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The propagation of waves in a metamaterial consisting of split ring resor(&BR3 and metallic

rods is considered in several steps. The first involves the rods in isolation, the second the SRRs in
isolation, and the third a combination of the two, which includes the coupling between neighboring
SRRs and allows the propagation of magnetoindudiMe) waves. The mathematical formulation

is based on a conventional description of loaded transmission lines. A dispersion equation is derived
to show the main features of known experimental results, including all the stop bands and
passbands, the latter exhibiting both forward and backward waves. The interaction between
electromagnetic and Ml waves is presented in the form of a coupled dispersion equation. The
applicability of the approaches based on negative material parameters is discus2685©
American Institute of PhysicfDOI: 10.1063/1.1850182

I. INTRODUCTION (i) the exponential decay of the input electromagnetic wave
below a certain frequency when only a set of metallic
The experimental results of Smidt al*?and Shelbyet rods is present;

al.>* with split ring resonator$SRR3,> metallic rods®> and (i) the exponential decay of the input electromagnetic wave
their combinations displayed some striking phenomena, in a certain frequency band when only a periodic array
which were fully corroborated by later measureméritShe of SRRs is present;
main aim was to confirm Veselago’s predicﬁahat negative (iii) transmission with moderate attenuation when the fre-
refraction may occur when the effective permeability and the  quency is within the stop band of the SRRs and below
effective permittivity of a material are both negative. This the cut-off frequency of the rods; and
correlation between negative material parameters and negév) refraction according to an inverse Snell's law when a
tive refraction has now been widely accepted. wave is incident upon an ordinafyight handed in Ve-

It is certainly a possible explanation, but is it the only ~ selago’s terminologymedium from one satisfying con-
explanation? It seems rather artificial to have to invoke nega-  dition (iii).

tive material parameters when the physics consists of nOﬂ\7\/e assert here that all these phenomena can be explained by

ing more than coupling of waves to a periodic array. In fact, . -
9 . ping P Y- using nothing more sophisticated than the standard methods
an alternative explanation has been proposed by Lirgtell L . .
of loaded transmission line theory known to engineers at

10 — . . .
g;ck\t/)visrgC\j/vg\r;etg(ran:jirf]iq:alglf)ysgrl;?é?;ogiéeaggmggﬁgmh least for half a century. These were established by BrilSuin
o e T and have been widely used to describe the properties of ar-
authors mamtamed_ that negative refraction is simply a CONgiicial dielectrics(see, for example, the book by Coltfn
sequence of the existence of backward wa@¥) and they Apart from the main body of the experiments concentrat-

even proposed that all the media having negative parametefg, o the negative material parameter aspects of metamate-
should be referred to as BW media instead. rials, there is another set of experimental results available
The present paper addresses the questions on whether Wg,cerned with waves on an array of magnetically coupled
could still explain the experimental results quoted above ifasonant elements, namely, capacitively loaded 139ps,
the concept of negative material parameters had never beegiss Rolls’,le and SRR<7 It should be emphasized that
proposed, and on what kind of mathematical apparatus thafege waves, known as magnetoinductiidi) waves, are

would require. The principal effects to explain are not simple analogs of longitudinal plasma waves. A longitu-
dinal plasma wavéwhich has its electric-field vector in the

¥Electronic mail: r.syms@imperial.ac.uk longitudinal direction exists only at a single frequency and
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FIG. 1. Schematic of an electromagnetic wave incident upon an element of

an array composed of split ring resonators and rods. 0.00 T
0.00 0.05 0.10

kaln

will not couple to a transverse electromagnetic wave. MIFIG. 2. (a) Equivalent circuit of lengtta of a transmission line loaded with
waves exist within a band of frequencies and do couple tanetal rodsi(b) dispersion diagram predicted by B®) with w,/ =0 (dot-
electromagnetic waves. The transverse magnetic field of ai§d i@ andwy/w=0.1(full line).

input electromagnetic wave will, via the currents set up in

the resonant elements, influence not only the electromagnetic L, = (u.a/27)[In(2a/r) - 1]. (1)

wave itself but will also set up the Mi waves. Here u, is the permeability of free space. A section of a
These concepts have been discussed in several theoreti- Ko P y pace.

