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It is critical to understand the characteristics of public transportation networks (PTNs). Existing studies have mainly focused on
the topological structure of PTNs and have revealed the commonalities of the topological structures of PTNs. However, few studies
have examined the differences regarding topological structure characteristics between the PTNs of different cities. In addition, the
nature and extent of the influence of specific urban geographic conditions andmorphology on PTNs are unclear.This paper focuses
on the influence of urban spatial and geographic environments on bus transportation networks (BTNs) by comparatively studying
the topological and spatial attributes of two typical BTNs, respectively, from a mountainous city and a plain city in China, from
the perspectives of basic statistical properties, types, connection properties, and spatial attributes, by using the complex networks
theory and spatial analysis method.The results reveal that the two BTNs have similar statistical properties and they both have scale-
free features as well as small-world features. However, these two BTNs are significantly different in the connection properties and
spatial attributes.The difference is found closely related to the city’s geographic conditions and spatialmorphology. The implications
of this study regarding urban traffic planning and land planning are discussed.

1. Introduction

An in-depth understanding of the structure and topolog-
ical properties of public transportation networks (PTNs)
is important for urban planning and management, policy-
making, and disaster-prevention and disaster-mitigation [1–
6]. Complex network analysis (CNA), as a formalized
methodology, is a mathematical form of graph theory used to
characterize network structure and topological properties [7–
13]. In recent years, CNA has been instrumental in studying
PTNs, and considerable research has been conducted in
fields such as bus transportation networks (BTNs) [1, 14–
17], aviation networks [2, 18–20], metro networks [10, 21],
railway networks [22], road networks [5], and maritime
transportation networks [23]. The main research topics are
as follows:

Continuous attention has been paid to the topological
structure of PTNs, including the community properties [24]

and the 𝑘-core layer [19], as well as the small-world and
the scale-free features of networks [1, 22]. New indicators
have been proposed, and new models have been established,
or the existing models have been optimized. For instance,
a dynamically weighted BTN model based on the average
travel time [14] was developed, while a spatial route model
of BTN based on competition and cooperation [25] was
improved. The study of the robustness of the PTNs [2, 3, 18,
20] was conducted with discussing the dynamics of complex
networks proposed by Albert [26]. Further studies regarding
the relevant social dynamics of PTNs continued. For exam-
ple, dissemination of diseases on BTNs [4] was analyzed.
Analysis of the temporal variation of the PTNs has also been
conducted. The factors influencing temporal variations in
the aviation network over the period of a decade [2] were
elucidated. Complex systems are often organized under the
form of networks where nodes and edges are embedded in
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space. Many kinds of networks, such as the transportation
networks, are all examples where space is relevant and
where topology alone contains incomplete information [27].
Researchers also have studied the spatial attributes of PTNs in
some aspects, such as fostering a new spatial representation
model [16].The results show (a) the connections between the
geographic features of BTNs and the economic development
conditions of certain areas [24], (b) the distribution rules of
the key routes and nodes of BTNs [14], (c) the hierarchical
geographic distribution rules of aviation networks [19], and
(d) the relation between network structure of road and city
form [5].

The above numerous studies have presented the com-
monality feature of the PTNs of various cities regarding
their topological structures. It should be noted that PTNs
are always manipulated by humans in specific geographic
conditions, requiring that tasks such as transportation system
management and urban planning should be implemented
according to certain geographic environments. However, the
effects on the statistical mechanics of PTNs caused by the
urban geographic conditions and spatial morphology have
not been elucidated.

Many researchers have demonstrated the scale-free fea-
ture of PTNs, such as Greek maritime network [23] and BTN
in the city of Qingdao, China [14], indicating that scale-
free feature serves as essential characteristics of many real
networks [28]. Meanwhile, other studies have shown that
the node degree distributions (NDD) of some PTNs comply
with the exponential law, as exemplified by eight Polish
cities including GOP [17] and the city of Harbin, China [15].
According to previous studies [29], if the NDD of a network
complies with a power-law, i.e., the network has scale-free
feature, then the new node is connected with the original
network in a preferential arrangement. While if the NDD
of a network complies with the rules of an exponential law,
then the new node is connected to the original network at
random. Therefore, it is necessary to carry out more studies
to analyze the characteristics of NDD of urban PTNs and
fully understand the statistical mechanics of how urban PTNs
develop.

