, 13]. The
existence of a double-covering GL(4, R) of the general linear group GL(4, R)
has been realized in Ref. [14]. Here, the spinorial double-covering exists only
in infinite matrix representations and the corresponding infinite-component
fields, the so-called manifields [14, 15]. The renormalizability of MAG model
has been proved [16, 17], but unitarity has not been properly checked to date.
Recently, in [18] the algebraic structure of Becchi-Rouet-Stora-Tyutin
(BRST) transformations [19] of a metric-affine gauge gravity based on the
Hamiltonian formalism has been analyzed. This approach leads to the same
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BRST transformations obtained in [20, 21] in the context of the Batalin and
Vilkovisky formalism [22]. Here, the authors generalize the work developed
by Okubo [23] where a new type of BRST operator has been constructed
only for spacetimes with teleparallelism. They follow the rather transparent
exposition of van Holten [24] which departs from the Hamiltonian formalism
and replaces the Lagrange multipliers for the first class constraints by ghost
operators.
Moreover, BRST transformations equivalent to those given in [18, 20, 21]
can also be obtained geometrically. Indeed, as shown in Ref. [25], we have
used a superspace formalism to determine geometrically the BRST and antiBRST algebra for gauge-affine gravity. Our method was based on the introduction of GA(4, R)-superconnection over a (4, 2)-dimensional superspace
obtained by extending a metric-affine space with two anticommuting coordinates. This superconnection represents the gauge fields and their associated
ghost and antighost fields occurring in gauge-affine gravity. In particular,
the introduction of the coordinate ghost and antighost fields leads to the
construction of a basis, where the local expression of the superconnection
becomes more natural. By using this basis, we have determined the BRST
and anti-BRST transformations from the structure equations by imposing
horizontality conditions on the supercurvature.
In the present paper, we discuss the quantization of gauge-affine gravity
theory by using the superfiber bundle formalism, see e.g. Ref. [26] and references therein, in analogy to what is realized for the case of super-Yang-Mills
theory [27, 28] and the four-dimensional non-Abelian topological antisymmetric tensor gauge theory, the so-called BF theory [29]. In section II, we
show how the various fields of gauge-affine gravity and their geometrical
BRST and anti-BRST transformations can be determined via a principal superfiber bundle endowed with a superconnection and an even pseudotensorial
1-superform in the adjoint representation. Reducing the four-dimensional
general affine group double-covering to the Poincaré group double-covering
we also find the BRST and anti-BRST transformations of the fields present in
quantum Einstein gravity. The obtained geometrical BRST and anti-BRST
transformations are nilpotent. In section III we first build a gauge-fixing
superaction for gauge-affine gravity as a natural generalization of the one
corresponding to the usual Yang-Mills theory. Then, a gauge-fixing action is
obtained as the lowest component of the gauge-fixing superaction. However,
we also work in the same spirit of construction as in [27, 28, 29] for building
the gauge-fixing action for quantum Einstein gravity. Section IV is devoted
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to concluding remarks.

2

Geometrical BRST and anti-BRST algebra

Let P (M, Gs ) be a principal superfiber bundle with superconnection φ. The
base space M is the four-dimensional metric-affine spacetime and the structure group Gs is the direct product of the general linear group double-covering
GL(4, R) with the general affine group double-covering GA(4, R) as well the
two-dimensional old translation group S 0,2 . We consider P as being globally
trivial with respect to S 0,2 . This will be related to the fact that the BRST
and anti-BRST transformations are defined globally.
The Lie superalgebra gs of the structural Lie supergroup Gs is given by
gs = gl(4, R) ⊕ ga(4, R) ⊕ s0,2 .

(1)

Let (Tσρ ){ρ,σ=1,..,4} , (Tba ){a,b=1,..,4}, (Pb ){b=1,..,4}, and (Fα ){α=1,2} be the generators of GL(4, R), GA(4, R) and S 0,2 , respectively. They satisfy the following commutation relations

[Tετ , Tσρ ] = (δ τσ δ ρµ δ νε − δ ρε δ νσ δ τµ )Tνµ ,
[Tba , Tdc ] = (δ ad δ ce δ fb − δ cb δ fd δ ae )Tfe ,

[Tba , Pc ] = δ ac δ db Pd ,
[Pa , Pb ] = [Tba , Tσρ ] = [Pa , Fα ] = 0,
[Tσρ , Pb ] = [Fα , Tσρ ] = [Tba , Fα ] = [Fα , Fβ ] = 0.

