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Abstract

Performance of bearings used in modern machinery is significantly affected by the elasticity of the bearing liner and viscosity of 
the lubricant. This paper considers couple stress fluid (CSF) model of the lubricant along with elasticity of bearing liner. The three 
dimensional (3-D) model of elasticity is used to consider the effect of elasticity. Finite element method (FEM) has been utilized to 
comprehend the governing equation of fluid flow in the clearance space between the journal and the bearing. Various performance 
characteristics such as load capacity, dynamic coefficients and stability parameters have been evaluated for a range of CSF parameter 
and elasticity parameter. Results show that elasticity and CSF have significant effect on the performance of the journal bearing. Stability 
of the journal bearing increases as the value of elastic coefficient increases. Further the stability of the elastic journal bearing system is 
found to be increased by increase in couple stress parameter.
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1 Introduction

The hydrodynamic journal bearings are used in several 
machines as they provide a smooth relative motion, with 
variable load carrying capacity. When operating under heavy 
loads the hydrodynamic journal bearing system undergoes 
elastic deformation. Therefore, to predict the accurate 
performance characteristics elasticity of the bearing liner under 
study must be considered. Several researchers have considered 
the elasticity of the bearing liner in their study. 

Allen [1] reported the effect of deformation on the behavior 
of hydrodynamic journal bearing and concluded that if the 
distortion is present then some other reliable means must be 
used to measure film thickness rather than attitude angle. The 
effect of elastic as well as pressure dependent viscosity on 
performance characteristics of circular hydrodynamic journal 
bearings has been studied by Jain and Sinhasan [2]. They 
observed that the performance of the journal bearing improves 
with the consideration of elasticity and variable viscosity. 
Further, in extension of their work, Jain et al. [3] presented 
effect of deformation of liner on the static performance of 
the journal bearing and concluded that with increase in 
deformation coefficient, power loss and attitude angle decreases 
for a particular load. Majumdar et al. [4] analyzed the effect of 
flexibility on the stability of the journal bearing and observed 

that effect of flexibility is more on high eccentricity ratio as 
compared to lower ones. An increase of stability margin for 
elastic bearing has been reported by Chandrawat and Sinhasan 
[5] in their work on static and dynamic characteristics of 
linear and non linear analysis of journal bearings. Kakoty and 
Majumdar [6] presented the stability characteristics of flexible 
journal bearing along with the effect of inertia. They concluded 
that consideration of inertia effect in flexible journal bearing 
results in better approximation for bearing performance. The 
dynamic characteristics of the rigid and elastic journal bearings 
have been evaluated by Attia Hili et al. [7], they found that the 
increase in deformation of bearing liner results in an increase in 
film thickness and pressure area. 

Further, the classical approach in hydrodynamic lubrication 
assumed the Newtonian behavior of the lubricating fluid in 
its investigations. The advancement in the modern industrial 
materials urge the improvement in the performance of 
lubricating fluids by use of additives which changes the 
behavior of the lubricant. The theory of micro-fluids emerged 
with the concept of facilitating the advancement in the industry 
in early seventies with several other microcontinuum theories 
[8-10]. Among them the couple stress fluid model accurately 
approximates the physical behavior of lubricating fluid. Stokes 
[8] microcontinuum theory allows polar effects like couple 
stresses in fluids and body couples in it. Singh [11] studied the 
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effect of CSF on the static performance of short journal bearings 
and suggested that longer the length of additive particles better 
will be the effect of CSF which improves the performance of 
the journal bearing. The static characteristics of journal bearing 
operating with CSF have been presented by Sinha et al. [12] 
and observed that use of these fluids results in better load 
carrying capacity and low coefficient of friction. The effect of 
non Newtonian fluid on the elastic journal bearing has been 
studied by Sinhasan and Goyal [13]. They observed that the 
effect of coefficient of deformation is more prominent when 
operating at heavy loads. The work presented by Sinhasan and 
Goyal [14] suggested that for a journal bearing operating with 
non Newtonian lubricant, stability margin is observed to be 
higher for as linear analysis compared to non linear analysis. 
The work on finite and short journal bearings observed by Lin 
[15, 16] suggest that the use of CSF enhances the load capacity 
and performance of the journal bearing system. The stability 
analysis of bearing system using lubricant blended with 
additives was presented by Lin [17], who observed that Kxx, 
Kxy, and Cxx coefficients increases with increase in couple stress 
value. Whereas, threshold speed shows higher stability due to 
couple stresses up to a certain eccentricity ratio i.e. less than or 
equal to 0.7, above which it shows lower stability as compared 
to Newtonian fluid. The work on dynamically loaded journal 
bearing shows that performance of the journal improves with 
the use of CSF [18, 19]. Guha [20] observed that the use of CSF 
improves the stability of rigid journal bearings. Elsharkawy [21], 
suggested that use of additives improves the static performance 
of the hydrodynamic journal bearings. The work done by Nada 
and Osman [22] considers magnetic properties of fluids along 
with couple stresses and found CSF enhances the performance 
of the journal bearing. It was observed that non linear stability 
boundary of the journal bearing is found to be increased with 
increase in couple stress parameter value [23]. Mokhiamer 
et al. [24] observed that for a thin liner journal bearing load 
capacity is found to be increased with the use of couple stress 

