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ABSTRACT
We address the problem of comparing interindividual genomic sequence diversity between
two populations. Although the methods are general, for concreteness we focus on comparing
two human immunode ciency virus (HIV) infected populations. From a viral isolate(s) taken
from each individual in a sample of persons from each population, suppose one or multiple
measurements are made on the genetic sequence of a coding region of HIV. Given a de nition
of genetic distance between sequences, the goal is to test if the distribution of interindividual
distances differs between populations. If distances between all pairs of sequences within
each group are used, then data-dependencies arising from the use of multiple sequences
from individuals invalidates the use of a standard two-sample test such as the t-test. Where
this problem has been recognized, a typical solution has been to apply a standard test to
a reduced dataset comprised of one sequence or a consensus sequence from each patient.
Disadvantages of this procedure are that the conclusion of the test depends on the choice
of utilized sequences, often an arbitrary decision, and exclusion of replicate sequences from
the analysis may needlessly sacri ce statistical power. We present a new test free of these
drawbacks, which is based on a statistic that linearly combines all possible standard test
statistics calculated from independent sequence subsamples. We describe statistical power
advantages of the test and illustrate its use by application to nucleotide sequence distances
measured from HIV-1 infected populations in southern Africa (GenBank accession numbers
AF110959–AF110981) and North America/Europe. The test makes minimal assumptions, is
maximally ef cient and objective, and is broadly applicable.
Key words: HIV genetic diversity, HIV vaccine design, statistica l hypothesis testing, two-sample
test, U-statistic.
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1. INTRODUCTION

S

ince the extensive genetic diversity exhibited by the human immunode ciency virus (HIV) poses
one of the most dif cult challenges to the development of AIDS vaccines and treatments, it is important to understand how sequence diversity differs in various HIV infected populations (Goudsmit et al.,
1991; McCutchan et al., 1996; Essex, 1998; Fomsgaard, 1999; Zolla-Pazner et al., 1999). Populations of
interest to compare include ones de ned by demographic characteristics, host genetic factors such as HLA
type, HIV phylogenetic clusters, biological marker phenotypes, and clinical disease phenotypes. From two
samples of HIV infected persons, suppose the data are measurements on the genetic sequence of a coding
region of a virus or viruses isolated from each person and that multiple clones are sequenced from some
or all persons. Given that genetic distances are calculated between all pairs of HIV sequences within
each population sample, we address how to test for a difference in the distribution of interpatient HIV
sequence distances between the two populations. The test can be used generally for any kind of sequence
distance de nition (e.g., from one based on nucleotides, amino acids, or a phenotype) and for arbitrary
organisms.
The dependency in each set of pairwise sequence distances resulting from the tendency for intrapatient
sequence diversity to be less than interpatient sequence diversity complicates the development of a valid
statistical test. It implies that a standard two-sample test that compares all pairwise sequence distances
between groups is not valid, as the clustering of intrapatient sequences will cause the Type I error rate to
be too high. In the literature, a common way to deal with this problem has been to conduct a standard
two-sample test on a reduced dataset formed from considering only one sequence or consensus sequence
from each patient. Also, commonly, analyses of sequence diversity have not included application of a
formal statistical test. Among many published analyses that have used these approaches, we cite three.
First, McCutchan et al. (1996) compared interpatient envelope sequence diversity between seven Thai
patients in early HIV-1 disease and six Thai patients in late HIV-1 disease. The DNA sequencing included
at least two clones per isolate from the V2–V5 region. Although a goal of the research was to infer
differences in V2–V5 diversity between patients with early and late-stage disease, the analysis did not
include use of a statistical test. Second, Murphy et al. (1993) compared HIV-1 V3 nucleotide diversity of
19 AIDS patients in Bagui, Central African Republic (CAR), infected with subtype A or E (10 A, 9 E) to
V3 nucleotide diversity of 22 patients in Kampala, Uganda, infected with subtype A (Albert et al., 1992),
and to V3 nucleotide diversity of 16 patients in Thailand infected with subtype E (McCutchan et al.,
1992). On average, three sequences (range, 1–5) were available from CAR patients and four sequences
(range, 3–5) were available from Ugandan patients, while one clone was sequenced from each Thai isolate.
Using the consensus sequence from each patient, Murphy et al. (1993) concluded that subtype A CAR
sequences were more diverse between patients than subtype A Ugandan sequences and that subtype E
CAR sequences were more diverse between patients than subtype E Thai sequences. Although statistical
signi cance of these differences was claimed, use of a statistical test was not reported. Third, Novitsky
et al. (1999) compared interpatient HIV-1 nucleotide diversity between 23 subtype C sequences from 8
HIV-1 infected patients in Botswana and 27 subtype B sequences from 23 North American/European HIV-1
infected patients. Two-sample t-tests were used on reduced sequence sets consisting of one sequence per
patient.
Not applying a formal statistical test is clearly not ideal, and the approach that uses only one sequence
per patient has two disadvantages: 1) tests using different selected sequences from patients may give
appreciably different results, with no objective way to identify the “right” test result, and 2) ignoring
replicate sequences may needlessly sacri ce statistical power of the test. To solve both de ciencies, we
propose a new valid global test that ef ciently combines all possible test statistics based on one sequence per
patient. The test builds on ideas of Wei and Johnson (1985), who developed a test procedure for combining
statistically dependent test statistics with incomplete repeated measurements. They considered repeated
measurements of the same characteristic taken under various conditions from each patient. Our problem
is more complicated because the observations are distances between patients rather than measurements on
individual patients.
Extending Wei and Johnson’s (1985) procedure, our global test statistic is de ned as the weighted sum
of all possible unique valid individual test statistics. The weights are selected so that the test has locally
optimal power or for other purposes, such as down-weighting patient isolates with many replicate sequences
or down-weighting sequences obtained from less rigorous laboratory procedures. The global test allows for
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different numbers of sequences from patients, and it makes no assumptions about the dependency structure
of the replicate sequences measured from patients.
A procedure for constructing a global test by linearly combining t-statistics, Wilcoxon rank sum statistics,
or general U-statistics is described in Section 2. Statistical details about this procedure are given in the
appendix. A simple way to construct con dence intervals about group location differences in interpatient
distances by inverting the global test statistic is given in Section 3. In Section 4 we investigate the extent of
statistical power gained from using multiple sequences rather than only one sequence from patients. Two
real examples are given in Section 5, and applications and extensions of the test procedure are discussed
in Section 6.