In this paper, data from a typical mountainous city,
Chongqing, and a plain city, Chengdu (both in China), are
collected to conduct a comparative analysis to characterize
the topological structures and spatial attributes of BTNs
to determine the effects on the statistical mechanics of
development process of BTNs caused by the urban geo-
graphic conditions and spatial morphology.Themechanisms
underlying the development and variation of the networks
among different cities are also analyzed. Complex network
theory and spatial analysis method, both already widely used
to tackle the topology problems of real-life networks and
examine the spatial structures of real-life geographic systems,
respectively, are applied in this work.

The remainder of this paper is organized as follows.
Section 2 describes the key methods used for data acquisition
and research. Section 3 presents the results, and Section 4
presents a further discussion of the results. The last section
provides a summary of suggestions for future research.
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Figure 1: Framework of analysis.

2. Data and Methods

2.1. Overall Planning. A framework, as shown in Figure 1, is
proposed to represent the analysis procedure for the efficient
analysis of topological structure and spatial properties of the
BTNs studied. The whole analysis procedure consists of the
following three steps. Step 1, data acquisition: the original
data of the bus routes (including stops contained in each
route) with the information of geographic coordinate of each
stop and geographic conditions of cities are obtained; Step 2,
network models: the network models of BTNs to obtain the
topology information are established; Step 3, data analysis:
the data analysis is implemented. The details of these steps
are presented in Sections 2.2–2.4.

2.2. Data Acquisition. The data of BTNs is obtained in
Chongqing and Chengdu, as shown in Figure 2.They are two
key cities where the bus transportation system serves as the
main channel for intercity commuters in Southwest China.

In Chongqing, the major urban zones are within the
range of the city expressway, which is also the case for
Chengdu.There are considerable differences between the two
cities in terms of geographic conditions and spatial mor-
phology, as shown in Figure 3. ASTER GDEM (Advanced
Spaceborne Thermal Emission and Reflection Radiometer
Global Digital Elevation Model) was adopted in this paper.
With its flat terrain, Chengdu is a plain city without wide
rivers (Figure 3(a2)). In contrast, the main urban area of
mountainous Chongqing has two large mountains and two
major rivers, as shown in Figure 3(a1). Affected by the
geographic condition, the spatial morphology of Chengdu
presents a single-center circular structure; i.e., there is only
onemain center around which the surrounding areas develop
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Table 1: Bus transportation networks in Chongqing and Chengdu.

study area terrain
feature

urban spatial
morphology

area
(𝑘𝑚2)

number of
routes

number of
routes/𝑘𝑚2

number of
stops

number of
stops/𝑘𝑚2

Chongqing Mountainous
region

multi-center
spatial

structure
2253 324 0.14 2539 1.13

Cheng-du Plain region
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Figure 2:Mapof locations ofChongqing andChengdu in Southwest
China.

in a ring-level (Figure 3(b2)). In contrast, in Chongqing,
the urban spatial morphology exhibits a multicenter spa-
tial structure with several centers and multiple relatively
independent development groups, as shown in Figure 3(b1).
The experimental dataset is offered by the 8684-bus website
(http://www.8684.cn), and the locations of bus stations are
shown in Figures 3(c1) and 3(c2). The observed period for
which the BTNs were considered—routes and stops—starts
on the 1st of October 2016 and ends on the 5th of Octo-
ber 2016. Although Chongqing covers a larger area than
Chengdu, the two cities have similar numbers of bus stops
(Table 1).

2.3. Network Models. Overall, there are three main network
representations of BTNs: L-space, P-space, andC-space, illus-
trated in Figure 4. The details of network representations can
be found in [37]. In this paper, the P-space representation is
adopted because it effectively describes the transfer situations
of bus transport system; a rational transfer organization of
bus system is also indispensable to ensure the system work
soundly and efficiently. According to the P-space representa-
tion, a station in the system is a node in the network model,
and all stations in the same route are directly connected with
one another to account for the presence of edges [22]. When
the uplink route differs from the downlink route, the uplink
route is adopted.