fluid. Bansal et al. [25] investigated the linear stability analysis 
of flexible hydrodynamic journal bearing operating with 
Newtonian and micropolar fluid and suggested that increase in 
flexibility of the bearing decreases the stability for Newtonian 
fluid but with micropolar fluid it gives better stability. It was 
suggested by Chetti and Crosby [26] that the effect of elasticity 
and CSF improves the stability of a thin liner hydrodynamic 
journal bearing. Chetti [27], in his work considered the effect of 
turbulence and thin liner elasticity with CSF and observed that 
the use of CSF improves the bearing performance for both rigid 
as well as elastic case as compared to the Newtonian fluid. 

From the above literature review it is clearly observed that 
for accurate evaluation of bearing performance it is necessary 
to include the effect of elasticity and CSF in the analysis. 
The present work considers the effects of 3-D elastic liner on 
circular hydrodynamic journal bearing operating with CSF. 
The performance parameters have been evaluated for different 
values of elastic deformation coefficient and couple stress 
parameter. The combined effect of CSF as well as elasticity on 
the performance of journal bearing has not been studied yet to 
the best knowledge of the authors and will be very useful for 
bearing designers. Therefore present study is an attempt to fill 
this literature gap.

2 Analysis

With the addition of additives (i.e. long chain polymers) in 
the Newtonian lubricant, the behavior of lubricant changes and 
it does not obey the Newton’s law of viscosity. These kinds of 
lubricants can be modeled as couple stress fluid which differ 
from Newtonian fluid by the parameter l i.e. couple stress 
parameter. For Newtonian fluid l = 0, and for the case of CSF l = 
0.1, 0.2, ……

The general arrangement in a flexible bearing is depicted 
in the Fig. 1. The generalized Reynolds equation in non-
dimensional form governing the laminar flow of the couple 
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Fig. 1 Hydrodynamic journal bearing arrangement
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stress fluids in the clearance space can be given as [3] :

(1)

           
Here l is the function of dimension of flow geometry and 

material constant of fluid. Further material constant depends on 
the molecular dimensions of the additives. Size of the additive 
molecules like long chain polymers may have its length larger 
than the base fluid molecules, may result in the couple stress of 
substantial magnitude in liquids [10]. 

The thickness of film for flexible bearing in the clearance 
space is given by

 
(2)

 
  

To solve Eq. (1), the following boundary conditions [2] are 
used:
          

(3)

(4)

In the present study, considering the smooth bearing 
surface, Reynolds boundary conditions are used. However, 
in case of textured or rough surfaces, where rupture and 
reformation of the fluid film occurs multiple times and 
cavitation becomes crucial, a mass conservation algorithm has 
to be used. 

Four noded isoparametric linear elements are used to 
discretize flow field. The variation of pressure over an element 

is given by                         , where, Ni = shape function for ith 

node. 

The finite element formulation of the Eq. (1) using 
Galarkin’s orthogonal approach is given as:

(5)

For steady state analysis, the following system of equations 
can be obtained for the discritized flow domain, by rearranging 
the Eq. (5).