2. AN EFFICIENT VALID GLOBAL TEST FOR COMBINING
TWO-SAMPLE TEST STATISTICS
Let K and L be the maximum number of clones sequenced from patients in groups 1 and 2, respectively.
Consider the k’th and k 0 ’th sequences from patients in group 1 .k · k 0 2 f1; ¢ ¢ ¢ ; Kg/ and the l’th and
l 0 ’th sequences from patients in group 2 .l · l 0 2 f1; ¢ ¢ ¢ ; Lg/: For each  xed set fk; k 0 ; l; l 0 g, a two-sample
t-statistic Ukk0 ll 0 can be used to test if interpatient distances calculated between k’th and k 0 ’th sequences
in group 1 differ in distribution from interpatient distances calculated between l’th and l 0 ’th sequences
in group 2. More generally, any statistic within the family of two-sample U-statistics can be used, which
includes the Wilcoxon rank sum statistic as well as the t-statistic. Our procedure linearly combines the
.K.K C 1/=2/ ¤ .L.L C 1/=2/ possible unique U-statistics formed
from considering all permutations of
P
P
L
fk; k 0 ; l; l 0 g with k · k 0 and l · l 0 . To do this, de ne V D K
O kk0 ll0 Ukk0 ll 0 , where the weight
k·k 0
l·l 0 w
wO kk0 ll 0 may be data-dependent. Let 3 be the covariance matrix of the complete vector of U-statistics
composed of the elements fUkk0 ll 0 : k · k 0 D 1; ¢ ¢ ¢ K; l · l 0 D 1; ¢ ¢ ¢ ; Lg. Under the null hypothesis
1
O w/
of no group difference in interpatient distance distributions, the global statistic Z D V .wO 0 3
O ¡ 2 is
O is an estimate of 3 and wO is the vector with elements
approximately normally distributed, where 3
O are given in the appendix by formulas
fwO kk0 ll0 : k · k 0 D 1; ¢ ¢ ¢ K; l · l 0 D 1; ¢ ¢ ¢ ; Lg. The elements of 3
(6.3) and (6.4). Signi cance levels of the test can be found by comparing Z to a standard normal distribution.
Alternatively, when the assumption of normally distributed pairwise distances is in question, signi cance
levels can be calculated by a Monte Carlo permutation procedure. In this procedure, the test statistic is
repeatedly calculated using sequence datasets formed by randomly permuting group membership indices
of individuals, and the p-value is computed as the fraction of these statistics greater than the observed test
statistic. Fewer than eight individuals in either group may place the normality assumption in doubt.
The simplest and most easily interpreted global combined statistic weights all U-statistics equally, i.e.,
with all wO kk0 ll0 D 1. Alternatively, the weights wO kk0 ll 0 may be chosen to optimize the statistical power of the
test for detecting a Pitman shift alternative hypothesis (Pitman, 1939; Lehmann, 1975). A major advantage
of the global test is that it does not assume any model of dependence among the distances computed
between various replicate sequences from patients.

3. CONFIDENCE INTERVAL
Suppose the true location difference in interpatient distances between groups, 10 , is the same for
all k · k 0 D 1; ¢ ¢ ¢ ; K; l · l 0 D 1; ¢ ¢ ¢ ; L. This assumes exchangeability of the marginal distributions of
interpatient pairwise distances for the various replicate sequence positions, for each group, which is usually
a tenable hypothesis. Consider the statistic Z as a function of the location difference 1 between the two
groups,
¡ 12
O
Z.1/ D V .1/.wO 0 .1/3.1/
w.1//
O
2
3
K X
L
X
¡ 12
O
D4
wO kk0 ll0 .1/Ukk0 ll0 .1/5 .wO 0 .1/3.1/
w.1//
O
;
k·k 0 l·l 0
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O
O in (6.3)–(6.4) with µkk0 ll 0 D µrr 0 ss 0 D 1 (see
with Ukk0 ll 0 .1/ equal to Ukk0 ll 0 in (6.1) and 3.1/
equal to 3
the appendix). The estimated weights w.1/
O
may depend on 1.
To construct a con dence interval, for a range of  xed 1’s the statistic Z.1/ is calculated, which is a
monotone function of 1. A two-sided 1 ¡ ® level con dence interval about 10 is then given by
.supf1 2 [¡1; 1] : Z.1/ · ¡z1¡®=2 g; inff1 2 [¡1; 1] : Z.1/ ¸ z1¡®=2 g/;

(3.1)

where z® satis es ® D Pr.Z · z® /. A one-sided 1 ¡ ® level con dence interval for 10 has con dence
limit given by the appropriate element of (3.1) with z1¡®=2 replaced by z1¡® . This procedure gives an
asymptotically correct con dence interval since Z.1/ converges to a standard normal random variable for
any  xed 1. Plotting Z.1/ versus 1 provides a useful visual picture of a con dence interval about 10 ,
as illustrated in the  rst example of Section 5.

4. STATISTICAL POWER ADVANTAGES OF THE GLOBAL TEST
We investigate potential ef ciency advantages gained from using all sequences compared to one sequence
in the comparison of interpatient sequence diversity. First we brie y consider the problem studied by Wei
and Johnson (1985), as it provides a clear, simple characterization of conditions under which a combination
global test has power advantages. We suppose K repeated measurements are made on some random
variable on each of m patients in group 1 and on each of n patients in group 2. Consider the K U-statistics
U1 ; ¢ ¢ ¢ ; UK calculated for each of the K measurement
P times (for a de nition of these U-statistics, see
page 360 of Wei and Johnson, 1985). Let V D
k wk Uk be Wei and Johnson’s (1985) test statistic
with equal weights wk D 1; k D 1; ¢ ¢ ¢ ; K. For simplicity, suppose that Var.Uk / D ¾1 for each k and
Cov.Uk ; Ul / D ¾12 for each k 6D l. Then, an easy calculation shows that the asymptotic relative ef ciency
(ARE) of the global test based on V compared to a test based on a single U-statistic U is
ARE.V ; U / D

1
.K ¡ 1/ ¾12
C
:
K
K
¾1

(4.1)

