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Abstract: In this paper, a new adaptive fuzzy sliding mode control (AFSMC) design strategy is
proposed for the control of a special class of three-dimensional fractional order chaotic systems with
uncertainties and external disturbance. The design methodology is developed in two stages: first,
an adaptive sliding mode control law is proposed for the class of fractional order chaotic systems
without uncertainties, and then a fuzzy logic system is used to estimate the control compensation
effort to be added in the case of uncertainties on the system’s model. Based on the Lyapunov theory,
the stability analysis of both control laws is provided with elimination of the chattering action in
the control signal. The developed control scheme is simple to implement and the overall control
scheme guarantees the global asymptotic stability in the Lyapunov sense if all the involved signals
are uniformly bounded. In the present work, simulation studies on fractional-order Chen chaotic
systems are carried out to show the efficiency of the proposed fractional adaptive controllers.

Keywords: chaotic systems; fractional-order system; sliding mode control; adaptive fuzzy control;
Lyapunov stability

1. Introduction

It is undeniable that fractional-calculus (computation of derivatives and integrals of any arbitrary
real or complex order) and its applications focused much interest in the last three decades [1].
This growing popularity and importance is mainly due to its demonstrated applications in numerous
seemingly diverse fields of science and engineering [2–4].

A great number of researchers focused their studies on fractional order systems presenting chaotic
dynamics [5–7]. Recently, a class of fractional order piece-wise continuous systems was able to produce
chaotic behavior with hidden attractors [8,9]. Many control strategies have been proposed in the related
literature for the stabilization and synchronization of chaos in nonlinear fractional-order systems such
as fractional-order linear controllers [10], fractional-order PIλDµ control [11], adaptive control [12],
adaptive H∞ control [13], fuzzy adaptive control [14], and adaptive backstepping control [15].

Recently, sliding-mode control (SMC) has gained much attention for the control and
synchronization of fractional-order chaotic systems [16–18]. This is mainly due to its robustness
against parameter variations and external disturbances under matching conditions [19,20]. In fact,
robustness of a control system is very important because various uncertainties exist in practical
applications; furthermore, noises in general are ubiquitous in natural and synthetic systems [21].
Based on the Lyapunov theory of stability, SMC is advantageous for this consideration, because it can
switch the control law very fast to drive the states of the system from any initial states into a specified
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sliding surface, and to maintain the states on the surface for all subsequent time [22]. It is worth
noticing that fuzzy sets have been extensively associated with SMC to deal with uncertainties and
disturbing functions in both classical and fractional-order contexts [14,23,24].

In this paper, a novel fuzzy adaptive sliding mode controller is introduced to stabilize a class of
fractional-order chaotic systems. The control law is developed in two stages: First we consider the
ideal case (free from uncertainties and disturbances) for which a sliding surface and a SMC control
law is proposed that guaranties the stability of the system in the sense of Lyapunov theory. In the
second stage, the control problem of this class of fractional-order nonlinear systems in presence of
uncertainties and external disturbances is studied. A fuzzy adaptive SMC control law is proposed to
stabilize asymptotically the closed-loop system. In addition, simulation results on fractional-order
Chen system show that the recurrent SMC problem of chattering phenomena is eliminated by the
proposed control law.

In this design procedure, both the uncertainties in the fractional-order system model and
the external disturbance signal are represented by the Takagi–Sugeno (TS) fuzzy-neural-network
(FNN) model.

The rest of the paper is organized as follows. Section 2 presents some basic definitions of fractional
calculus and the general fractional-order chaotic systems. Section 3 presents an introduction to fuzzy
systems theory. In Section 4, a fractional order sliding mode controller design is proposed for a class of
three-dimensional fractional-order chaotic systems with numerical application results to the fractional
chaotic Chen system. Section 5 investigates adaptive sliding mode control design for chaotic systems
with uncertainties and external disturbances using fuzzy sets. The stability analysis is performed
using Lyapunov theorem and the simulation example for the control of fractional Chens system is
clearly presented to show the viability and efficiency of the proposed fractional adaptive controllers.
Finally, the paper is concluded in Section 6.

