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Limited Failure-Censored Life Test for the
Weibull Distribution
Jong-Wuu Wu, Tzong-Ru Tsai, and Liang-Yuh Ouyang

Abstract—When the distribution of lifetimes is 2-parameter exponential, Balasooriya [6] provided a failure-censored reliability
sampling-plan to save test time. This paper extends the Balasooriya
sampling plan to the Weibull distribution and provides a limited
failure-censored reliability sampling plan (LFCR) to do life testing
when test facilities are scarce. The -expected test time of the LFCR
is computed, and the optimal stopping rule of LFCR corresponding
to the shortest test time is established. The -confidence intervals
for the parameters are generated.
Index Terms—Best linear unbiased estimator, life-test sampling
plan, Monte Carlo simulation, order statistic, Weibull distribution.

ACRONYMS AND ABBREVIATIONS1
BLUE
CI
LFCR
ETT
MSE
pdf
r.v.
WD

best linear unbiased estimator
-confidence interval
limited failure-censored reliability (sampling plan)
-expected test time
mean square error
probability density function
random variable
Weibull distribution

Notation
first order statistic in random sample , each of size
,
greatest integer lower bound for

total test time when random samples, each of size
, are used simultaneously
;
is the number of failures in the
random sample , each of size ,
scale parameter of Weibull distribution
shape parameter of Weibull distribution
chi-square r.v, with degrees of freedom

Manuscript received November 29, 1997; revised June 23, 2000 and
September 22, 2000. This research was partially supported by the National
Science Council of ROC Grant NSC 88-2118-M-032-008.
J.-W. Wu and T.-R. Tsai are with the Department of Statistics, Tamkang
University, Tamsui, Taipei 25137 Taiwan - R.O.C. (e-mail: {JWWu;
TRTsai}@stat.tku.edu.tw).
L.-Y. Ouyang is with the Graduate Institute of Management Sciences,
Tamkang University, Tamsui, Taipei 25137 Taiwan - R.O.C. (e-mail:
LiangYuh@mail.tku.edu.tw).
Publisher Item Identifier S 0018-9529(01)06808-7.
1The

singular and plural of an acronym are always spelled the same.

I. INTRODUCTION

L

IFETIME data, with censoring, create special problems in
the data analysis. Generally speaking, censoring results in
exact lifetimes being known for only a portion of the products;
the remainder of the lifetimes are known only to exceed the censoring time. There are several types of censoring. In life testing,
experiments involving type II censoring (failure-censored) are
often used: units are placed on test, but instead of continuing
until all units have failed, the test is stopped at the time of
failure . Such a test can save time, because it could take a long
time for all units to fail [1], [2].
Sometimes the life of a product is quite long. Thus, a type
II censoring life-test plan for such a product can be too long.
Johnson [4] proposed a sampling plan in which the experimenter
can decide to group the test units into several sets (each set is
an assembly of test units), and then run all the test units simultaneously until the first failure in each group. Such plans are
usually feasible when test facilities are scarce but test material
is relatively cheap. Balasooriya [6] examined the failure-censored sampling plan for the 2-parameter exponential distribution
based on testing random samples, each of size , one after the
other. That procedure is based on exact results, and only the first
failure time of each sample is needed. The Balasooriya sampling
plan is compared with traditional sampling plans using a sample
.
of size
This paper extends the results of [6] to the WD; then gives a
new, more efficient procedure than [6] when test sets can be
run simultaneously. In some test situations, the test facilities are
test sets, each of size
scarce. We must get failures from
. An LFCR is proposed to solve this problem.
Section II extends the limited failure-censored life test to WD.
It proves that the LFCR is the best one for saving time when
. If
, the formula of ETT is very complicated. When
, the LFCR still works. Monte Carlo simulation is used to
, the stopping
evaluate these cases in Section IV. When
rule of LFCR depends on both the failure numbers in each test
line and . We can not get the unique optimal solution and it is
not discussed in this paper.
Section III shows how to get 3 feasible point estimations and
CI estimation procedures when an LFCR is performed. If the
distribution of lifetimes is exponential, then the proposed estimators in Section III are still the BLUE. If the distribution of
, then the pooled transformed
lifetimes is Weibull with
linear estimators are used to estimate the unknown parameters.
Two alternative minimal MSE estimators are proposed. The corresponding CI estimations of parameters in WD are derived in
Section III.
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II. LIMITED FAILURE-CENSORED RELIABILITY SAMPLING
PLAN
A. The Failure-Censored Sampling Plan
Let

be the lifetime of a product, it is WD with pdf:
(1)