cal publication&*°that do not invoke negative material pa- U ansmission line of length loaded by such an inductance is

rameters, and indeed it would not be easy to fit the Ml wavesShown. n F!g. Za)_ in the fo_rm of a four _pol_e. The corre-
ponding dispersion equation for a periodic array can be

into negative parameter theories. If one accepts that the efPo! ; S S
ey pare , -cep . readily obtained from Brillouin's theor§? which is at the
fective permeability may be negative then it would be diffi- same time astonishinalv simple and amazinalv powerful
cult to argue that the relative permeability seen by the Ml ronishingly pie . gly powertul.
Once the loading impedance is inserted in the transmission

wave is only that of free space. We do not wish here to; . T .
prejudge the issue; a theory might be developed thatincludzlsne the problem is reduced to finding the transfer-matrix

both negative material parameters and Ml waves. Howevel oefficients of the corresponding four pole and then the dis-

there is no other theory at the moment that could explain alP_erS'O” equation is obtained by equating the sum of the main

the four phenomena above and could, in addition, incorpogllagonal elements with 2 cds). A little arithmetical effort

rate MI waves. will lead to

The theory we present here is a one-dimensional one. It 4 sirf(ka/2) = (w? - wﬁ)/wf. (2
uses only circuit elements to model the well-known array of . .
SRRs and rods, a unit of which is shown in Fig. 1. It needs td—ler_ew |szthe ang_lilarzfrequenf:ly,a is the phase changg per
be emphasized that in our circuit approach there are no fr er'Od’wP:(LfCt) » Ot =(LiCy~", andL, andC; are the n-
parameters. Each one of the circuit elements is related to t uctance and gapa.cnance per lengthof the transmission
actual properties of the array. We do, however, make th ne. If the medium is free space theg=u.a, Ci=e,3, and

simplifying assumption that losses may be neglected. Ir‘f"t:C/a wheree, is the free-space permittivity anlis the

Secs. Il and Il we consider the loading of a transmission IineVEIOCity (.)f Iight. The dispersion characteristic i.S shown as
by an inductance and by a resonant circuit, respectively, t6he full line n Fig. Zb_)’ for @pl =01 It app"?’s to an
simulate the effect of metallic rods and SRRs. In Sec. IV aelectromagnetlc wave incident upon the rod medium with an

combined loading is considered which makes allowance foiralectnc polarization parallel with the direction of the rod.

the propagation of Ml waves as well. There is a discussion inCIearIy, the wave is propagating above the cut-off frequency

Sec. V concerned with the role of negative material param<’p’ which may also be referred to as the effective plasma
quency in view of the close analogy to ideal plasmas. Also

eters and whether they are necessary. Conclusions are dra\;\y L N
in Sec. VI. shown as the dotted line is the characteristic without the

rods, which is straight over this range k.

[ll. PERIODIC LOADING OF THE TRANSMISSION LINE

BY SRRs
Il. PERIODIC LOADING OF A TRANSMISSION LINE

BY METALLIC RODS The split ring resonator may be modeled as a resonator
coupled to the electromagnetic wave. In the simplest form, it
A short metallic rod of lengtha and radiusr can be may be represented as a resonia@tcircuit coupled to the
characterized by a self-inductantce Its value can be found transmission line. The coupling is assumed to be purely mag-
in text books published some time a¢gee, e.g., Ref. 20 netic. An incident electromagneti&EM) wave will always
The inductance of such a rod in a cubic lattice of admay  excite an emf in the SRR as long as its magnetic field is not
be found as in the plane of the rings. For simplicity we shall assume that

Downloaded 04 Jul 2005 to 155.198.134.25. Redistribution subject to AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp



064909-3 Syms et al. J. Appl. Phys. 97, 064909 (2005)

FIG. 4. Equivalent circuit for a transmission line loaded with metal rods and
SRRs.

e =wy upwards, with forward waves propagating in both

bands. The stop band ranges fres w, t0 w=wy. Its rela-
tive width is equal to

Awlwy = (0g = o)l w, = q%2. (4)
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Thus, the fractional band gap is proportional to the normal-
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(b) kaln IV. COMBINED LOADING BY METALLIC RODS AND
SRRs TOGETHER
FIG. 3. (a) Equivalent circuit of lengtha of a transmission line loaded with
SRRs;(b) dispersion diagram predicted by E@) with wy/w,=0.1 andg?
=0 (dotted ling and(ii) ¢?=0.1 (full line).