Thus, the combined statistic V offers no ef ciency gains if the Uk0 s are perfectly correlated .corr.Uk ; Ul / D
¾12 =¾1 D 1/ and has asymptotic relative ef ciency increasing with the degree of independence between the
Uk0 s to a maximum of K-fold superior ef ciency for independent Uk0 s .¾12 D 0/. The ARE translates into
sample size requirements by implying that approximately ARE ¤ .m C n/ patients are needed to achieve the
same power to reject the null hypothesis using V compared to using U with m C n patients (Gail, 1985).
Now consider our pairwise P
distancePproblem, with K D L. Since the asymptotic relative ef ciency
K
K
formula for the statistic V D
O kk0 ll 0 Ukk0 ll 0 is complicated, we consider the equivalent test
k·k0
l·l 0 w
P
P
K
K
¤
statistic V D
O kk0 ll 0 Ukk0 ll0 . We suppose equal weights wO kk0 ll0 D 1; k 6 D k 0 ; l 6 D l 0 D
k6 Dk0
l6 Dl 0 w
1; ¢ ¢ ¢ ; K, and for simplicity assume Var.Ukk0 ll 0 / D ¾1111 for all k; k 0 ; l; l 0 . Consider the permutations
of k; k 0 ; l; l 0 ; r; r 0 ; s; s 0 such that fk; k 0 g and fr; r 0 g compose the same set and fl; l 0 g and fs; s 0 g compose
the same set. Suppose Cov.Ukk0 ll0 ; Urr 0 ss 0 / D ¾11111112 for indices with exactly one departure from equality of the two sets above, e.g., k D r; k 0 D r 0 ; l D s 0 , but l 0 different from s and s 0 . Also suppose
Cov.Ukk0 ll0 ; Yrr 0 ss 0 / D ¾11111122 for indices with exactly two departures from equality of the two sets, and
Cov.Ukk0 ll0 ; Urr 0 ss 0 / D ¾11111222 .¾11112222 / for indices with exactly three (four) departures from equality
of the two sets. Direct calculation then shows that the ARE of the global test based on V ¤ relative to a
test based on a single U-statistic U is
³
1
¾11111112
¾11111122
ARE.V ¤ ; U / D 4 1 C 4.K ¡ 1/
C 6.K ¡ 1/2
K
¾1111
¾1111
´
¾11111222
¾11112222
C 4.k ¡ 1/3
C .K ¡ 1/4
:
(4.2)
¾1111
¾1111
This expression is one if all of the covariance/variance ratios (correlations) are one and is K ¡4 if all of
the covariance terms are zero. Thus, the asymptotic relative ef ciency ranges from 1 to K ¡4 depending
on the strength of dependency between the U-statistics.
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This calculation compares the ef ciency of the statistic V ¤ based on balanced, complete data (K sequences from all patients) to the statistic based on one sequence per patient. To accommodate imbalances
in the numbers of sequences from patients in the calculation, K can be replaced by theP
square-root of a
2 1=2 ,
weighted average of numbers of between-sequence comparisons within a patient, K D f K
iD1 fi ¤ i g
where fi is the fraction of the m C n patients with exactly i sequences. Formula (4.2) holds approximately
with K in place of K.
For complete sequence datasets with K D L D 2, 3, or 5 sequences per patient, and for an incomplete
sequence dataset with K D L D 3 and an average of 1.25 sequences per patient (with f1 D 0:8; f2 D
0:15; f3 D 0:05), Fig. 1 illustrates the ARE of the global test relative to a test based on the single statistic
U1111 as a function of the covariance/variance ratios. We set ¾11111112 D ®¾11111122 D ® 2 ¾11111222 D
® 3 ¾11112222 and vary ® and the ratio ¾11111112 =¾1111 between zero and one. When there are three or more
sequences per patient, the ef ciency gain is always substantial (at least 50%) unless all of the correlations
are greater than 0.90. The ef ciency gain is still large when two sequences per patient are used, with
a minimum 30% gain when ¾11111112 =¾1111 < 0:90 and ® < 0:8. With an average of 1.25 sequences
per patient, the ef ciency gain is considerably less, but is still appreciable (greater than 20%) as long as
¾11111112 =¾1111 < 0:60. Notice that the in uence of ® on the ARE increases with the number of replicates
per patient. For a speci c example of how the ARE varies with the number of sequences per patient,
suppose ¾11111112 =¾1111 D 0:80 and ® D 0:6. The ARE is 0.78, 0.60, 0.48, and 0.40 when the number of
sequences per person is 1.25, 2, 3, and 5, respectively.
For a particular sequence dataset, the observed ef ciency gain of the equal-weight global statistic V
relative to a particular U-statistic U can be estimated by

d ; U/ D
ARE.V

»

U
U

¼

2

M

¡2

K X
L X
K X
L
X

k·k 0 l·l 0 r·r 0 s·s 0

M ¡1

K X
L
X

k·k 0 l·l 0

¾O kk0 ll 0 rr 0 ss 0
;

(4.3)

¾O kk0 ll 0

where the covariance
estimates ¾O kk0 ll 0 rr 0 ss 0 are given by (6.3)–(6.4), M D .K.K C 1/=2/ ¤ .L.L C 1/=2/,
P
P
L
and U D M ¡1 K
0
k·k
l·l 0 Ukk0 ll 0 is the average of the U-statistics. The estimated ARE informs about how
much ef ciency was gained by using multiple sequences from patients for the actual test conducted.
These kinds of analyses of ef ciency trade-offs can assist in designing a sampling plan for a sequence
diversity study so that the number of patients and the number of clones sequenced per patient can be
chosen to best address the objectives of the study.