Then
pdf:

,

, is a random sample of size

with

each test set, the total number of failures is less than . Thus, the
test can not be stopped. More failures must be accumulated in
some test sets; this sampling plan is LFCR. In LFCR, consider
2 situations:
is an integer,
1)
is not an integer.
2)
Use theorem 1 and corollary 1 to discuss the 2 situations, re, the WD is exponential. Then
spectively. When
(7)
Use (7) to get

(2)
is Weibull with scale parameter
Hence, the distribution of
,
. If the lifetime of a product is quite long,
and test facilities are scarce, but testing materials are relatively
experimental units by testing
cheap, then one can test
sets, each containing experimental units, one after the other.
Let the test stop when the first failure in each test set is achieved
(the total number of failures is ). Let the distribution of lifetime
of specimens be (1). Then the ETT is:
(3)
When the test facilities are available to run test sets simultaneequals the
ously, according to the test procedure in [6], then
,
; i.e., the largest order
order statistic of
. Use the -expected value of the
statistic of
order statistic in (1) [5, p. 638],

(4)

(5)
specimens are tested in test sets -independently
These
and simultaneously. The duration of the experiment using order
specimens is shorter than for taking the
statistic in all
. Hence, take order statistic
order statistic in
on all
test specimens, and revise
as:

(8)
Theorem 1: A batch of items are tested consecutively, and
.
is the stopping
the replicate times are limited to
.
is an integer. Then
number in the test set
,
.
the minimal ETT of the LFCR is for
Proof: See the Appendix, Section 1.
Corollary 1: In theorem 1, if the remainder of divided by
is , then the minimal ETT of the LFCR is achieved when
test sets are stopped at
failures obtained in each test set,
test sets are stopped at failures obtained
and the other
in each test set.
Proof: See the Appendix, Section 2.
C. Discussion
, then the formula of ETT is very complicated. Use
If
Monte Carlo simulation to solve the equation. According to our
simulation results, the optimal stopping rule of LFCR such that
the minimal ETT is achieved depends on both and the failure
numbers in test sets. Theorem 1 and corollary 1 are valid when
. When
, the “optimal stopping rule of LFCR
such that the minimal ETT is achieved” does not have a unique
solution. The solution depends on and the failure numbers in
test sets. Therefore, Section IV presents only the result of Monte
.
Carlo simulations when
III. PARAMETER AND -CONFIDENCE INTERVALS ESTIMATION
IN LFCR
In an LFCR, without loss of generality, let the first test sets
failures and the last
test sets have failures.
have
, use the estimators of in each test set as follows:
When

(6)
The ETT based on (6) is shorter than the ETT based on the
Balasooriya design when the test facilities are available.
B. Limited Failure-Censored Reliability Sampling Plan
When the test facilities are scarce and we need to take failtest sets, it is inappropriate to use the Balaures from
sooriya sampling plan. Since only the first failure is observed in

(9)
Since each test set with test specimens is tested -indepenis the BLUE of ,
[7]. Under
dently, then
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LFCR, a total of
specimens are tested. Hence, the pooled
estimators are used to estimate .
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and asymptotically -normal. The ,
are also
-independently and asymptotically -normal. The weighted estimator

(10)
By the Gauss–Markov theorem, is the BLUE of for the
specimens tested. The
has a
total
distribution with
degrees of freedom,
,
has a distribution with
,
and
degrees of freedom. Therefore,
has a
distribution with
degrees of freedom. The
CI for is:

can be used to estimate . By the Cauchy–Schwarz inequality,
is minimal when
the variance of

The weighted estimator

(11)
can be used to estimate ;
satisfies Pr
.
, then the
When the distribution of lifetimes is (1) and
pooled transformed linear estimators are used to estimate the
unknown parameters. The corresponding CI are derived. The
pooled transformed linear estimators are shown to be the minimal MSE estimators.
” transformation) to an exTransform WD (take the “
,
treme value distribution with location parameter:
. The BLUE estimators of and in
scale parameter:
each test-set are:

When
mean

is large, then
and variance

closes to a -normal distribution with

Var
Replace and by
and , respectively; then the variance
can be calculated. Thus, the asymptotic
CI
estimator
for is