(6)

where, [Fij] is the fluidity matrix and for eth element it is 
given by: 

(7)

(8)

In Eq. (6), [Fij] is the assembled coefficient matrix, {RHi} is 
the assembled right hand side column vector consisting of static 
terms and {p} is the nodal pressure vector.

For flexible hydrodynamic journal bearing analysis, Eq. 
(5) is solved along with elasticity Eq. (10) simultaneously in an 
iterative manner for the evaluation of the pressure distribution 
using instantaneous film thickness. 

2.1 Deformations in bearing liner
In present analysis deformation of the bearing is calculated 

as a radial displacement of the node due to the traction force 
acting on that particular node. In 3-D elastic liner there can 
be three different directions in which the deformation of 
any node could be evaluated. Out of the three directions 
i.e. circumferential, axial and radial, only radial direction 
deformation is considered for displacement calculations, as the 
tangential force or its effect on the circumferential deformation 
is negligible in the range of parameters under the study. Due to 
this external force vector reduces for an element as:

(9)

which results displacement of nodes in one direction i.e. 
in radial, hence the deformation in radial direction obtained 
using Eq. (10). The bearing liner is discritized using 3-D brick 
eight noded isoparametric elements and the discritized 3-D 
elastic model is given by Eq. (10). The radial deformation of the 
bearing liner (δr), is obtained from the 3-D elasticity equation of 
discritized bearing liner [2, 3, 5, 7] given as:

The main advantage of this model lies in its realistic 
behavior and for accurate prediction [13] of displacement of the 
nodes.
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elasticity  of liner. The non-dimensional scheme used in
this elasticity equations is as follows:    
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2.2 Performance characteristics
The pressure developed under steady state condition in 

the fluid field is used for evaluation of various performance 
characteristics of journal bearing system. The various 
characteristics are evaluated as given below:

Load carrying capacity: The film reaction in x and z 
directions are given by

(11)

(12)

(13)

(14)

The dynamic performance characteristics are found at the 
disturbed position of the journal. These characteristics provide 
a measure of journal bearing stability. The linear dynamic 
coefficients are evaluated assuming that the disturbed position 
of the journal center is in close vicinity of the static equilibrium 
position.  

Stiffness coefficients and damping coefficients are given by 
[5]:

(15)

(16)

For the disturbed position of journal centre the equations of 
motion are [5, 17]:

These equations of motion have been used to study 
the stability of journal bearing. The polynomial form of 
characteristic equation to study the stability is given as [17]: 

(18)

where, σ = complex variable, and coefficients Ai (where i = 
1, 2, 3, 4) includes journal mass and dynamic coefficients [17]. 
Using Routh’s criteria, stability for journal bearing is established 
with critical mass (Mc). For stability, MJ < Mc. 

3 Solution Procedure

Due to wedge action between journal and bearing liner, 
hydrodynamic fluid film pressure is developed in clearance 
space during journal motion. As the bearing elastic liner 
deforms due to hydrodynamic pressure the fluid film thickness 
is changed, and thus the pressure distribution changes. It 
modifies the performance of bearing. The solution procedure 
consists of different modules as shown in Fig. 2. The solution 
is obtained by using an iterative scheme. Initially eccentricity 
ratio and attitude angle both are initialized along with other 
geometric and operating parameters. The nodal pressures 
are obtained using REYNOLDS module in which Reynolds 
boundary conditions are imposed to achieve the converged 
pressure. In this module the film extent is also found such 
that, it satisfy the given boundary conditions. This is done by 
using Gauss Seidel iterative method by which the pressure is 
evaluated while satisfying the following boundary conditions 
simultaneously:

The journal is perturbed from its static equilibrium state to 
obtain dynamic coefficients. Further, the stability parameters 
are evaluated using the stiffness and damping coefficients.