2. Preliminaries

Fractional calculus has three centuries of mathematical history. Over the past three centuries, this
subject was the exclusive domain of mathematicians; only in the past few years, has fractional calculus
been implemented in several fields of engineering science [25].

2.1. Basic Definitions

There are many mathematic definitions for fractional integration and derivation. We here present
two current used ones.

2.1.1. Riemann–Liouville (R-L) Definition

It is one of the most popular definitions of the fractional order integrals and derivative [26].
The R-L integral of fractional order λ, (0 < λ < 1) is given as,

Iλ
RLg(t) = D−λg(t) =

1
Γ(λ)

∫ t

0
(t− ζ)λ−1g(ζ)dζ (1)

and the R-L derivative of fractional order µ is:

Dµ
RLg(t) =

1
Γ(n− µ)

dn

dtn

∫ t

0
(t− ζ)n−µ−1g(ζ)dζ (2)

where the integer n verifies: (n− 1) < µ < n. Definition (2) can be represented as:

Dµ
RLg(t) =

dn

dtn

{
I(n−µ)g(t)

}
(3)
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2.1.2. Grünwald–Leitnikov (G-L) Definition

The G-L integral is given by

Iλ
GLg(t) = D−λg(t) = lim

h→0
hλ

k

∑
j=0

(−1)j

(
−λ

j

)
g(kh− jh) (4)

Here, the coefficients ω
(−λ)
j verify ω

(−λ)
0 =

(
−λ

0

)
= 1 and belong to the following polynomial,

(1− z)−λ =
∞

∑
j=0

(−1)j

(
−λ

j

)
zj =

∞

∑
j=0

ω
(−λ)
j zj (5)

The G-L derivative is:

Dµ
GLg(t) =

dµ

dtµ g(t) = lim
h→0

h−µ
k

∑
j=0

(−1)j

(
µ

j

)
g(kh− jh) (6)

where

ω
(µ)
j =

(
µ

j

)
=

Γ(µ + 1)
Γ(j + 1)Γ(µ− j + 1)

and ω
(µ)
0 =

(
µ

0

)
= 1. Two general properties of the fractional-order derivative are used:

Property 1. The additive index law

Dα
(

Dβ f (t)
)
= DαDβ f (t) = Dα+β f (t) (7)

Property 2. Caputo fractional derivative operator is a linear operator

Dα (a f (t) + bh(t)) = aDα f (t) + bDαh(t) (8)

(a, b are real constants).

2.2. Implementation of Fractional Operator

Generally, industrial control processes are sampled, so a numerical approximation of the applied
fractional operator is indispensable. There exists several approximation approaches; some are temporal,
while others are in frequency domain. In the literature, one of the current used approaches in
frequency domain is the one of Charef [27,28]. In temporal domain, there is a lot of work about
the numerical solution of the fractional differentials equations. Diethelm has proposed an efficient
method based on the predictor–corrector Adams Algorithm [29]. Definitions cited above also have
numerical approximations:

Grünwald–Leitnikov (G-L) Approximation

For numerical computation of fractional order integrals and derivatives, we may use the
Grünwald–Letnikov (G-L) definitions and Equations (5) and (6), respectively. Thus, for a causal
function f (t), and for t = kh where h is a fixed sampling time period, the fractional order derivative is
given as follows [26]:

Dµ f (kh) =
dµ

dtµ f (t) ∼= h−µ
k

∑
j=0

ω
(µ)
j f (kh− jh) (9)
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where the coefficients ω
(µ)
j are computed by using the following recursive formula:

For j = 1, 2, ..., k:
ω
(µ)
0 = 1

and

ω
(µ)
j =

(
1− 1 + µ

j

)
ω
(µ)
j−1 (10)

2.3. General Fractional-Order Chaotic System Description

In this work, we consider the class of three-dimensional fractional-order chaotic systems given by
the following equations [16]:

D(q1)x = y · f (x, y, z) + z · φ(x, y, z)− α · x
D(q2)y = g(x, y, z)− β · y
D(q3)z = y · h(x, y, z)− x · φ(x, y, z)− γ · z

(11)

where qi(i = 1, 2, 3) are fractional orders satisfying 0 < qi < 1; and x, y and z are state variables.
Each of the four functions f (.), g(.), h(.) and φ(.) is considered as a continuation of nonlinear vector
functions belonging to R3 → R space. α, β, γ are known constants, for any negative or positive values.