(2)

Let Ω be an even 2-superform associated to the superconnection φ and ϑ
an even pseudotensorial 1-superform of the type (ad, gs )1 . The introduction
in P (M, Gs ) besides the usual superconnection φ an even 1-superform ϑ
will be related, as we will see later, to the fact that the imposed constraints
on the supercurvature Ω can be obtained by the fact that the covariant
differentiation of a pseudotensorial 1-superform ϑ is tensorial.
In order to realize supercurvature constraints, we need to introduce an
even 1-superform generalized superconnection λ such that
1
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λ = φ − ϑ.

(3)

Λ = Dλ = Ω − Θ,

(4)

At this point, let us mention that the introduction of the generalized superconnection is related, on the one hand, to the fact that the double-covering
group Dif f (4, R) of the group of general coordinate transformations (GCT)
(i.e., the group of diffeomorphisms) is realized through the direct product
of the general linear group double-covering GL(4, R) with the translation
group R4 as well a simply connected Lie subgroup [15, 30, 31] and, on the
other hand, as we will see later, to the fact that the gauge-fixing action for
quantum Einstein gravity can be deduced from gauge-fixing action for gaugeaffine gravity by reducing the linear connection to the symmetric Levi-Civita
connection.
Acting the exterior covariant superdifferential D on λ we define then the
generalized supercurvature Λ ( even 2-superform) given by

where the associated supercurvature Ω and Θ to φ and ϑ are defined by
Ω = Dφ and Θ = Dϑ, respectively. They satisfy the structure equations
1
[φ, φ] ,
2
Θ = dϑ + [φ, ϑ] ,
Ω = dφ +

(5)
(6)

where d is the exterior superdifferential and [, ] the graded Lie bracket.
Let z = (z M ) = (xµ , θα ) be a local coordinates system on P, where
(xµ )µ=1,..,4 are the coordinates of the metric-affine spacetime M and ( θα )α=1,2
are ordinary anticommuting variables. Upon expressing the generalized superconnection λ and the generalized supercurvature Λ as
= dz M λM = dz M (φM − ϑM ),
1 N
1
Λ =
dz ∧ dz M ΛM N = dz N ∧ dz M (ΩM N − ΘM N ),
2
2

λ

(7)

we have
ΩM N = ∂M φN − (−1)mn ∂N φM + [φM , φN ] ,
(8a)
mn
mn
ΘM N = ∂M ϑN − (−1) ∂N ϑM − [φN , ϑM ] + (−1) [φM , ϑN ] , (8b)
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where m =| z M | is the Grassmann degree of z M . Note that the Grassmann
degrees of the superfield components φM , ϑM , λM , ΩM N , ΘM N , and ΛM N are
given by
| φM |=| ϑM |=| λM |= m,
| ΩM N |=| ΘM N |=| ΛM N |= m + n (mod 2),
since φ, ϑ, λ, Ω, Θ and Λ are even superforms.
Moreover, the generalized supercurvature is a tensorial 2-superform, in
particular we have i(X)Λ = 0, where i denotes the contraction of vectors with
forms and X is a vertical superfield in P. Using the fact that ∂α = ∂/∂θ α is
vertical, we obtain the following supercurvature equations
Λαβ = 0,
Λαµ = 0,

(9a)
(9b)

Ωαβ = Θαβ ,
Ωαµ = Θαµ .

(10a)
(10b)

i.e.

Furthermore, the gs −valued component superfields φM , ϑM , ΩM N and ΘM N
are given by
φM = φabM Tab + φµνM Tµν + φaM Pa + φαM Fα ,
ϑM = ϑabM Tab + ϑµνM Tµν + ϑaM Pa + ϑαM Fα ,
ΩM N =
ΘM N =

ΩabM N Tab
ΘabM N Tab

+ ΩµνM N Tµν + ΩaM N Pa + ΩαM N Fα ,
+ ΘµνM N Tµν + ΘaM N Pa + ΘαM N Fα .

According to Eqs (10) and (11) we find
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(11)

Ωabµα
Ωabαβ
Ωρσµα
Ωρσαβ
Ωaµβ
Ωaαβ
Ωαµβ
Ωαγβ

=
=
=
=
=
=
=
=

Θabµα ,
Θabαβ ,
Θρσµα ,
Θρσαβ ,
Θaµβ ,
Θaαβ ,
Θαµβ ,
Θαγβ .