5. EXAMPLES
The global HIV-1 pandemic is most severe in southern African countries, including Zimbabwe, Zambia,
Namibia, South Africa, and Botswana (UNAIDS and WHO, 1998), where subtype C predominates (Becker
et al., 1995; Janssens et al., 1997; Bredell et al., 1998; Essex, 1998). This region represents the center of
the epidemic in terms of geographic position and HIV-1 prevalence, and therefore it is urgent to understand
the diversity of local strains (Becker et al., 1995; Williamson et al., 1995; Janssens et al., 1997; Salminen
et al., 1997; van Harmelen et al., 1997, 1998; Bredell et al., 1998). Recently, Novitsky et al. (1999)
analyzed 23 nearly full-length genome HIV-1 clones derived from eight seropositive patients in Gaborone,
Botswana.
Three clones from each of  ve patients,  ve clones from one patient, and two and one clones from
one patient each were sequenced. A main objective of the study was to compare the interpatient diversity
(as measured by percentage of nucleotide divergence) between these Botswana viruses and 27 full-length
subtype B viruses available from the Los Alamos National Laboratory database. These B sequences were
measured from 23 patients, so the majority had only one sequence, with two clones from two patients and
three clones from one.
Novitsky et al. (1999) compared interpatient distances between virus subtype groups with two-sample
t-tests using one sequence per patient, selected as the  rst sequenced clone. Separate tests were done
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FIG. 1. Asymptotic relative ef ciency of the equal-weight global test compared to a single U-statistic test as a function
of the covariance ratio ¾11111112 =¾1111 when on average (i) 1.25 sequences, (ii) 2 sequences, (iii) 3 sequences, or
(iv) 5 sequences are available from each patient. The rate ® of covariance decrease equals 0, 0.2, 0.4, 0.6, 0.8, and
1.0 as the lines move from bottom to top.
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for nucleotide distances based on 12 genes or regions across the HIV-1 genome. Note that 15 of the 23
Botswana sequences were not used in the analysis, and therefore it is possible that appreciably different
results would be obtained if different sequenced clones had been used. We apply the global test to this
problem, using the statistic that linearly combines all unique individual t-statistics with equal weight.
We brie y describe the methodology we used to obtain the 23 Botswana HIV-1 sequences. Genomic
DNA was obtained directly from patients’ peripheral blood mononuclear cells. Polymerase chain reactions
were performed with the Expand Long Template PCR System (Boehringer Mannheim, Indianapolis, Ind.),
using a previously described set of primers LA in a  nal concentration 300 nM (Fujii et al., 1997). Cycling
included denaturation (94± C, 2 min), 10 additional cycles of denaturation (94± C, 10 sec each), annealing
(65± C, 30 sec), and elongation (68± C, 8 min) followed by 20 cycles for the  rst round (or 17–20 cycles for
the second round) of denaturation (94± C, 10 sec), annealing (65± C, 30 sec), and extension (68± C, 8 min,
with additional 20 sec per cycle). All PCRs were run on PTC-200 (MJ Research, Inc., Watertown, MA).
Both round amplicons were patient to gel-puri cation by the gel extraction kit QIAEX II (QIAGEN Inc.,
Valencia, CA). Cloning was performed using pCR2.1 TOPO (Invitrogen, Carlsbad, CA) and cells JM109
(Promega Corporation, Madison, WI). Plasmid DNA was puri ed by QIAGEN Maxi Plasmid kit (QIAGEN
Inc., Valencia, CA). A strategy of overlapping primers on both strands was used for the full-length genome
sequencing. The reactions were run on an MJR Thermocycler utilizing Taq Dye Terminator FS Mix (ABI,
Foster City, CA) and recommended cycling parameters (25 cycles of 96± C, 10 sec; 50± C, 5 sec; 60± C,
4 min). The sequencing product was then puri ed utilizing ethanol precipitation and run on an automated
373XL DNA sequencer (ABI, Foster City, CA).
For the entire set of subtype B and C sequences, alignments for the various genomic regions were derived
from the complete genome alignment that was built using the hidden Markov model (Eddy, 1996; Korber
et al., 1997). All alignments were globally gap-stripped. Distances were computed by the DNADIST program from the PHYLIP package, v.3.572, under a Kimura 2-parameter model. The transition/transversion
parameter was set to 3.0 for the gag gene, 1.5 for the envelope gene, 1.42 for the V1–V2 and V3 fragments,
and 2.0 for all other genes and loci.
Since different numbers of clones were sequenced from patients, the number of patients from whom
data is used in the calculation of each U-statistic, and therefore the size of the variance of each U-statistic,
depends on the order in which the multiple sequences from a patient are arranged. For example, among
the Botswana sequences, data from all eight patients are used for pairwise comparisons of  rst-sequenced
clones, data from seven patients are used for comparisons of second-sequenced clones, and data from six
patients are used for comparisons of third-sequenced clones. In general, the number of individuals from
whom data are used for comparisons between the kth and k 0 th-sequenced clones equals the number with
maxfk; k 0 g clones, and is zero if this tally of individuals is one.
Since more than three sequences are available from only one Botswana patient (with  ve sequences), we
simplify the example by only using the  rst sequences from this patient. Thus K D L D 3, and the number
of individual test statistics linearly combined by the global statistic is .K.K C 1/=2/ ¤ .L.L C 1/=2/ D 36.
Thus, for this example, 21 of the 23 Botswana C sequences and all 27 of the B sequences are used.
The results of the global test that weights the 36 t-statistics equally are presented in Table 1. The results
of the t-test calculated using only the  rst-sequenced clone from each patient are included for comparative
purposes. The global test based on an equally weighted sum of Wilcoxon rank sum statistics gave highly
similar answers (results not shown).
For all 12 genomic regions, the average interpatient genetic distance is larger for subtype C viruses than
for subtype B viruses. The mean group difference 10 in interpatient distance is statistically signi cantly
different from zero by the global combined test and by the individual t-test in all cases, with two-sided
p-values ranging between 0.0000015 and 0.026. The two procedures produce estimates of 10 , test statistics,
and p-values that tend to have similar values. Con dence intervals about 10 derived from the equal-weight
global statistic tend to be only slightly narrower than con dence intervals derived from the individual
t-statistic, as can be seen for the analyses of envelope, gag, and LTR sequences (Fig. 2). This suggests that
substantial gains in ef ciency have not been realized for this example. To evaluate the reasons for this, we
d ; U1111 / using formula (4.3) for several of the genes. For envelope,
calculated the observed ARE ARE.V
gag, and LTR, for example, it equals 0.92, 0.89, and 0.65, respectively. The ef ciency gains are modest
because U1111 compares distances between  rst-sequenced clones, and very few (only 3) of the 23 persons
in the subtype B group had more than one clone sequenced, so that U1111 is based on a large portion of the
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Table 1. Comparison of Interpatient Nucleotide Sequence Distance Distributions,
Botswana HIV-1 Subtype C Viruses Versus Los Alamos Database HIV-1 Subtype B Virusesa
t-test using  rst sequences only

Genomic
region

Mean
difference
1(%)

Con dence
interval
for 1b0

t-statistic

gag
pol
vif
vpr
tat
rev
vpu
env
V1-V2
V3
nef
30 LTR

3.0
2.1
1.2
4.1
3.1
2.4
4.5
3.1
7.2
2.7
2.3
2.4

(2.6,3.5)
(1.7,2.6)
(0.2,2.2)
(3.0,5.3)
(2.3,4.0)
(1.4,3.3)
(3.6,5.4)
(2.6,3.5)
(5.0,9.3)
(1.8,3.5)
(1.5,3.2)
(1.3,3.2)

4.81
4.56
2.23
4.21
4.25
3.74
4.56
4.78
4.12
4.06
3.72
3.55

Global t-test using all sequences

p-value

Mean
difference
1(%)

Con dence
interval
for 1b0

Z-statistic

p-value

1.5e¡6
5.0e¡6
2.6e¡2
2.6e¡5
2.1e¡5
1.8e¡4
5.0e¡6
1.7e¡6
3.8e¡5
5.0e¡5
2.0e¡4
3.8e¡4