Remark 1. The fractional-order system in Equation (11) is called a commensurate fractional-order system if
q1 = q2 = q3 = q, otherwise we call the system in Equation (11) an incommensurate fractional-order system.

Remark 2. We note that many fractional-order chaotic systems belong to the class of systems characterized
by Equation (11) depending on the values of the functions f (.), g(.), h(.) and φ(.). Table 1 details this class of
nonlinear fractional-order systems [16,30].

Table 1. Class of nonlinear fractional-order systems characterized by Equation (11).

Name Model f (x, y, z) g(x, y, z) h(x, y, z) φ(x, y, z)

Chen’s system


D(q1)x(t) = a(x(t)− y(t))
D(q2)y(t) = d− x(t)z(t) + cy(t)
D(q3)z(t) = x(t)y(t)− bz(t)

a d− xz + cy x 0

Lorenz system


D(q1)x(t) = a(y(t)− x(t))
D(q2)y(t) = x(t)(b− z(t))− y(t)
D(q3)z(t) = x(t)y(t)− cz(t)

a x(b− z) x 0

Lu’s system


D(q1)x(t) = a(y(t)− x(t))
D(q2)y(t) = −x(t)z(t) + cy(t)
D(q3)z(t) = x(t)y(t)− bz(t)

a −xz + cy x 0

Liu system


D(q1)x(t) = −ax(t)− ey2(t))
D(q2)y(t) = −kx(t)z(t) + by(t)
D(q3)z(t) = mx(t)y(t)− cz(t)

−ey −kxz + by x 0

Financial system


D(q1)x(t) = z(t) + x(t)(y(t)− a)
D(q2)y(t) = 1− by(t)− x2(t)
D(q3)z(t) = −x(t)− cz(t)

x 1− x2 0 1
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Fractional Order Chen System

The fractional order version of Chen system is a particular case of class of three-dimensional
fractional-order chaotic systems (Equation (11)), with

f (x, y, z) = a
g(x, y, z) = dx− xz
h(x, y, z) = x
φ(x, y, z) = 0

(12)

It becomes then [31],
D(q1)x(t) = a(y(t)− x(t))
D(q2)y(t) = (c− a)x(t)− x(t)z(t) + cy(t) + u(t)
D(q3)z(t) = x(t)y(t)− bz(t)

(13)

where x(t), y(t) and z(t) are state variables and 0 < q1, q2, q3 < 1 are fractional orders.
For the fractional orders’ values q1 = 0.9 and q2 = q3 = 0.95, the system in Equation (13) without

the controller exhibits a chaotic behavior, as shown in Figure 1, when (a, b, c, d) = (35, 3, 28,−7).
The simulation results are carried out using the MATLAB software.
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Figure 1. Cont.
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Figure 1. Chaotic State trajectories of the fractional-order Chen system: (a) states z-y; (b) states z-x; and
(c) states y-x.

3. Introduction to Fuzzy Systems

A fuzzy control system (FLS) involves the control of a process using fuzzy linguistic descriptions.
It has the advantage of easy development, implementation and maintenance of control systems [32].
It consists of four parts: the knowledge base, the fuzzifier, the fuzzy inference engine working on fuzzy
rules, and the defuzzifier. The knowledge base for FLS is comprised of a collection of fuzzy If–then
rules of the following form:
Rj: If x1 is Fj

1 and x2 is Fj
2 and ... and xn is Fj

n, then y is ϕj, j = 1, 2, ...N
where x = (x1, ..., xn)T and y are the FLS input and output, respectively. Fuzzy sets Fj

i and ϕj

are associated with the fuzzy functions µ
Fj

i
(xi) and µϕ(y), respectively. N is the number of rules.