(12a)
(12b)
(12c)
(12d)
(12e)
(12f)
(12g)
(12h)

The components ΛαM N associated to Fα give the S 0,2 -generalized supertorsion
ΛαM N = ΩαM N − ΘαM N .

(13)

According to (12g) and (12h) suppplemented with the constraint
Λαµν = 0,
we find then that the S 0,2 -generalized supertorsion vanishes. Moreover, the
potentials φαM being pure gauge, we can then impose the following supercurvature constraint
ΩαM N = ∂M φαN − (−1)mn ∂N φαM = 0,

(14)

and therefore we also have
ΘαM N = ∂M ϑαN − (−1)mn ∂N ϑαM = 0.

(15)

In addition, we impose that the geometrical structure of the principal
superfiber bundle P (M, Gs ) should incorporate the metric-affine structure of
the spacetime M such that for θα = 0, the components of the superfields
Λµν permit us to find the standard results concerning the torsion and the
curvature of metric-affine spacetime. This allows us to have
Λµν = Ωµν ,

(16)

Θρτµν = Θabµν = Θaµν = Θαµν = 0.

(17)

and therefore
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Since the potentials φαM being pure gauge, we consider, hereafter, that
the components φM are gl(4, R) ⊕ ga(4, R)-valued superfields and can be
written as
φ = dz M φM = dxµ φµ + dθα ηα ,

(18)

φµ = φabµ Tab + φρτµ Tρτ + φaµ Pa ,

(19a)

where

ηα =

η abα Tab

+

ηρτα Tρτ

+

ηaα Pa .

(19b)

Now, in order to derive the BRST structure of gauge-affine gravity it is
necessary to give the geometrical description of the fields present in such
theory. To this purpose, we assign to the anticommuting coordinates θ1 and
θ2 the ghost numbers (−1) and (+1), respectively, and ghost number zero
for an even quantity: either a coordinate, a superform or a generator. These
rules permit us to determine the ghost numbers of the superfields (φρτµ , φabµ ,
φaµ , η ab1 , η ab2 ) which are given by (0, 0, 0, 1, −1). So, the lowest components
φρτµ| , φabµ| , φaµ| , ηab1| , and ηab2| can be identified with the linear connection
Γρτµ , the affine connection ω abµ , the vierbein eaµ , the GA(4, R) ghost cab and
its antighost cab , respectively. The symbol “ |” indicates that the superfield is
evaluated at θα = 0. Moreover, we introduce the coordinate (diffeomorphism)
ghost and antighost superfields η µα by the following replacement
ηµτα = ∂τ η µα + φµτρ ηρα
ηaα = 0.

(20a)
(20b)

This permits us, on the one hand, to introduce the coordinate ghost cµ = η µ1|
and its antighost cµ = ηµ2| and, on the other hand, to justify the introduction
of general linear group double-covering GL(4, R) with generators (Tσρ ) in the
structure group Gs of the principal superfiber bundle P (M, Gs ). Furthermore, knowing the expression of the components of Θ we can determine the
components of ϑ by using the relation (8b). Some components of Θ have
been determined from equations (15) and (17). As trivial solutions we have
ϑαβ = ϑαµ = ϑaµ = ϑabµ = ϑρτµ = 0.
8

(21)

The determination of the others components of ϑ such ϑabα , ϑτρα , and ϑaβ can
be easily obtained from the remaining Θ components. The latters, after
straightforward calculations, acquire the form
Θabµα = η ρα Ωabρµ + Dµ {φabρ ηρα },

1
Θρταβ = − ησα , ηνβ Ωρτ σν ,
2
−2ηρα ∂ρ ηabβ if α = β,
Θabαβ =
0 if α 6= β,
a
ρ a
Θµα = η α Ωρµ + Dµ {η ρα φaρ },
Θaαβ = 0,

(22a)
(22b)
(22c)
(22d)
(22e)

 
where Dµ = ∂µ + φµ , is the ga(4, R)-valued covariant superderivative. It
is worth noting that the anholonomic and holonomic components of the superconnection φσµν and φabµ are related by the supervierbein φaµ as follows
φσµν = φσa (∂ν φaµ + φbµ φabν ).

(23)

Therefore, the components Θρτµα can be derived from the components Θabµα
and Θaµα as follows
Θρτµα = η να Ωρτ µν .

(24)

However, the operational representation for an infinitesimal S 0,2 -motion
in P is given by
r(θα ) = 1 + θα Qα ,

(25)

where (Qα )α=1,2 are the differential operators representing the S 0,2 -generators
(Fα ). According to the fact that the superconnection is a pseudotensorial 1superform in the adjoint representation, we have
α
α
A
µ α
µ α −1 α
φA
M (x , ζ + θ ) = r(θ )φM (x , ζ )r (θ ).