A. The general dispersion equation

We shall now, in Fig. 4, combine the loads shown in
Figs. 2a) and 3a) and, in addition, we shall take into ac-
the magnetic field is perpendicular to the plane of the ringgount that neighboring SRRs are coupled to each other. The
and that the orientation of the splits is such as to exclude theagnetic flux generated by one SRR intersects the plane of
excitation of an electric dipole moment. A single element ofneighboring SRRs and will consequently induce a voltage in
the periodic structure may then be represented by the circuihem. This effect can be represented by a mutual inductance
shown in Fig. 8a), as proposed by Martiat al** HereM’ is M between neighboring elements. If both the size of the
a mutual inductance responsible for the coupling, Brahd  element and the period are small relative to the wavelength
C are the equivalent inductance and capacitance of the SRhen the calculation of the mutual inductance between two
The actual values of andC were obtained by Marquest  |oops is relatively easy, it can be found in most text books on
al.** by deducing an equivalent circuit from plausible physi- electromagnetic theorisee, e.g., Ref. 25The derivation of
cal assumptions. For a more detailed analysis in terms ahe dispersion equation for the circuit of Fig. 4 is straightfor-
distributed and lumped circuit elements, see Refs. 23,24. ward again but needs a fair amount of algebraic manipula-

Our aim is to assign from the underlying physics a valuetions. We obtain it in the form of a quadratic equatior.ify
for every one of our circuit elements. We have so far ac-
counted forL,C;,L,,L, andC. The remaining elemeni’, o1 -g”+ k cogka)] - w*{[1 + « cogka)]
will be found (see Appendixby considering the excitation of X[4w? sirf(kal2) + w21+ (o, = Pw,?)}
the SRR by the magnetic field of the electromagnetic wave. 24 2 2

The dispersion equation corresponding to the periodic + 0o (4o sinf(kal2) + wp’]=0. 5
circuit shown in Fig. 8) can again be obtained by the same Here k=2M/L is the nearest-neighbor coupling coefficient
method as in the previous section although with a little mor&gr the MI waves. We illustrate the use of E() with a
effort. We find that, number of examples.

4 sirf(kal2) = (1 - g3 (0¥ w?)[(0? = 0, (0 = 0,)].
3

Hereq?=M’?/LL,<1 is the normalized coupling coefficient,

B. Neighboring SRRs uncoupled, «=0

In this case, the dispersion E&) may be reduced to the

0, =(LC)™, and w,*=w,?/(1-q?). This dispersion charac- form

teristic is shown as the full lines in Fig(18, for the param- 4 sirf(ka'2) = (1 - A)[(0” - 0 ) ol [(0® = 0 )

eter valuesv,/ v;=0.1 andg?=0.1. Also shown as the dotted (0= w2)] (6)
.

lines is the equivalent characteristic obtained wiff0,

when the transmission line is uncoupled from the SRRs. IrfEquation(6) is clearly very similar to Eq(3), except thaiw?
this case, there are two curves, one for the EM wave and this replaced bywz—wpz. Note that the same form was ob-
other for the SRRs. These curves always cross. Wifen tained (apart from the constants, and in the approximation
# 0, a stop band is opened near the intersection. As a resuliyhenka<1) by Smith et al,? starting with the expression
two passbands are created fress0 to w=w, and fromw for the effective value of the permeabiﬁtynd multiplying it
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FIG. 5. Representation in frequency space of passband and stop band for alx

loaded transmission lines. FIG. 6. Dispersion diagrams predicted by E@) with w,/we=1.15,
wol 0=0.1 and(i) k=-0.1 andg?=0 (full line), (i) k=0 andg?=0.1 (dotted
line), and(iii) k=—0.1¢?=0.1 (dot-dash ling

by the effective permittivity of an ideal plasma. It is now

clear that ours is an alternative derivation using different

physical principles but leading to the same functional rela-  w/w,=[1+ « cogka)] ™. (8)

tionship.