4 Results and discussion

The analysis of circular elastic hydrodynamic journal 
bearing operating with CSF is done in the present work. To 
check the conformity of the developed model and present 
solution procedure, results obtained from present model 
are compared with the existing results from the literature as 
shown in Figs. 3 to 5. The load carrying capacity (W) , amount 
of radial deformation (δ) and critical mass (Mc) obtained using 
present work show a good agreement with the results available 
for finite rigid and flexible journal bearing using Newtonian 
lubricant as observed from Figs. 3(a), (b) and 4 respectively. 
For finite elastic hydrodynamic journal bearing operating with 
Newtonian fluid Fig. 3(a) shows good agreement with the 
available results from literature [28] at all values of Cd. Hence, 
it validates the present elasticity model with wide range of Cd 
operating with Newtonian fluid. The maximum error in W for 
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Fig. 2 Solution procedure

Fig. 3 (a) Variation of W with Cd for finite journal bearing 
(λ = 1) with Newtonian fluid, (b) Variation of radial 
deformation (δ) with α for finite journal bearing

(a)

(b)

Fig. 4 Variation of Mc with W for finite rigid journal bearing
(λ = 1)  

Fig. 5 Attitude angle (ϕ) of the rigid bearing (λ = 1) 
for different values of l
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rigid bearing is negligible and for flexible bearing is about 4%. 
Similarly for Mc the maximum error for rigid bearing is about 
1%. This error in the results may be attributed to the different 
computation techniques as well as the convergence method 
used in solution procedure. Figure 5 shows the variation of the 
results obtained using developed couple stress model for rigid 
hydrodynamic bearing with available results of the Lin18 and it 
shows quite good agreement between present and published 
results as maximum error is within 2%, hence validating the 
present couple stress fluid model for the hydrodynamic journal 
bearing. 

The variation of pressure can easily be observed from the 
Fig. 6 in which profile for four different operating conditions of 
journal bearing shown in Figs. 6 (a), (b), (c) and (d). Figure 6 (e) 
shows the pressure distribution over the discritized bearing. It 
can be seen from these figures that by using couple stress fluid 
bearing p increases for both rigid and elastic case as compared 
with the Newtonian fluid. 

The variation of pressure at the center line of the flexible 
journal bearing with l and Cd is shown in Figs. 7(a), (b) at a 
particular eccentricity ratio (ε = 0.8). It is observed that with 

increase in couple stress effect the peak pressure at center line 
of the bearing increases. It can be observed that trailing edge 
of the fluid film get extended towards the right i.e. value of 
α2 increases with increase in l value for a particular Cd, which 
results in increased W. It is also observed that with increase in 
Cd the p decreases for l = 0, 0.1 and 0.2 at a particular ε. 

Range of parameters under study is as follows:

λ = 1; ε = 0.4, 0.6, 0.8; l = 0, 0.1, 0.2 and Cd = 0 to 1

The variation of pmax with Cd is depicted in Fig. 8, it is found 
that with increase in Cd value, pmax decreases, while use of CSF 
increases the pmax value as compared with Newtonian fluid. The 
increase in pmax for flexible bearings using couple stress fluid 
is about 10.12% corresponding to Cd =1 at l = 0.2 and ε = 0.8 as 
compared to Newtonian fluid. 

Figure 9 depicts the variation of load carrying capacity 
(W) for flexible bearing operating with CSF. It is observed that 
load capacity decreases with increase in Cd when operating 
with Newtonian as well as Couple stress fluid at a given ε. 
This decrease in W may be attributed to the decrease in p with 
increase in Cd. The increase in the Cd leads to decrease in p, 

(a)

(b)
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(c)

(d)

(e)

Fig. 6 Variation of pressure for finite journal bearing (λ = 1) at ε = 0.6, (a) Pressure graph for Cd = 0, l = 0, 
(b) Pressure profile for Cd = 0, l = 0.2, (c) Pressure profile for Cd = 1, l = 0,  (d) Pressure profile for 
Cd = 1, l = 0.2, (e) Discritized domain showing bearing area under pressure for Cd = 1, l = 0.2
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which in turn results in decrease in fluid film reactions and 
hence reduction in the value of W. But with increase in CSF 
parameter, load capacity increases for a particular value of Cd at 
a given ε. The maximum increase in flexible bearing operating 
with couple stress fluid is about 13.83% as compared with 
Newtonian fluid corresponding to Cd = 1, l = 0.2 at ε = 0.8.