3.3
2.4
1.7
4.9
3.0
2.6
4.7
3.4
7.5
3.1
2.6
2.4

(2.8,3.6)
(1.9,2.9)
(0.1,2.6)
(3.5,5.8)
(2.1,3.9)
(1.7,3.4)
(3.8,5.4)
(2.8,3.7)
(5.3,9.2)
(2.3,3.8)
(1.8,3.5)
(1.1,2.9)

4.65
4.38
2.64
4.09
4.04
3.77
4.52
4.52
4.07
4.13
3.99
3.42

3.4e ¡6
1.2e ¡5
8.4e ¡3
4.3e ¡6
5.4e ¡6
1.6e ¡4
6.3e ¡6
6.1e ¡6
4.8e ¡5
3.7e ¡5
6.7e ¡5
6.3e ¡4

a The subtype B sequences used in the analysis are: AUMBCC54, C18MBC, DH123, 89.6, RF, WEAU, HAN, MN, BCSG3, OYI,
CAM1, NY5, LAI, pNL43, HXB2, JRFL, AUMBC925, AUMBC200, YU2, YU10, ACH320A, ACH320B, SF2, AD8, D31, MANC,
and WR27. Sequences AUMBCC54, C18MBC, and NY5 were excluded from the nef and 30 LTR analyses because of deletions or
the absence of sequences for these regions.
b Ninety- ve percent con dence intervals are calculated by inverting the t-statistic or the equal-weight global combined statistic,
as described in Section 3.

total sequence dataset. When the observed ARE is calculated for V relative to the U-statistic that compares
distances between  rst- and second-sequenced clones, or between second- and second-sequenced clones, or
between second- and third-sequenced clones, the ef ciency advantage is substantial. For the envelope, gag,
d ; U1212 / D 0:48, 0.46, 0.38, ARE.V
d ; U2222 / D 0:61,
and LTR regions, respectively, we calculate ARE.V
d
0.58, 0.23, and ARE.V ; U2323 / D 0:11, 0.10, 0.13. Thus, when another U-statistic besides U1111 is used
for the one-sequence-per-patient analysis, the global test is typically 2 to 10 times more ef cient.
Figure 2 also displays a weighted global statistic as a function of 1, where the weight wO kk0 ll 0 for
Ukk0 ll 0 is de ned by the fraction of pairwise comparisons between the k’th and k 0 ’th sequence replicates
among the maximum possible m.m ¡ 1/=2 in group 1 multiplied by this fraction for the l’th and l 0 ’th
sequence replicates in group 2, divided by the estimated variance ¾O kk0 ll0 of Ukk0 ll0 , that is, normalized by
the average variance estimate of the set of U-statistics that use the same number of pairwise comparisons.
The weighted global statistic consistently produces larger lower and upper con dence limits than the other
two test statistics, illustrating that the choice of weights for the global statistic can appreciably affect the
results.
Graphical comparison of the frequency distributions of interpatient pairwise distances across groups is
useful for evaluating the nature of group differences. For example, in addition to showing a greater level
of envelope sequence pairwise distance in HIV-1 C viruses than in HIV-1 B viruses, Fig. 3 shows less
variability in HIV-1 C envelope pairwise distances.
The illustrative power of this example is limited by the unavailability of multiple sequences from most
patients in group 2. Therefore, we brie y consider another subtype B comparison population from which
there are many sequences per patient. Wolinsky et al. (1996) studied longitudinally a large number of
partial envelope sequences obtained from six participants in the Chicago MACS cohort. We consider a
database comprised of one sequence from each patient for each sampled time point, with 5 time points for
2 patients, 6 time points for 3 patients, and 8 time points for 1 patient, spanning an average 43.2 months
of follow-up after seroconversion. Thus, an average of 6 (range, 5–8) sequences are available from each
patient.
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FIG. 2. Test statistics for comparing distributions of Botswana HIV-1 C and Los Alamos database HIV-1 B interpatient nucleotide sequence distances, plotted as a function of the mean location difference 1. This gives con dence
intervals for 10 based on the global test that weights all sequence comparisons equally, the global test that weights
sequence comparisons by the proportions of pairwise comparisons in each group with the sequence number in question
divided by the normalized estimated variance of the t-statistic, and the t-test performed on  rst sequences only.
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FIG. 3. Frequency distributions of pairwise nucleotide Hamming distances for Examples 1 and 2. The smooth line
through each histogram is calculated by the robust, local smoother function lowess in Splus with two-thirds of the
data smoothed at each histogram break point.

For the comparison of interpatient partial envelope sequence diversity between these sequences and the
23 Botswana sequences, K D 3 and L D 8, and there are 198 two-sample tests that can be performed based
on unique sequence orderings. Alignments and nucleotide distance calculations were done as described
for the  rst example. Figure 3 depicts the interpatient pairwise distance distributions, showing greater
interpatient diversity in Botswana viruses. As depicted in Fig. 4, the individual t-statistics range from
1.63 to 3.08. Given the small sample size of individuals, the Monte Carlo permutation procedure (with
200 randomly sampled datasets) is used to calculate the corresponding signi cance levels. The two-sided
p-values range from 0.001 to 0.102, illustrating that the inference about population differences in sequence
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FIG. 4. Frequency distribution of all possible individual t-statistics (n D 198) calculated from unique replicate sequence positions. The comparison is between samples of interpatient Hamming distances calculated from 21 Botswana
HIV-1 C partial envelope sequences (Novitsky et al., 1999) and from 36 Chicago MACS HIV-1 B partial envelope
sequences (Wolinsky et al., 1996). The equal-weight and inverse-variance-weight (weighting system de ned fully in
the legend of Fig. 2) global Z-statistics are greater than 73% and 76% of the individual t-statistics, respectively.