(12)

satisfies Pr
and is the standard -normal r.v. Similarly,
is asymptotically -normally distributed with mean and variance
Var

(13)
,
The
linear estimators of

When is large, then
with mean and

are in [7, A12a]. The transformed
and in each test set are:

is approximately -normal distributed

. Thus, the asymptotic

can be computed by replacing
CI for

by

is

This paragraph presents another method to get the minimal MSE
estimators of and . The estimators of , are, respectively:

if

Var

otherwise
, and
is in [7, A12].
is large, then
is approximately -normal disWhen
tributed with mean and
Var

The variance estimator

if

otherwise
, and
is in [7, A12].
specimens are tested, then use the pooled estimators
If
are -independently
to estimate and . The ,

Let

be real and satisfy
is minimum. Let satisfy
is minimum. Let
. When
is large, is approximately -normal with mean
and
variance
Var
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TABLE I
SIMULATION RESULTS FOR LFCR USING THE WD WITH n

= 30,

k

= 2 FOR r = 12; 21

TABLE II
SIMULATION RESULTS FOR LFCR USING THE WD WITH n = 30, k = 3 FOR r = 10; 15

Let
Var

(14)

can be used to estimate , and this estimator has the smallest
MSE. A similar procedure is used to obtain the MSE estimator
of . Let

is minimal when

Therefore, when

is known,

Var
is minimum when
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Hence

is the MSE estimator of .
IV. MONTE CARLO SIMULATION
This section conducts some Monte Carlo simulations when
. Let
,
LFCR is performed with
. For different failures, all combinations are sim,
. Table I gives the simulation
ulated with
results. More detailed simulation results are in [3]. Table I also
is an ingives the ratios of ETT to the minimal ETT. When
) occurs when each random
teger, then the minimal ratio (
failures. For example,
sample takes the same
, then the minimal ETT occurs when
. When the remainder of
is , then the min) occurs when we take
failures in each
imal ratio (
random samples, and
failures in each one of the
of the
random samples. For example, let
other
, then
. Hence, we can take a
random sample that stops with 10 failures and another random
sample that stops with 11 failures. Without loss of generality, let
and
. All simulation results meet the optimal
.
stopping rules in theorem 1 and corollary 1 when
APPENDIX
1) Proof of Theorem 1: Let
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Hence,
,
,
,
; and
for all
.
Therefore
, and equality
.
QED
holds when
is not an integer, assign
2) Proof of Corollary 1: If
failures to each test set. Next, assign the
failures to
test sets such that the differences of number-of-failures between test sets are as small as possible. Therefore, test sets
failures are obtained in each test set,
are stopped until
test sets are stopped until
failures are
and the other
obtained in each test set.
QED
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be an integer.
is minimum when
We show that
. Without loss of generality, let there be:
test sets with number of failures
,
test sets with number of failures
,
test sets with number of failures
;
and
. Hence,

(A.1)
set of differences between
and
in test sets.
set of differences between
and
in test sets.
test sets have the same number of failures
Because
between
and
, the number
of nonzero terms in (A-1) is less than . For example, let
,
, then
and

Tzong-Ru Tsai (born 1965) is an associate professor in the Department of
Statistics, Tamkang University. He received the Ph.D. (1996) in statistics from
National Chengchi University. His major research areas are generalized linear
model, fuzzy statistics, and quality control. Dr. Tsai is a member of the American Statistical Association, and the Chinese Statistical Association He has published in several journals.

Liang-Yuh Ouyang (born 1946) is a professor at the Graduate Institute of Management Sciences, Tamkang University. He received the Ph.D. in Management
Sciences from Tamkang University. His major fields are probability, statistics,
and operations research. He has publications in J. Operational Research Society,
Computers and Operations Research, Int’l. J. of Production Economics, IEEE
TRANS. RELIABILITY, Metrika, Metron, Sankhyá, Production Planning and Control, J. Operations Research Society of Japan, J. Operational Research Society of
India, J. Statistics and Management Systems, J. Interdisciplinary Mathematics,
Int’l. J. Information and Management Sciences, J. Information and Optimization Sciences, Inter’l. J. Systems Science.

Authorized licensed use limited to: Tamkang University. Downloaded on November 12, 2009 at 20:08 from IEEE Xplore. Restrictions apply.