(26)

It is straightforward to compute (26), and we find

 1 α β


α
A
α
µ α
µ α
µ α
µ α
φA
Qα , φA
Qβ, Qα , φA
.
M (x , ζ +θ ) = φM (x , ζ )+θ
M (x , ζ ) + θ θ
M (x , ζ )
2
(27)
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α
µ α
By expanding φA
M (x , θ ) in power series of θ , we have

1
φστµ = Γστµ + θα Aστµα + θ α θβ Bτσµβα ,
2
1
a
α
a
a
a
φbµ = ω bµ + θ Mbµα + θ α θβ Nbµβα
,
2
1
a
φaµ = eaµ + θα Kµα
+ θα θβ Laµβα ,
2
1
α a
a
a
a
,
ηbδ = cbδ + θ Rbδα + θα θβ Sbδβα
2
1
µ
µ
η µδ = cµδ + θα Vδα
+ θα θβ Wδβα
,
2

(28a)
(28b)
(28c)
(28d)
(28e)

µ
a
a
where Bτσµβα , Nbµβα
, Laµβα , Sbδβα
and Wδβα
are antisymmetric with respect
to the indices α and β. Evaluating (27) at ζ α = 0 and in view of Eq. (28),
we obtain

Aστµα =
a
Mbµα
=
a
Kµα
a
Rbδα
µ
Vδα

=
=
=



Qα , Γστµ = ∂α φστµ| ,


Qα , ω abµ = ∂α φabµ| ,


Qα , eaµ = ∂α φaµ| ,
[Qα , cabδ ] = ∂α η abδ| ,
[Qα , cµδ ] = ∂α η µδ| .

(29a)
(29b)
(29c)
(29d)
(29e)

We also obtain similar relations for the other field components
Bτσµβα =
a
Nbµβα
Laµβα
a
Sbδβα
µ
Wδβα

=
=
=
=





Qβ, Qα , Γστµ = ∂β ∂α φστµ| ,



Qβ, Qα , ω abµ = ∂β ∂α φabµ| ,



Qβ, Qα , eaµ = ∂β ∂α φaµ| ,
[Qβ, [Qα , cabδ ]] = ∂β ∂α η abδ| ,
[Qβ, [Qα , cµδ ]] = ∂β ∂α η µδ| .

(30a)
(30b)
(30c)
(30d)
(30e)

In analogy with the Yang-Mills case [28], we remark that the operators Q1
and Q2 represent the BRST and anti-BRST operators Q and Q, respectively.
Evaluating (8a) at θα = 0 and using (12), (20), (22), (28) and (29) we
obtain the following geometrical BRST transformations
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Q, Γστµ = Γρτµ ∂ρ cσ − ∂µ ∂τ cσ − Γστρ ∂µ cρ − Γσρµ ∂τ cρ − cρ ∂ρ Γστµ ,


Q, ω abµ = ∂µ cab + cdb ω adµ − cad ω dbµ + ω abσ ∂µ cσ + cρ ∂ρ ω abµ ,


Q, eaµ = eaσ ∂µ cσ + cρ ∂ρ eaµ − ebµ cab ,
[Q, cab ]
[Q, cσ ]
[Q, cab ]
[Q, cσ ]
[Q, Bba ]
[Q, B σ ]

=
=
=
=
=
=

cρ ∂ρ cab − caf cfb ,
cρ ∂ρ cσ ,
Bba ,
Bσ ,
0,
0,

(31)

and also the geometrical anti-BRST transformations, which can be derived
from (31) by the following rules: X −→ X, if X= Γστµ , ω abµ , eaµ ; X −→ X, if

X= Q, cµ , cab , B µ , Bba and X = X, where
µ

B µ + B = cρ ∂ρ cµ + cρ ∂ρ cµ ,
a
Bba + B b = cρ ∂ρ cab + cρ ∂ρ cab − cad cdb − cad cdb .

(32)

Let us note that the obtained BRST and anti-BRST transformations are
nilpotent, i.e.


2
Q2 = Q = Q, Q = 0.
(33)

Now, we apply the same geometrical framework to find the BRST and
anti-BRST transformations of the fields occurring in quantum Einstein gravity. To this end, we must reduce the general affine group double-covering
GA(4, R) to the Poincaré double-covering ISO(1, 3). The BRST transformations of the fields associated to Poincaré double-covering have already be
given in [32]. Reducing GA(4, R) to ISO(1, 3) leads us to keep from (12)
only
Ωρσαβ = Θρσαβ .