diversity can vary considerably by the particular sequences selected from patients. The clustering of
t-statistics into four groups can be explained by variations in numbers of sequences per patient, which
causes some t-statistics to utilize more sequence distances. The equal-weight global combined statistics is
2.981, with permutation-based p-value 0.0027. The observed ARE of the global test is 0.739 compared to
an average individual t-test, indicating its .[1=0:739] ¡ 1/ ¤ 100% D 35:3% ef ciency advantage relative
to a t-test conducted on a randomly selected sequence subdataset. The high correlation of the individual
t-statistics, with average correlation corr.Ukk0 ll 0 ; Urr 0 ss 0 / D 0:738, explains why the ef ciency gain for this
dataset with 3–6 sequences from most patients is not larger.
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6. DISCUSSION
The original Wei–Johnson test, upon which our test is based, has important applications in its own right
to the analysis of HIV sequence diversity. This test uses a linear combination of U-statistics to compare two
populations by a characteristic measured repeatedly from each individual. For example, if multiple clones
per individual are sequenced, and the distance from each sequence to a reference sequence is calculated,
then the Wei–Johnson test can be used to assess if one population of sequences is more divergent from
the reference sequence than the other population of sequences. To illustrate how the test could have been
usefully applied in a published paper, consider Albert et al. (1992). They measured 85 V3 sequences from
22 HIV-1 subtype A infected patients in Uganda and compared V3 nucleotide divergence from the United
States/European consensus sequence between two patient populations de ned by phylogenetic clusters.
Whereas Albert et al. (1992) used the consensus sequence from each patient to make the comparison,
the Wei-Johnson test would use all the individual sequences. Among many other applications of the Wei–
Johnson test to sequence diversity research questions, we mention two. First, suppose multiple sequences
are measured from isolates sampled from vaccinated and unvaccinated trial participants infected while
enrolled in a preventive HIV vaccine trial. Then the test would be ideal for assessing if infecting viruses in
vaccinated patients tend to be more divergent from the prototype virus represented in the vaccine construct
than infecting viruses in unvaccinated patients, where “divergence” is measured by a genetic distance or
a phenotypic distance (e.g., a “neutralization serotype” distance or a “CTL epitope” distance). Thus, the
Wei–Johnson test can be used to test “sieve analysis” hypotheses of differential vaccine protection (Gilbert
et al., 1998, 1999) when multiple clones from infected vaccine trial participants are sequenced. Second,
given two vaccine strain candidates and sequence data from persons in the population where a vaccine
trial is planned, the test could be used to determine if one vaccine strain sequence is signi cantly “better
matched” to the local population. Thus, the test can assist in the selection of viral antigens to include in a
vaccine to test locally.
The global test we have developed appropriately accounts for data-dependencies arising from multiplicities of sequences from individuals. However, even when only one sequence per individual is used,
the distances within each sample are not completely independent of one another, as each sequence is
used in multiple pairwise distance calculations. The global statistic can be modi ed to combine individual test statistics that compare samples of distances whose members are completely independent. To
do this, notice that for each individual in group 1, the distances between a sequence from that individual and a sequence from the other m ¡ 1 individuals is an independent, identically distributed sample.
Thus, for  xed replicate sequence indicators k and k 0 , there are m independent identically distributed
samples. Using
the same
for group 2 distances, this suggests de ning a global test-statistic V 0
P
Pm procedure
Pn
0
by V D k·k 0 ;l·l 0 iD1 j D1 wO kk0 ll0 ij Ukk0 ll 0 ij , where now each U -statistic Ukk0 ll 0 ij is speci c to index
individuals i and j as well as to k, k 0 , l, l 0 (see (6.7) in the appendix for a mathematical representation of
d 0 /g1=2 can then be used to test the
Ukk0 ll 0 ij ). The asymptotically standard normal statistic Z 0 D V 0 =fVar.V
null hypothesis. Con dence intervals, tests based on t and Wilcoxon statistics, and the characterization of
optimal weight functions can be derived in a similar manner as shown for the global statistic V .
The principle of constructing global test statistics to use all available sequences and to appropriately
account for data-dependencies can be applied to many other important sequence diversity questions. For
example, suppose multiple sequences per person are available from a population and the goal is to assess if
the mean interpatient sequence distance is different than some  xed value. In a manner directly analogous
to the approach presented here, a valid global test statistic could be constructed as a linear combination
of one-sample U-statistics (which include one-sample t and Wilcoxon statistics), and the global statistic
could be inverted to generate a con dence interval.
A second example is signature analysis. For instance, suppose viruses are sequenced from two infected
populations and the goal is to identify signature sites or motifs in one of the sequence populations. Examples
of comparative populations of interest are vaccinated versus unvaccinated infected trial participants (e.g.,
Berman et al., 1997; Connor et al., 1998; Graham et al., 1998), HIV infected mothers who transmit versus
those who do not transmit the virus to their infant (e.g., Scarlatti et al., 1993; Ahmad et al., 1995; Contag
et al., 1997), and antiretroviral-treated patients whose virus is resistant versus nonresistant to a particular
drug regimen. When one sequence per patient is used, popular signature programs such as VESPA (Korber
and Meyers, 1992; Korber et al., 1993) and MotifScan (Connor et al., 1998) use Fisher’s exact tests to
guide in determining signi cance levels. If more than one sequence is available from some patients, then
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it is natural to use a global statistic that linearly combines Fisher’s exact test statistics. This global statistic
and its properties can be constructed using the principles presented here.
A third example is correlation analysis. Korber et al. (1994) calculated the linear correlation coef cient
of pairwise sequence distances between envelope regions C2-V3 and gp120. As Korber et al. (1994, p.
6736) recognized, the standard Pearson test for positive linear correlation is not completely valid because
all points in the 1326 pairwise comparisons between the 52 patients are not independent. To address this
problem, they conducted Pearson tests on unlinked sequence subsets to verify signi cance for valid test
datasets. A more systematic approach would use a global statistic that linearly combines Pearson statistics
across all unique unlinked datasets.
The magnitude of positive correlations between U-statistics determines how much ef ciency is gained
by using a global test with all sequences compared to a test with only one sequence per individual. If
intraindividual sequence diversity is very small relative to interindividual sequence diversity, then these
correlations are expected to be near one, in which case the global test will give an answer consistent with
results from individual tests on subsequence sets. But if intra- versus interindividual sequence diversity is
substantial, then the correlations will tend to be substantially less than one, in which case the global test
can achieve large (2- to 10-fold) ef ciency gains compared to individual tests, and the various individual
tests may give different conclusions. Since HIV-1 exhibits signi cant relative levels of intrapatient sequence
diversity in some regions (e.g., in the envelope gene [Wain-Hobson, 1995; Mullins, 1995]), the global test
is expected to enjoy appreciable ef ciency advantages for some HIV-1 applications.
In conclusion, for sequence diversity studies in which multiple sequences are measured from isolated
samples from two populations, the two-sample global test developed here will often be the best available
test. Its advantage over the common alternative, a two-sample t-test or Wilcoxon rank sum test conducted
using one sequence or consensus sequence per patient, is interpretability and ef ciency. It is maximally
objective because it gives an overall result that does not depend on the selected sequence subset, and it
is ef cient because it uses all of the available sequences. Some important applications of these tests are
viral diversity studies to evaluate local strains in potential vaccine trial sites, to estimate the extent of
HLA pro le matching with the predominant local viruses, to study the role of viral escape variants, and to
compare populations by different disease stages, vaccine or drug treatment protocols, HLA types/pro les,
or transmission modes and risk factors.
Beyond HIV sequence diversity applications, the global test applies generally to two-sample comparisons
where repeated measurements of the same characteristic are taken between pairs of experimental units
within each sample. The program for the global test and the associated con dence intervals is available by
request from the  rst author (P.B.G.).