Through singleton function, center average defuzzification, and product inference [33], the fuzzy logic
system can be expressed as:

y(x) = θTξ(x) = ξ(x)Tθ (14)

where θ = [y1, y2, ..., yN ]
T = [θ1, θ2, ..., θN ]

T is a vector of the adjustable factors of the consequence part
of the fuzzy rule and ξ(x) = [ξ1(x), ξ2(x), ..., ξN(x)]T is a regressive vector with the regressor (fuzzy
basis functions) ξi(x) defined as (see [34]),

ξi(x) =
∏N

i=1 µ
Fj

i
(xi)

∑N
j=1

(
∏N

i=1 µ
Fj

i
(xi)

) (15)

4. Sliding Mode Control Design for the General Fractional-Order Chaotic System

4.1. Sliding Mode Control Law

The control input u(t) is added to the second state equation to control the fractional-order chaotic
system in Equation (11). The resulting class of fractional-order model can be expressed as [25]:

D(q1)x = y · f (x, y, z) + z · φ(x, y, z)− α · x
D(q2)y = g(x, y, z)− β · y + u(t)
D(q3)z = y · h(x, y, z)− x · φ(x, y, z)− γ · z

(16)

To obtain the sliding mode control law, let us define the sliding surface as [35]:

S(t) = D(q2−1)y(t) +
∫ t

0
ψ(τ)dτ (17)
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where ψ(t) is a function described by

ψ(t) = y · f (x, y, z) + c1 · h(x, y, z)− (1− c2)g(x, y, z) + β · y (18)

For the sliding mode technique, the sliding surface and its derivative must satisfy

S(t) = D(q2−1)y(t) +
∫ t

0
ψ(τ)dτ = 0 (19)

and
Ṡ(t) = D(q2)y(t) + ψ(t) = 0 ⇒ D(q2)y(t) = −ψ(t) (20)

According to the sliding mode theory and using Equations (16) and (20), the equivalent control
law is derived as

ueq(t) = −y · f (x, y, z)− c2 · g(x, y, z)− c1 · h(x, y, z) (21)

To design the reaching mode control scheme, which drives states onto the sliding surface, a
reaching law can be chosen as

ur(t) = −Kr sgn (S(t)) (22)

where

sgn (S(t)) =


−1 i f S(t) < 0
0 i f S(t) = 0
+1 i f S(t) > 0

(23)

and the Kr is the reach gain of the controller, Kr > 0.
Finally, the total control law can be defined as

us(t) = ueq(t) + ur(t) (24)

We can then establish the following result,

Theorem 1. The nominal fractional chaotic system in Equation (16) is asymptotically stabilized under the
proposed sliding control law in Equation (24).

Proof. The Lyapunov candidate function is selected as:

V =
1
2

S2 (25)

The time derivative of the Lyapunov function is given by

V̇ = SṠ (26)

where V̇ = d
dt {S(t)}, we obtain [35],

V̇ = S
(

D(q2)y(t) + ψ(t)
)

= S (g(x, y, z)− β · y + us(t) + y · f (x, y, z) + c1 · h(x, y, z)− (1− c2)g(x, y, z) + β · y)
= S

(
g(x, y, z) + ueq(t) + ur(t) + y · f (x, y, z) + c1 · h(x, y, z)− (1− c2)g(x, y, z)

)
(27)

= S (−Kr sgn (S(t)))

= −Kr |S(t)| < 0

Thus, the closed loop system is globally asymptotically stable via the sliding mode control.
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Remark 3. The same form as Equation (17) is used for the sliding surface than in [35], however the proposed
function ψ(t) defined in Equation (18) is augmented by the presence of the g(x, y, z) function, leading to the
different (and novel) control law in Equation (21). The coefficients c1 and c2 verifying c1 ∈]0, 1] and c2 ∈ [1, 2],
have been introduced in the sliding mode control law in Equation (21) as tuning parameters, allowing the control
of the states convergence speed.

Remark 4. From Table 1 representing different fractional order systems included in the considered class of
fractional order chaotic systems, it is obvious that the control law in Equation (21) can be easily and successfully
applied to all these systems, confirming former studies on the similarities of Lorenz, Lu and Chen systems
(e.g., [35,36]).

4.2. Application to Fractional-Order Chen System

In this section, we present an illustrative example to verify and demonstrate the effectiveness of
the proposed control scheme.