Variation of Sommerfeld number (Sn) is shown in Fig. 10. Sn 
increases as Cd increases from 0 to 1 whereas its value decreases 
as l increases from 0 to 0.2 for a particular eccentricity ratio. 
The decrease in Sn is about 12.15% in case of flexible bearing 
operating with CSF as compared to Newtonian fluid at ε = 0.8 
with Cd = 1 and l = 0.2. 

Figures 11(a), (b), 12(a), (b) depict the variation of stiffness 
coefficients with Cd for hydrodynamic bearing operating with 
CSF for ε = 0.4, 0.6 and 0.8. It can be seen that direct stiffness 
coefficients increase as l increases. This increase may be due 
to the increase in the load carrying capacity with increase in 
couple stress effect at a given ε. With increase in Cd value, Kxx 
initially increases then decreases for ε = 0.4, 0.6 but decreases 
for ε = 0.8 with l = 0.2, whereas Kzz shows decreasing trend with 
increase in the value of Cd for all values of l. Here decrease in 
Kzz may be attributed to the decrease in W with increase in Cd. 
When there is increase in the Cd it leads to decrease in p at a 
given ε, which in turn results in decrease in fluid film reactions 
and hence reduction in the value of W. The trends of Kzz are 

found to be similar as of pmax in Fig. 8. A maximum increase of 
31.9% and 28.57% is observed in direct stiffness coefficient Kxx 
and Kzz respectively in flexible bearing operating with CSF (l = 
0.2) as compared with Newtonian fluid at Cd = 1. While the cross 
stiffness coefficient Kzx decreases and Kxz increases with increase 
in l. Whereas with increase in Cd value, Kxz decreases and Kzx 

(a)

(b)

Fig. 7 (a), (b) Pressure profile at center line of the bearing (λ = 1) 
for ε = 0.8

Fig. 8 Maximum pressure (pmax) vs. Cd 

Fig. 9 Load capacity (W) vs. Cd

Fig. 10 Sommerfeld number (S) vs. Cd 
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increases. In cross stiffness coefficients this increase is 31.24% 
and 30.3% for Kxz and Kzx respectively in case of flexible bearing 
operating with CSF (l = 0.2) as compared to Newtonian fluid 
at Cd =1, ε = 0.8. From Fig. 12(a) it is also observed that cross 
stiffness Kxz shows negative values at high eccentricity ratios. It 
shows that force required to perturb the journal from its steady 
state at high eccentricity (ε = 0.8, Cd = 0.1) in horizontal direction 
is so high that it produce the negative values for cross stiffness 
Kxz. It directly has its impact on the stability parameters.      

Figures 13(a), (b), 14 show the damping coefficients 
variation with Cd for flexible bearing operating with CSF for 
different values of eccentricity ratio. It is found that direct 
damping coefficients increase as l increases and this increase 
may be due to the increase in pressure with increase in couple 
stress effect at a given eccentricity ratio. A maximum increase 
in direct damping coefficient is 30.11% and 31.34% for Cxx and 
Czz respectively for flexible (Cd = 1) bearing with CSF (l = 0.2) as 
compared with Newtonian fluid at ε = 0.8.

The value of Cxx increases for ε = 0.4, initially increases 
and then decreases for ε = 0.6 and decreases for ε = 0.8 with 
increasing value of Cd, while Czz decreases with increasing 
value of Cd at all ε. This decrease in Czz may be due to decrease 
in W with increase in Cd at a given ε. This is because increase 
in Cd results in decrease in p which leads to the decrease in the 
fluid film reaction and hence the W. This decrease in W leads 
to the decrease in Czz. While cross damping coefficients Czx, Cxz 

both decrease with increase in l value at all ε. But both Czx, Cxz 
increases with increase in Cd for ε = 0.4, 0.6 and 0.8. Whereas for 
all ε cross damping increases as the value of Cd increases for all 
values of l. In cross damping the increase is about 31.48% for 
flexible bearing with CSF (l = 0.2) as compared to Newtonian 
fluid corresponding to Cd = 1, ε = 0.8. 