We shall now summarize in Fig. 5 the different interpre-when « is negative this is a backward wave, as may be seen
tations of the two approaches. The three cases that we haygFig. 6 where the dispersion curves are plotted by full lines
been investigating are represented by three frequency scalggr «,/w,=0.1, wpl wg=1.15, andx=-0.1. It needs to be
upon which the values ab,, w;, andw, are marked. Repre- emphasized that this is not the backward wave that comes
sentations in terms of stop bands and passbands are aboygout when both material constants are negative, as dis-
the lines and those in terms of effective material parametergyssed in Sec. IV B. That wave may be obtained by taking
(whether they are positive or negatiare below the lines. It =0, the same values @f, and w,, and a finite value of?,
may be seen that if the bands generated by each form of loaday, 0.1. The corresponding dispersion curves are plotted in
presented in isolation, are of different kinde., one is a Fig. 6 with dotted lines. So we now have two backward
passband and the other one is a stop hathe result for the  waves, one under the condition thet0 and the other one
combined load is a StOp band. Conversely, if the bands are Qf/hen q2:0_ Under experimenta| conditions we do not nor-
the same kind the result is a paSSband. In terms of negatiWﬂaHy have the option of Choosing one of the Coup"ng con-
material parameters this means, as has been stated magnts zero and the other one as finite, they must both be
times before in the literature, that there is propagation, progifferent from zero. To see their joint effect we shall now
vided that both material constants are of the same sign. take their values ag=-0.1 andg?=0.1, and withw, and o,
also follows from Eq.(6) that when both the SRR and the remaining the same we plot the resulting dispersion diagrams
rods present stop bands on their own, the net effect appeaji$ Fig. 6 with dot-dash lines. The edge of the backward wave
as a passband in which backward waves propagate. region may be seen to have moved up from 0.105 to 0.112.

Clearly, Fig. 5 explains the experimental results{iii)  We may therefore conclude from Fig. 6 that one of the con-
mentioned in the Introduction. Since our analysis is a Onesequences of the inductive Coup“ng between the elements is
dimensional one, negative refraction does not directly followa shift in the position of the backward wave region.
from it. But it does follow indirectly. We have shown the Another, equally important, effect is that the EM and M|
presence of a backward wave, and Lindglal.*® proved that  waves may actually couple to each other. This may become
negative refraction is a consequence of a backward wavglearer if we choose, so that the dispersion characteristics
incident upon a forward wave medium. of EM and MI waves intersect each other whggs0. This is

shown in Fig. 7 forwy/ w;=0.1, wp/ w,=0.9, andxk=-0.1

C. Neighboring SRRs coupled

Returning now to the general case it may be shown that
Eq. (5) may be rewritten in a physically more meaningful
form

{01+ x cogka)] - wPHw? - [0 + 4ol sif(kal2)]} 010 ] /
- quZ(wZ _ pr) ) (7) 1o P

w/owr

When g°=0 the left-hand side of Eq7) yields two waves 0.08 ——
propagating independently of each other, one is the electro- 0.00 005 0.10
magnetic wave affected by the rods and the other one is the kalm

MI wave. The dispersion equation of t_he former is given bygg 7. pispersion diagrams predicted by E8) with wy/wy=0.9, wo/ v
Eqg. (2) whereas that of the latter one is of the form =0.1, k=-0.1 and(i) g2=0 (dotted ling, and (i) g?=0.1 (full line).
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with g?=0 for the dotted lines ang?=0.1 for the full lines.  results explained by negative material parameters can also be
As may be expected, the interaction leads to the appearanesplained without any recourse to them. The crucial point is
of a stop band. to look at the properties of backward waves. Engineers, due
It would, of course, be possible to investigate manyto their familiarity with devices based on backward waves,
other configurations in which EM and MI waves interact, regard them as just one of the manifestations of the multi-
e.g., when the elements line up at an angle to each other fiarious nature of electromagnetic phenomena. Physicists are
which case the forward M| wave can be excited. The presjust warming to the idea.
ence or absence of rods would also make a great difference.
The most interesting question to explore is the possibility ofvl. CONCLUSIONS
exciting a Ml wave at one end of the array and gradually
transfer its power to an EM wave, a mechanism which may
make the launching of an electromagnetic way possible. w8 ) L : .
intend to return to all these questions in a subsequent papear_metamaterlal structure_ co_nS|s_t|ng of metallic rods and SP_“t
ring resonators. The derivation is simple and does not require
the introduction of concepts such as negative permittivity or
V. DISCUSSION permeability. It has also been possible to formulate the inter-
action between electromagnetic and magnetoinductive
The periodic loading of transmission lines by lumpedwaves; this may lead to a way of launching electromagnetic
elements has been successfully applied to the solution faves. The role of negative material parameters has been

many electromagnetic problems in the last half centurydiscussed, and compared with descriptions in terms of back-
However, with the advent of negative parameter materials §ard waves.