The network models are established with NetworkX
(Version: 1.11) [38], a network analysis integrated package of

Python (Version: 3.5.2) (Figure 5). There are 2539 nodes and
80,301 edges in the bus transportation network of Chongqing
(BTN-CQ), while there are 2,766 nodes and 92,641 edges in
the bus transportation network of Chengdu (BTN-CD).

2.4. Data Analysis. In this section, a BTN analysis proce-
dure is established to examine the BTNs in terms of four
aspects, including basic statistical properties (i.e., density,
average degree, average shortest path length, and clustering
coefficient), types (i.e., scale-free feature and small-world
feature), connection properties (i.e., distance distribution),
and spatial attributes (i.e., degree distribution and Core layer
distribution), as shown in Figure 6. The details of these
aspects are presented in Sections 2.4.1–2.4.4.

2.4.1. Basic Statistical Properties of Networks

(1) Density. For a graph with 𝑛 nodes, the density 𝜌 shows the
overall connectivity of the network nodes. The density 𝜌 is
determined as follows [39]:

𝜌 = 2𝑚
𝑛 (𝑛 − 1) (1)

where𝑚 is the number of edges in a network.

(2) Average Degree. For a graph with 𝑛 nodes, the average
degree < 𝑘 > measures the number of average connections
of a node and can be written as follows [40]:

< 𝑘 > = 1
𝑛

𝑛

∑
𝑖=1

𝑘𝑖 (2)

where 𝑘𝑖 is the degree of node 𝑖, i.e., the number of edges
connected to node 𝑖.

(3) Average Shortest Path Length. For a graph with 𝑛 nodes,
the average shortest path length < 𝑙 > is the average shortest
distance between two nodes. It can be written as [41]

< 𝑙 > = 2
𝑛 (𝑛 − 1)

∑
𝑖≤𝑗≤𝑛

𝑑𝑖𝑗 (3)

where the shortest path length-distance 𝑑𝑖𝑗 is the number of
links in the shortest path between nodes 𝑖 and 𝑗.

(4) Clustering Coefficient. For a graph with 𝑛 nodes, the
clustering coefficient was first introduced byWatts, D. J., and

http://www.8684.cn
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(a1) (b1) (c1)

(a2) (b2) (c2)

Figure 3: Map of geographic condition, urban spatial morphology, and locations of bus stations. (a1) geographic condition in Chongqing;
(a2) geographic condition in Chengdu; (b1) urban spatial morphology in Chongqing; (b2) urban spatial morphology in Chengdu; (c1)
locations of bus stations in Chongqing; (c2) locations of bus stations in Chengdu (employed in ArcGIS 10.2; Basemap: OpenStreetMap -
http://www.openstreetmap.org/).
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Strogatz, S. H. [41]. The clustering coefficient of node 𝑖 𝐶𝑖 is
used to assess how close the neighbors of node 𝑖 are connected
to each other.

𝐶𝑖 =
2𝑒𝑖
𝑘𝑖 (𝑘𝑖 − 1)

(4)

where 𝑒𝑖 is the number of the links between the neighbors of
node 𝑖 and 𝑘𝑖(𝑘𝑖−1)/2 is the normalization factor equal to the
maximum number of possible edges among the neighbors. In

thiswork, the clustering coefficient𝐶𝐶, defined as the average
clustering coefficient of all individual nodes, is applied.

𝐶𝐶 = 1
𝑛

𝑛

∑
𝑖=1

𝐶𝑖 (5)

2.4.2. Types of Networks

(1) Scale-Free Feature. The node degree distribution 𝑝(𝑘),
in which 𝑝 is the probability of 𝑘 edges for a randomly
selected node, is adopted to measure the scale-free feature
of a network [28, 39]. A scale-free feature exists in the
network examined if 𝑝(𝑘) complies with the power-law
distribution, meeting the linear relationship in the double-
logarithm coordinate system at the same time [39].