The control input u(t) to stabilize Chen system is added to the third state equation to control
chaos in the fractional order system in Equation (13). The proposed class of fractional order model in
Equation (16) can be described as follows:

D(q1)x(t) = a(y(t)− x(t))
D(q2)y(t) = (c− a)x(t)− x(t)z(t) + cy(t) + us(t)
D(q3)z(t) = x(t)y(t)− bz(t)

(28)

Using the sliding mode control law in Equation (24), we derive the following control action with
c1 = 0.9 and c2 = 0.5 to stabilize the fractional-order Chen system,

u(t) = −c x(t)− Kr sgn (S(t)) (29)

The simulation results are shown in Figures 2 and 3, where the reaching gain Kr = 0.1, and the
initial values [x, y, z]T = [−9,−5, 14]T showing the states of the system in Equation (28) under the
controller in Equation (29) illustrated in Figure 4.

The sliding surface in Equation (17) is illustrated in Figure 5, which shows that the sliding mode
control law guarantees the sliding surface reaches final stabilization. It should be noted that the control
is activated at t = 5 s .
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Figure 2. State trajectories of stabilized fractional-order Chen system.
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Figure 4. The time response of the controller u(t).
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Figure 5. The sliding surface.

5. Fuzzy Adaptive Sliding Mode Control of Uncertain Perturbed Fractional Order Chaotic System

Let us consider the fractional-order chaotic system in Equation (16) with uncertainties in the
presence of an external disturbance. It will be illustrated that the system can be stabilized under the
sliding mode and fuzzy adaptive control.

D(q1)x = y · f (x, y, z) + z · φ(x, y, z)− α · x
D(q2)y = g(x, y, z)− β · y + ∆g(x, y, z) + d(t) + u(t)
D(q3)z = y · h(x, y, z)− x · φ(x, y, z)− γ · z

(30)

where ∆g(x, y, z) denotes an uncertainty and d(t) denotes an external disturbance against the
performance of the system, which are bounded by some positive constants.

We introduce the augmented adaptive control action given by:

u(t) = us(t) + u f (t) (31)

where us(t) is the control law of the ideal case in Equation (24), and u f (t) is an additive adaptive fuzzy
control law defined as,

u f (t) = θT(t) ξ(x) (32)
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with
θ̇T(t) = −γ ξ(x) S(t) (33)

where γ is a positive scalar value.
The control signal u f (t) is employed to attenuate the error ∆g(x, y, z) and external disturbance

d(t). This leads us to the main result given as follows.

Theorem 2. The fractional chaotic system in Equation (30) with bounded model uncertainty ∆g(x, y, z) and
an additive disturbance d(t) on the second state is asymptotically stabilized under the proposed adaptive fuzzy
sliding mode control law in Equation (31).

Proof. The Lyapunov candidate function is selected as:

V =
1
2

S2 +
1

2γ
φTφ (34)

where φ = θ? − θ and θ? is the optimal parameter vectors. The time derivative of the Lyapunov
function is given by

V̇ = SṠ +
1
γ

φT φ̇ (35)

where V̇ = d
dt {S(t)} and φ̇ = −θ̇. Thus, we get,

V̇ = S
[

D(q2)y(t) + ψ(t)
]
+

1
γ

φT φ̇

= S
[

g(x, y, z)− β · y + ∆g(x, y, z) + d(t) + u(t) + u f (t)+

+ y · f (x, y, z) + c1.h(x, y, z)− (1− c2)g(x, y, z) + β · y]− 1
γ

φT θ̇

= S
[

g(x, y, z) + ∆g(x, y, z) + d(t) + ueq(t) + ur(t) + u f (t)

+ y · f (x, y, z) + c1.h(x, y, z)− (1− c2)g(x, y, z)]− 1
γ

φT θ̇

= S
[
u f (t) + ∆g(x, y, z) + d(t)− Kr sgn (S(t))

]
− 1

γ
φT θ̇

= S
[
θT(t) ξ(x) + ∆g(x, y, z) + d(t)− Kr sgn (S(t))

]
− 1

γ
φT θ̇ (36)

= S
[
θT(t) ξ(x)− θ?T(t) ξ(x) + θ?T(t) ξ(x) + ∆g(x, y, z) + d(t)− Kr sgn (S(t))

]
− 1

γ
φT θ̇

= S
[
−φT(t) ξ(x) + θ?T(t) ξ(x) + ∆g(x, y, z) + d(t)− Kr sgn (S(t))