APPENDIX: GLOBAL TEST BASED ON LINEARLY COMBINED U-STATISTICS
For measurements from group 1, let Xkk0 ii 0 denote the distance between replicate sequence k from
patient i and replicate sequence k 0 from patient i 0 .i; i 0 D 1; ¢ ¢ ¢ ; m; k; k 0 D 1; ¢ ¢ ¢ ; K/. For measurements
from group 2, let Yll 0 jj 0 denote the distance between replicate sequence l from patient j and replicate
sequence l 0 from patient j 0 .j; j 0 D 1; ¢ ¢ ¢ ; n; l; l 0 D 1; ¢ ¢ ¢ ; L). Let Xii 0 D .X11ii 0 ; ¢ ¢ ¢ ; XKK ii 0 /0 and
Yjj 0 D .X11jj 0 ; ¢ ¢ ¢ ; XLLjj 0 /0 denote independent random samples with distribution functions F and G
whose marginals are denoted by Fkk0 and Gll 0 , respectively .k; k 0 D 1; ¢ ¢ ¢ ; K; l; l 0 D 1; ¢ ¢ ¢ ; L/. Let M be
the maximum of K and L. The null hypothesis to test is H0 : F .z11 ; ¢ ¢ ¢ ; zMM / D G.z11 ; ¢ ¢ ¢ ; zMM / for
2
all z11 ; ¢ ¢ ¢ ; zMM 2 R M . The null hypothesis assumes exchangeability in that the X’s and Y ’s have equal
marginal distributions. The data of some components of Xii 0 and Yjj 0 may be missing; i.e., there may be
fewer than K or L replicates from some patients. Set the indicator function ±kk0 ii 0 to 1 if Xkk0 ii 0 is observed,
0 otherwise, and de ne ²kk0 jj 0 similarly for Ykk0 jj 0 . The indicators ±ii 0 D .±110 ii 0 ; ¢ ¢ ¢ ; ±KK 0 ii 0 /0 .i; i 0 D
1; ¢ ¢ ¢ ; m/ and ²jj 0 D .²110 jj 0 ; ¢ ¢ ¢ ; ²LL0 jj 0 /0 .j; j 0 D 1; ¢ ¢ ¢ ; n/ are assumed to be independent random
samples from possibly different populations and to be independent of the underlying vectors Xii 0 and Yjj 0 .
For each k · k0 2 f1; ¢ ¢ ¢ ; Kg and l · l 0 2 f1; ¢ ¢ ¢ ; Lg, consider a two-sample U-statistic with kernel Á:
Ukk0 ll0 D

p

N

»

m.m ¡ 1/ n.n ¡ 1/
2
2

¼

m
¡1 X
i<i0

n
X

j <j 0

[±kk0 ii 0 ²ll 0 jj 0 fÁ.Xkk0 ii 0 ; Yll 0 jj 0 / ¡ µkk0 ll0 g]

(6.1)
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with µkk0 ll 0 D EfÁ .Xkk0 ii 0 ; Yll 0 jj 0 /g and N D m.m ¡ 1/=2 C n.n ¡ 1/=2. Under H0 , let µkk0 ll0 D µkk0 ll 0 0 , a
known constant, and let Ukk0 ll0 D Ukk0 ll0 0 . The interpatient distances calculated from sequence replicates k
and k 0 in group 1 and replicates l and l 0 in group 2 differ between the two populations if µkk0 ll0 6 D µkk0 ll0 0 .
For given distribution functions F and G, under the hypotheses
EfÁ 2 .Xkk0 ii 0 ; Yll 0 jj 0 /g < 1

.k · k 0 D 1; ¢ ¢ ¢ ; K; l · l 0 D 1; ¢ ¢ ¢ ; L/

and m=n converges to a constant ½ 2 .0; 1/, the multivariate generalized U-statistic .U1111 ; ¢ ¢ ¢ ; UKK LL / 2
R K.K2C1/ L.LC1/
converges to a mean-zero multivariate normal distribution. Let 3 D ..¾kk0 ll 0 rr 0 ss 0 //; k ·
2
k 0 ; r · r 0 D 1; ¢ ¢ ¢ ; K; l · l 0 ; s · s 0 D 1; ¢ ¢ ¢ ; L be the limiting covariance matrix under H0 . If in addition
EfÁ 4 .Xkk0 ii 0 ; Yll 0 jj 0 /g < 1

.k · k0 D 1; ¢ ¢ ¢ ; K; l · l 0 D 1; ¢ ¢ ¢ ; L/;

(6.2)

2
then ¾kk0 ll 0 rr 0 ss 0 is consistently estimated by ¾O kk0 ll 0 rr 0 ss 0 D .2N =m.m ¡ 1//¾O 1kk
0 ll 0 rr 0 ss 0 C .2N=n.n ¡
2
1//¾O 2kk0 ll0 rr 0 ss 0 . Here,
2
¾O 1kk
0 ll 0 rr 0 ss 0

»

³
´¼ ¡1
m.m ¡ 1/ n.n ¡ 1/ n.n ¡ 1/
D
¡1
2
2
2
X
¤
±kk0 ii 0 ±rr 0 aa 0 ²ll 0 jj 0 ²ss 0 bb0 fÁ.Xkk0 ii 0 ; Yll 0 jj 0 / ¡ µkk0 ll0 0 gfÁ.Xrr 0 aa 0 ; Yss 0 bb 0 / ¡ µrr 0 ss 0 0 g
1

(6.3)

and
2
¾O 2kk
0 ll 0 rr 0 ss 0 D

»

³
´¼ ¡1
n.n ¡ 1/ m.m ¡ 1/ m.m ¡ 1/
¡1
2
2
2
X
¤
±kk0 ii 0 ±rr 0 aa 0 ²ll0 jj 0 ²ss 0 bb 0 fÁ.Xkk0 ii 0 ; Yll 0 jj 0 / ¡ µkk0 ll0 0 gfÁ.Xrr 0 aa 0 ; Yss 0 bb 0 / ¡ µrr 0 ss 0 0 g
2