𝑝 (𝑘) = A𝑘−𝛾 (6)

ln𝑝 (𝑘) = −𝛾 ln 𝑘 + c (7)

where A, 𝛾, and c are constants.
The method of original node degree distribution

(ONDD) was applied in the data-fitting process in many
studies, and a number of networks with power-law degree
distributions have been found [14, 23]. Meanwhile, it is
valuable to compare the value of the correlation coefficient
R2 calculated from the power-law fitting process and
the value calculated from the exponential fitting process.

http://www.openstreetmap.org/
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(a) (b)

Figure 5: BTN’s P-space networks as represented with NetworkX of (a) BTN-CQ and (b) BTN-CD.
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Figure 6: Analysis framework for research on BTNs.

Moreover, we compared the values of correlation coefficient
R2 from the two BTNs observed and the randomly generated
BA (Barabási-Albert) model, which is confirmed to have
scale-free feature [29].

The BA model for comparison was generated by Net-
workX, sharing a similar size to that of BTN-CQ and BTN-
CD (2,700 nodes and 85,376 edges for the BA model).
The results of regression analysis on this model reveal that
the ONDD indeed matches the power-law distribution and
the correlation coefficient R2 of power-law is much higher
than that of the exponential distribution shown in Figure 7
and Table 2 (0.8065 for power-law function and 0.5398 for
exponential function).

(2) Small-World Feature. The small-world network was intro-
duced byWatts and Strogatz [41]. Regular networks exhibit a
relatively high clustering coefficient 𝐶𝐶 and a relatively long
average shortest path length < 𝑙 >. By contrast, random
networks exhibit a relatively low 𝐶𝐶 and a relatively small
< 𝑙 >.The small-world network can be highly clustered (high
clustering coefficient 𝐶𝐶), like regular networks, yet have
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Figure 7: Curve fittings of the BA model by ONDD.

small characteristic path lengths (small average shortest path
length < 𝑙 >), like random networks [41].
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Table 2: Curve fitting results of the BA model in the applications of ONDD.

Network Function Type Method A 𝛾 𝛼 R2

BA model P(𝑘) = A𝑘−𝛾 Power-law ONDD 17.382 1.922 0.8065
P(𝑘) = A𝑒−𝛼𝑘 Exponential 0.0071 0.01 0.5398
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2.4.3. Connection Properties of Networks. In the space-P
model of BTNs, the shortest path length-distance (𝑑𝑖𝑗)
between nodes 𝑖 and 𝑗 can reflect the transfer times (𝑑𝑖𝑗-
1) of BTNs for commuters shuttling between station 𝑖 and
station 𝑗. To provide a better understanding of the con-
nection properties of BTNs, it is valuable to get the dis-
tance distribution function, which reflects the probabilities
of different distances between pairs of nodes chosen ran-
domly.

2.4.4. Spatial Attributes of Networks. The special attributes of
BTNs can be analyzed with the combination of the topolog-
ical information, via degree and Core layer characteristics,
and spatial coordinate information of bus stations (Figure 8).
Degree 𝑘𝑖 represents the number of edges connected to node
𝑖.The 𝑘-core decomposition algorithm can be used to extract
the Core layer (themost densely connected core of a network)
[19, 42, 43]. The steps of the 𝑘-core algorithm are as follows:
first, all nodes with degree 𝑘𝑖 equal to 1 are removed, and
then, iteratively, the nodes with degrees of 2, 3, and so on
(𝑘𝑖
 = 𝑡; note that 𝑡 increased by one every step from 𝑘𝑖

 = 1)
are also removed. Meanwhile, some of the new nodes with
a lower degree than 𝑡 will also be removed in the course
of an iteration (𝑘𝑖

 is the degree of node 𝑖 after removing
nodes in previous iterations). The algorithm stops in iteration
𝑡𝑚𝑎𝑥 when all nodes are removed and nodes removed in
the iteration step 𝑡𝑚𝑎𝑥 form the Core layer of the network
[19].

Table 3: Statistical properties of the BTN-CQ and BTN-CD.

BTN-CQ BTN-CD
𝜌 2.49% 2.42%
< 𝑘 > 63.25 66.96
< 𝑙 > 3.10 2.76
𝐶𝐶 0.721 0.707
𝜌: density; < 𝑘 >: average degree; < 𝑙 >: average shortest path length; 𝐶𝐶:
clustering coefficient.