]
− 1

γ
φT θ̇

= S
[
θ?T(t) ξ(x) + ∆g(x, y, z) + d(t)− Kr sgn (S(t))

]
− φT(t)

[
ξ(x)S +

1
γ

θ̇

]
= S

[
θ?T(t) ξ(x) + ∆g(x, y, z) + d(t)− Kr sgn (S(t))

]
= S

[
θ?T(t) ξ(x) + W(t)− Kr sgn (S(t))

]
where the uncertainty and disturbance term is defined as,

W(t) = ∆g(x, y, z) + d(t)
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Fuzzy logic systems are known as universal approximations, i.e., they are able to approximate
a smooth function on a compact space [34]. Thus, we can obtain θ? such that:

W(t) = −θ?T(t) ξ(x) (37)

and then the following result is obtained,

V̇ = S [−Kr sgn (S(t))] = −Kr |S| < 0 (38)

Application to the Uncertain and Disturbed Fractional-Order Chen System

To illustrate the performance of the proposed robust adaptive control approach, we consider
the fractional-order chaotic Chen system in Equation (28), subject to model uncertainties and
additional disturbances.
The fractional uncertain perturbed version of Chen system is given by:

D(q1)x(t) = a(y(t)− x(t))
D(q2)y(t) = (c− a)x(t)− x(t)z(t) + cy(t) + ∆g(x, y, z) + d(t) + u(t)
D(q3)z(t) = x(t)y(t)− bz(t)

(39)

We use the same parameter values of the fractional-order Chen system given in Section 4.2.
The uncertainty term ∆g(x, y, z) applied to the system is given by,

∆g(x, y, z) = 0.75 sin(10x(t)) cos(3y(t)) cos(πz(t)) (40)

and the external disturbances d(t) are defined as:

d(t) = 1.25 cos(2ty(t)) + 0.5 sin(3t) (41)

We define five fuzzy membership functions for each error and derivative of error ei, i = 1, 2, given as

µ
Fj

1
(ei) = exp

[
−
(

ei + 1.25
0.3

)2
]

µ
Fj

2
(ei) = exp

[
−
(

ei + 0.625
0.3

)2
]

µ
Fj

3
(ei) = exp

[
−
( ei

0.3

)2
]

(42)

µ
Fj

4
(ei) = exp

[
−
(

ei − 0.625
0.3

)2
]

µ
Fj

5
(ei) = exp

[
−
(

ei − 1.25
0.3

)2
]

For the given application, the adaptive gain is set to γ = 20. The simulation results are given in
Figures 6–10.

To show the robustness of the proposed AFSMC, the control effort is activated at t = 5 s. Figure 6
shows the state trajectories x, y and z of stabilized uncertain fractional-order Chen system. Figure 7
presents a phase portrait of the uncertain chaotic system under the control action. We can see that a
fast convergence to 0 is achieved as the control effort is activated. The global control-effort trajectory is
shown in Figure 9, and trajectory of the sliding surface S(t) is shown in Figure 10.
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We remark that the performance of the designed controller is satisfactory and the robustness
of the designed fuzzy adaptive controller is also verified and approved. Even the disturbance
magnitude ‖d(t)‖ ≤ 1.2 in this numerical study is widely increased when compared with similar
control designs in the literature, we cite for instance the work presented in [35] with ‖d(t)‖ ≤ 0.5
and [22] with ‖d(t)‖ ≤ 0.1. This illustrates the superiority of the proposed control design to reject
additive disturbances.
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Figure 6. State trajectories of stabilized uncertain fractional-order Chen system: (a) x state; (b) y state;
and (c) z state.
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Figure 10. The sliding surface.

6. Conclusions

In this paper, a new adaptive sliding mode control law has been designed according to the
Lyapunov stability theorem, to control a class of fractional-order chaotic systems. Based on the fuzzy
sets theory, an additive adaptive control law is introduced to compensate the uncertainties and
disturbances. Stability analysis of the robust adaptive controller is performed. Finally, a numerical
example on the sub-class of fractional-order Chen system has been included to demonstrate the
effectiveness of the proposed control scheme.
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