(6.4)

P
0
0
0
0
where
j < j 0,
1 denotes summation over i < i , a <
Pa D 1; ¢ ¢ ¢ ; m with i D a or i 0 D a and
0
0
0
0
b < b D 1; ¢ ¢ ¢ ; n with j 6 D b and j 6D b ; and 2 denotes summation over j < j , b < b D 1; ¢ ¢ ¢ ; n
with j D b or j 0 D b0 and
i 0 , a < a 0 D 1; ¢ ¢ ¢ ; m with i 6D a and i 0 6D a 0 .
PKi < P
For the statistic V D k·k 0 L
O kk0 ll0 Ukk0 ll 0 0 , the possibly data-dependent weight wO kk0 ll0 is assumed
l·l 0 w
to converge in probability, as N ! 1, to a deterministic quality wkk0 ll 0 that is a function of the underlying
1
O w/
distributions F and G under H0 . If 3 is positive de nite, then under H0 the statistic Z D V .wO 0 3
O ¡ 2 has
a limiting standard normal distribution, as N ! 1, where wO D .wO 1111 ; ¢ ¢ ¢ ; wO KKLL /0 2 R K .K2C1/ L.LC1/
2
O D ..¾O kk0 ll 0 rr 0 ss 0 //.
and 3
Adapting the theorem from Wei and Johnson (1985), it can be shown that weight functions de ned in
the following way are optimal for testing the sequence of local alternative hypotheses H1N of the form
1

N
¡
H1N : µkk
0 ll 0 D µkk0 ll 0 0 C t¸kk0 ll 0 N N 2

.k · k 0 D 1; ¢ ¢ ¢ ; K; l · l 0 D 1; ¢ ¢ ¢ ; L/;

(6.5)

where t is any positive constant and f¸kk0 ll0 N g is a sequence of positive numbers that converges to a
deterministic function ¸kk0 ll0 of F0 , the distribution
F under H0 . Let O̧ kk0 ll 0 be a P
consistent estimate of
m.m¡1/ ¡1 Pm
n.n¡1/ ¡1
n
0
0 ii 0 and Ó ll 0 D f
¸kk0 ll0 under H0 , and de ne ¿Okk0 D f 2 g
±
g
0
kk
i<i
j <j 0 ±ll 0 jj 0 .k · k D
2
0
1; ¢ ¢ ¢P
; K; l · l D 1; ¢ ¢ ¢ ; L/. Then it can be shown that, asymptotically, the upper-tailed test based on
VQ D
wQ kk0 ll 0 Ukk0 ll0 0 , with
O ¡1 v
wQ D .wQ 1111 ; ¢ ¢ ¢ ; wQ KK LL/0 D 3

O ¡1 .¿O11 Ó 11 O̧ 1111 ; ¢ ¢ ¢ ; ¿O1K Ó 11 O̧ 1K11 ; ¢ ¢ ¢ ; ¿OKK Ó L1 O̧ KK L1 ; ¢ ¢ ¢ ; ¿OKK Ó LL O̧ KKLL /0 ;
D3

(6.6)
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maximizes the power against all alternatives H1N for which t > 0 in (6.5). Thus, the statistic ZQ D
1
O w/
VQ .wQ 0 3
Q ¡ 2 provides an asymptotically consistent test, optimal in the above sense, for equal distributions
of interpatient sequence distances in the two groups.
We consider important special cases of the global test statistic. With kernel µ.x; y/ D y ¡x, each statistic
Ukk0 ll 0 0 is a t-statistic. Under the Pitman location alternative H1N , µkk0 ll0 0 D 0, and the optimal weights are
de ned by (6.6) with O̧ kk0 ll 0 D 1. Inspection of (6.6) shows that the optimal weight wQ kk0 ll0 equals the inverse
O ¡1 multiplied by the k, k 0 , l, l 0 ’th element of the vector v, equal to the fraction of pairwise
variance 3
comparisons between the kth and k 0 ’th sequence replicates among the maximum possible m.m ¡ 1/=2 in
group 1 multiplied by this fraction for the lth and l 0 ’th sequence replicates in group 2. Thus, it weights
each t-statistic by the inverse variance and by the amount of data used in the test.
Next consider the global test formed by combining Wilcoxon statistics. For this test to be well-de ned,
it is necessary to assume that the distribution functions F and G are continuous. With kernel Á .x; y/ D 1
if y < x and 0 otherwise, µkk0 ll 0 0 D 1=2, and Ukk0 ll 0 0 is a Wilcoxon statistic. The weights for the locally
most powerful test statistic are de ned as follows. In (6.5) t D 1, and
1

¸kk0 ll 0 N D 1¡1 N 2

Z

1
¡1

1

fFkk0 ll0 0 .x/ ¡ Fkk0 ll 0 0 .x ¡ 1N ¡ 2 /gdFkk0 ll0 0 .x/;

R1 2
which converges to ¸kk0 ll 0 D ¡1 fkk
0 ll 0 0 .x/dx < 1 as N ! 1, where f kk0 ll 0 0 is the density function of
Fkk0 ll 0 0 . Extending the formula in Wei and Johnson (1985), optimal weights for testing H1N are de ned by
1

O̧ kk0 ll0 D

º° .mkk0 C nll0 / 2
1

.3mkk0 nll 0 / 2 .D .mkk 0 nll 0 C1¡c° / ¡ D .c° / /

;

P
P
where º° is the standard normal ° critical value, mkk0 D i<i 0 ±kk0 ii 0 ; nll0 D j <j 0 ²ll0 jj 0 , D .1/ < ¢ ¢ ¢ <
D .mk k0 nl l0 / are the ordered set of mkk0 nll 0 differences Yll 0 jj 0 ¡ Xkk0 ii 0 , and
1
1
1
mkk0 nll0 ¡
º° fmkk0 nll0 .mkk0 C nll 0 /g 2 :
2
12
P
P
Pn
For the modi ed global statistic V 0 D k·k 0 ;l·l 0 m
O kk0 ll0 ij Ukk0 ll 0 ij introduced in the DiscusiD1
j D1 w
sion section, the U-statistics are de ned by
c° D

Ukk0 ll 0 ij D

p

m
n
mCn¡2 X X
[±kk0 ii 0 ²ll 0 jj 0 fÁ .Xkk0 ii 0 ; Yll 0 jj 0 / ¡ µkk0 ll 0 ij g]:
.m ¡ 1/.n ¡ 1/ 0
0

(6.7)

i 6 Di j 6 Dj

The variance of V 0 can be calculated similarly as displayed in (6.3) and (6.4).
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