It is observed from the Fig. 15 that critical mass (Mc) 
increases with increase in couple stress effect. But with increase 
in value of Cd initially it increases than decreases for ε = 0.4 
but it continuously decreases for ε = 0.6 and 0.8 for all values 
of couple stress parameter. It can be observed that for ε = 0.8 
initially critical mass shows negative value at Cd < 0.1. Critical 
mass increases about 31.74% for flexible (Cd = 1) bearing with 
CSF (l = 0.2) as compared to Newtonian fluid corresponding to 
the ε = 0.8.

It is found from Fig. 16 that whirl frequency (ν) increases 
with increase in Cd and decreases with increase in l value. A 
maximum decrease of about 0.1% is observed in flexible bearing 
corresponding to Cd = 1 and l = 0.2 as compared with Newtonian 
fluid corresponding to the ε = 0.8. Whereas, it can be observed 
from Fig. 17 that threshold speed (ωth) increases, as couple stress 
parameter increases, along with Cd. A maximum increase of 
7.58% in threshold speed is observed corresponding to Cd = 1 
and l = 0.2 as compared to Newtonian fluid at ε = 0.8. It shows 
that the journal stability margin increases by using couple stress 
fluid in a flexible journal bearing. 

(a) (a)

(b) (b)

Fig. 11 (a), (b) Stiffness coefficient (Kxx) and (Kzz) vs. Cd for 
different ε

Fig. 12 (a), (b) Stiffness coefficient (Kxz) and (Kzx) vs. Cd for 
different ε
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(a)

(b)

Fig. 13 (a), (b) Damping coefficient (Cxx) and (Czz) vs. Cd for 
different ε

Fig. 14 Damping coefficient (Cxz) and (Czx) vs. Cd for different ε

Fig. 15 Critical mass (Mc) vs. Cd 

Fig. 16 Whirl frequency (ν) vs. Cd 

Fig. 17 Threshold speed (ωth) vs. Cd for different ε
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5 Conclusions

The bearing liner deformation changes the thickness of 
the fluid film; hence the distribution of pressure in the bearing 
also changes. This further changes the load capacity and other 
performance characteristics including the stability of the journal 
bearing. From present analysis of elastic hydrodynamic journal 
bearing operating with CSF, the following conclusions can be 
made:
• The extent of fluid film thickness (α2) increases with increase 

in l, which leads to increase in W of the bearing.
• As the value of Cd increases pmax decreases, resulting in 

decrease in load capacity, but increase in the value of l in 
flexible bearing increases the pmax and ultimately increasing 
the load capacity of the journal bearing. 

• Sommerfeld number decreases about 12% in elastic bearing 
operating with CSF as compared to rigid one operating with 
Newtonian fluid.

• Direct stiffness coefficients value increase as l increases 
and it is also observed that with increase in coefficient of 
deformation, Kxx shows increasing trend for medium ε and 
decreasing trend at high ε conditions, whereas Kzz shows 
decreasing trend at all conditions. Combination of elasticity 
and l improves the stiffness coefficients this further 
improves the stability parameters of the journal bearings.

• When the Kxz changes its sign from positive to negative for 
rigid bearing at high eccentricity (ε > 0.6) initially it gives 
positive value of critical mass (Mc) with a steep increase in 
value of Mc for both cases of rigid bearing operating with 
Newtonian as well as couple stress fluid. However, when 
operating at ε = 0.8, l ≥ 0.1, Kxz gives the negative critical 
mass for both rigid bearing operating with Newtonian 
as well as couple stress fluid. Further when flexibility is 
introduced in above cases the negative critical mass (Mc) 
becomes positive. From this conclusion, however system is 
stable for the all negative values of Mc , it is recommended 
that one must avoid the operating conditions in which it is 
on the verge of instability.

• Similarly direct damping coefficients also increase in value 
with increase in l. Whereas, with increase in value of Cd , Cxx 
increases for ε = 0.4 and 0.6 but decreases for ε = 0.8 and Czz 
decreases for all ε. Here, cross damping coefficients show 
the increasing trend with increase in the value of Cd . Further 
increase in the value of l decreases the cross damping 
coefficients.

• The threshold speed (ωth) and critical mass (Mc) increases, 
whereas whirl frequency (ν) decreases as the value of l 
increases. Also with increase in the deformation coefficient 
Mc and ωth decreases while whirl frequency increases for 
high ε. This further helps in providing higher stability 
margin at high ε.
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