(34)

On the other hand, Einstein’s theory is Riemannian, i.e. it precludes the
propagation of either torsion or nonmetricity. Only the coordinate metric
field gµν propagates. Here the coordinate metric field gµν is related to the
Minkowski metric η ab through the vierbein eaµ as follows
11

gµν = η ab eaµ ebν ,

(35)

and can be written, in view of (28c), as a lowest component of a superfield
Gµν which can be put in the form
1
Gµν = gµν + θ α Hµνα + θα θβ Eµνβα ,
2
where Hµνα and Eµνβα follow from (28c). This remark permits us to find the
BRST transformation of the coordinate metric field gµν through the BRST
transformation of the vierbein eaµ




[Q, gµν ] = ηab Q, eaµ ebν + η ab eaµ Q, ebν .

The latter becomes

[Q, gµν ] = gµσ ∂ν cσ + cρ ∂ρ gµν + gσν ∂µ cσ ,

(36)

by using (31) and the fact that cbd = −cdb .
Moreover, according to (22b), (28e) and (34), we obtain
µ
Vδα
= cρδ ∂ρ cµα ,
V12τ + V21τ = cρ1 ∂ρ cτ2 + cρ2 ∂ρ cτ1 .

(37)

Therefore, making use of (29e) and keeping the same identifications, we
find the following BRST transformations [32]
[Q, cσ ] = cρ ∂ρ cσ ,
[Q, cσ ] = B σ ,
[Q, B σ ] = 0.

(38)

We also obtain the geometrical anti-BRST transformations, which can be
derived from (36) and (38) by the following mirror symmetry of the ghost
numbers: X −→ X, if X = gµν , X −→ X, if X= Q, cµ , B µ and X −→ X.
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3

Gauge-fixing quantum action

In the present section, we show how to construct a BRST-invariant gaugefixing quantum action for gauge-affine gravity as the lowest component of a
gauge-fixing superaction. To this purpose, we propose starting with a gaugefixing superaction similar to that obtained in the case of super-Yang-Mills
theory as given in [27, 28]
Ssgf =

Z

d4 xLsgf,

Lsgf = (∂1 φ2 )(∂ µ φµ ) + (∂ µ φ2 )(∂1 φµ ) + (∂1 φ2 )(∂1 φ2 ).

(39)

We note first that it is the superconnection φ which is gl(4, R) ⊕ ga(4, R)valued and represents the fields occurring in quantized gauge-affine gravity.
This allows us to write the superaction Ssgf as follows
t
d
Ssgf = Ssgf
+ Ssgf
,

(40)

t
d
where Ssgf
and Ssgf
are associated to the tangent and spacetime indices,
respectively.
According to the fact that

∂1 φab2| = Bba = [Q, cab ] ,


∂1 φabµ| = Q, ω abµ

and in view of (39), we can write the gauge-fixing action associated to the
t
t
tangent indices, Sgf
= Ssgf
| , in the following form
Z



t
(41)
Sgf
= d4 x Bba ∂ µ ω baµ + ∂ µ cab Q, ω baµ + Bba Bab .

d
Concerning the superaction Ssgf
we note that the antighost cρ of the general coordinate transformations and the auxiliary field B ρ are introduced
d
through the relations (20a) and (28e). Thus, the superaction Ssgf
can be obtained from the prescription (39) by substituting the component superfield
φρτ2 with the antighost superfield (η ρ2 ) and using the necessary contraction of
the components φρτµ . This gives
Z
d
Ssgf = d4 x(∂1 ηρ2 ∂ µ φρρµ + ∂ µ η ρ2 ∂1 φρρµ + ∂1 ηρ2 ∂1 ηρ2 ).
(42)
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Using the fact that
∂1 η ρ2| = B ρ = [Q, cρ ]
and



∂1 φρρµ| = Q, Γρρµ ,

we obtain
d
Ssgf
|

=

d
Sgf

=

Z



d4 x(B ρ ∂ µ Γρρµ + ∂ µ cρ Q, Γρρµ + B ρ Bρ ).