new direction appeared. It was argued by Eleftheriagles

al.?® that the traditional way of representing transmissionaAppENDIX: MUTUAL INDUCTANCE M’ AND THE

lines using shunt capacitance and series inductance, as in ttl§DTH OF THE SRR STOP BAND

present paper, should be reversed in the case of negative ) ,

parameter materials. In this case, a transmission line should '€ voltage induced in the resonant SRR may be ex-

be represented using series capacitance and shunt inductanREeSsed agoM’l, wherel, is the current flowing in the
Starting with this principle, Eleftheriadext al. realized transmission line. The same voltage can be expressed by

. o e . 2 . . .
that a large number of different circuits may exist which will field quantities agwar,"ueH;, whereH, is the magnetic field
all show negative refraction, and this claim was demon-0f the electromagnetic wave anglis the equivalent radius of

strated experimentally by a two-dimensiof2D) realization 1€ SRR. Considering that for the unit cel{=1,/a we find,

of loaded transmission lines. Among other things, they dem- M’ = Wfoz,uo/a- (A1)
onstrated focusing by these circuit analogs. Similar argu- ,

ments have been used by Alu and Engﬁémho modeled a  'he width of the SRR stop band follows then from E4). as
negative-permeability material by a negative inductance, and  Aw/w,=g%2=M"?/2LL,= ﬂ2r04#0/2La3. (A2)

a negative-permittivity material by a negative capacitance. . ] N
Using these concepts, they have offered explanations of resgis is of course the width of the negative permeability re-
nances and tunneling in adjacent materials which can hav@ion for which both numerical and analytical solutions exist.
various combinationéoth positive and negatiyef permit- It is interestingzsto notg that t'he analytical solutions of
tivities and permeabilities. Gorkunovet al,”” for no interaction between the elements,

The major difference between the approaches above arfifve exactly the same expression as @®). Such agree-
ours is that our circuit models are entirely conventional, sgnentis quite remarkable considering that the two approaches
that we can ignore a host of problems that have recentlf'® entirely different. That of Gorkunat al.is based on the
arisen. These include how to treat negative parameter mat€°ncept of polarization and on averaging magnetic fields,
rials, which of the square roots to take in the expressions fopeither of which is considered by us.
velocity and for the refractive index, and whether we should , ) ) ]
worrv about causalit D. R. Smith, W. J. Padilla, D. C. Vier, S. C. Nemat-Nasser, and S. Schultz,

y Y. . . Phys. Rev. Lett.84, 4184(2000.

We may now ask, is it a good thing that after several 2p. R. smith, D. C. Vier, N. Kroll, and S. Schultz, Appl. Phys. LeR7,
decades Veselago’s id&asf negative refraction, focusing by 32246(2000. _ _

a slab, inverted Doppler effect, etc., suddenly became sub;R- A- Shelby, D. R. Smith, and S. Schultz, Scierz@2, 77 (2001.
. . . L . R. A. Shelby, D. R. Smith, S. C. Nemat-Nasser, and S. Schultz, Appl.
jects of intense investigations? It is all to the good because Phys. Lett. 78, 489 (2001.
the idea stimulated further research and a number of phesj. B. Pendry, A. J. Holden, D. J. Robbins, and W. J. Stewart, IEEE Trans.
nomena and potential devices have appeared as a consg\\ll\llicrowave Theory TechMTT47, 2075(1999.
; "W. Rotman, IRE Trans. Antennas PropaP10, 82 (1962.

quence. It would, h.owever, be deswablg to answer the quesy_ Houck, J. B. Brock, and I. L. Chuang, Phys. Rev. L0, 137401
tion whether negative parameter materials have any deepef,gg3.
meaning, i.e., are there any physical phenomena, which cafe. ozbay, K. Aydin, E. Cubukcu, and M. Bayindir, IEEE Trans. Antennas
only be explained by negative material parameters or is itg\P/fopag-AFl’51, 2592(20h03- (1967

; s ; ; . . S. Veselago, Sov. Phys. Usp2, 517 (1967.

2

simply _a useful artifice that often helps physical intuition” V. Lindell, S. A. Tretyakov, K. J. Nikoskinen, and S. Ilvonen, Microwave
We believed the latter to be true, and are prepared to go everppt Technol. Lett.31, 129/(2001.

further and offer the following conjecture: any experimental 'R. G. E. Hutter,Beam and Wave Electronics in Microwave Tulf¥an

Dispersion equations based on the standard method of
eriodically loaded transmission lines have been derived for
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