(43)

Then, it is quite easy to show that the gauge-fixing action,
t
d
Sgf = Sgf
+ Sgf
,

(44)

is invariant with respect to the geometrical BRST transformations. In fact,
we have


t
Q, Sgf
=



d
Q, Sgf
=

Z

Z





d4 x(Bba Q, ∂ µ ω baµ + [Q, ∂ µ cab ] Q, ω baµ ),





d4 x(B ρ Q, ∂ µ Γρρµ + [Q, ∂ µ cρ ] Q, Γρρµ ),

(45)

and using the fact that the geometrical BRST operator Q commutes with
the differential operator we get
Z





[Q, Sgf ] = d4 x ∂ µ (Bba Q, ω baµ + B ρ Q, Γρρµ ) .
(46)

From this, it follows that the Q invariance of Sgf is guaranteed modulo
a total divergence. So we have constructed the Q−invariant gauge-fixing
action for gauge-affine gravity theory [17, 20].
Furthermore, it is also interesting to construct the gauge-fixing action
for quantum Einstein gravity in analogy with what is realized in super-YangMills theory [27, 28]. Let us first remark that the expression (41) corresponds
t
to the gauge-fixing action Sgf
associated to the tangent ISO(1, 3) group


where we should consider the BRST transformation Q, ω baµ as in (31), see
d
also Ref. [32]. To determine the gauge-fixing action Sgf
associated to the
diffeomorphisms group, we proceed as below but we should substitute in (39)
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the superfield components of the superconnection by the dynamic fields occurring in quantum Einstein gravity, namely the antighost cµ and the metric
√
gρµ which is introduced by e
gρµ = −ggρµ , where g is the determinant of gρµ ,
we obtain
Z
d
gρµ ] + B ρ Bρ ),
(47)
Sgf = d4 x(B ρ ∂ µ e
gρµ + ∂ µ cρ [Q, e
where the BRST transformation of the field eg ρµ is given by
[Q, e
gρµ ] = ∂σ (cσ e
gρµ ) + e
gσµ ∂ρ cσ + geσρ ∂µ cσ .
√
In fact, knowing that e
gρµ = −ggρµ , we have
 √ 
√
[Q, e
gρµ ] = Q, −g gρµ + −g [Q, gρµ ] .

(48)

Then by using the fact that


Q,

√



−1
√
[Q, g] ,
2 −g
[Q, g] = gg µν [Q, gµν ] = 2g∂σ cσ + cσ ∂σ g,
−g

=

we have


Q,

√


√
−g = ∂σ (cσ −g),

and so we can easily derive the relation (48). Finally the BRST-invariant
d
gauge-fixing action Sgf
associated to the diffeomorphisms group can be written as follows [32]
d
Sgf

4

=

Z

d4 x {B ρ ∂ µ e
gρµ + ∂ µ cρ (∂σ (cσ e
gρµ ) + e
gσµ ∂ρ cσ + e
gσρ ∂µ cσ ) + B ρ Bρ } .

(49)

Conclusion

In the present paper a geometric formulation of quantized gauge-affine gravity has been provided using a superfiber bundle formalism with base space
simply the metric-affine spacetime and a structure group the direct product
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of the general linear group double-covering GL(4, R) with the general affine
group double-covering GA(4, R) as well the two-dimensional old translation
group S 0,2 . In this geometrical framework, the gauge fields and their associated ghost and antighost fields occurring in quantized gauge-affine gravity
have been described through a GL(4, R) ⊗ GA(4, R)-superconnection. Furthermore, in order to realize supercurvature constraints we introduce over a
principal superfiber bundle an even pseudotensorial 1-superform which permits us to introduce a generalized superconnection, and by applying the
exterior covariant superdifferential this gives the generalized supercurvature.
Then the supercurvature constraints are determined by the fact that the
generalized supercurvature is an even tensorial 2-superform which leads to
the determination of the gauge-affine gravity BRST and anti-BRST transformations. The obtained BRST transformations are nilpotent and equivalent to those given in [18, 20, 25]. Reducing the four-dimensional general
affine group double-covering GA(4, R) to the Poincaré group double-covering
ISO(1, 3) we have also found the BRST and anti-BRST transformations of
the fields present in quantum Einstein gravity. Moreover, we have shown how
to construct the gauge-fixing superaction for gauge-affine gravity in analogy
with what is realized in super-Yang-Mills theory [27, 28]. Its lowest component represents the gauge-fixing action and is invariant under the geometrical
BRST transformations. By using the fact that the dynamic field occurring
in Einstein’s gravity is represented by the tensor metric gµν and following
the same spirit of construction of the superaction as in [27, 28] we have
found the gauge-fixing action for quantum Einstein gravity recovering then
the standard results [32].
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