3. Results

3.1. Basic Statistical Properties of BTNs. Table 3 lists the statis-
tical properties of the BTN-CQ and BTN-CD. According to
the results, there are no remarkable disparities between the
two cities regarding their statistical properties of the BTNs.

3.2. Types of BTNs

3.2.1. 
e Scale-Free Feature. It was found that in the BTN-
CQ and BTN-CD, there are very few nodes whose degrees
are extremely low. Taking BTN-CQ as an example, stations
such as Longtousi and Hantu both have a degree of 1 because
they are included in only one route which has only two stops.
In the real transportation system, Longtousi station plays an
important role in distributing passenger flows of the most
important railway station in the city of Chongqing, while
Hantu station, located in a relatively undeveloped suburban
area, is of relevance in the flows of a small number of people
along the routes of the shuttle bus. As a result, the two
stations are both in extremely low connection conditions and
do not conform to the general economic principles. It can
be considered that the statistical mechanics for stations like
Longtousi and Hantu differ from general stations of BTNs,
which are the main part of an urban bus transportation
system. Therefore, to reveal the main statistical mechanics of
BTNs, the appropriate threshold (𝑘𝑚𝑖𝑛) is valuable to be set
up to obtain the objective laws of NDD of the main part of
BTNs, in which the degree of nodes exceeds 𝑘𝑚𝑖𝑛. Newman
also discussed this situation, “A common situation is that the
power-law is obeyed in the tail of the distribution, for large
values of 𝑘, but not in the small-𝑘 regime” [39].

In this way, two aspects of the characteristic of BTNs can
be found. First, it is impossible to perfectly fit the NDD of
BTNs of the two cities with a power-law function or an expo-
nential function in the case of including every node (Figures
9(a1) and 9(a2), Table 4). Second, when the “noise points”
(nodes with an extremely low degree) were not considered,
the NDD of BTNs could match the power-law distribution
well, and the values of correlation coefficient R2 of power-law
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Figure 9: Diagrams of curve fitting of BTN-CQ and BTN-CD. (a1) BTN-CQwith “noise points” being included in linear coordinate system;
(a2) BTN-CD with “noise points” being included in linear coordinate system; (b1) BTN-CQ with “noise points” being excluded in linear
coordinate system; (b2) BTN-CD with “noise points” being excluded in linear coordinate system; (c1) BTN-CQ with “noise points” being
excluded in log-log coordinate system; (c2) BTN-CD with “noise points” being excluded in log-log coordinate system; (d1) BTN-CQ with
“noise points” being excluded in log-linear coordinate system; (d2) BTN-CD with “noise points” being excluded in log-linear coordinate
system. In Figures 9(c1) and 9(c2), “noise points” are shown in the diagrams but not included in the data fitting procedure. In this way,
the graphs obviously presented the effect of the “noise points” in the curve fitting process, implying that there might be different statistical
mechanics between the “noise points” part and the main part of BTNs.
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Table 4: Results of curve fitting of BTN-CQ and BTN-CD.

BTN Function Type Noise Points A 𝛾 𝛼 R2

BTN-CQ P(𝑘) = A𝑘−𝛾 Power

included

0.1516 0.954 0.6509
P(𝑘) = A𝑒−𝛼𝑘 Exponential 0.0082 0.01 0.7268

BTN-CD P(𝑘) = A𝑘−𝛾 Power 0.1678 0.967 0.5988
P(𝑘) = A𝑒−𝛼𝑘 Exponential 0.0088 0.011 0.7261

BTN-CQ P(𝑘) = A𝑘−𝛾 Power

excluded

0.7882 1.286 0.8248
P(𝑘) = A𝑒−𝛼𝑘 Exponential 0.0084 0.01 0.7361

BTN-CD P(𝑘) = A𝑘−𝛾 Power 0.9075 1.307 0.8232
P(𝑘) = A𝑒−𝛼𝑘 Exponential 0.0098 0.011 0.7736

Table 5: Data on the small-world feature.

BTNs < 𝑙 >
𝑎𝑐𝑡𝑢𝑎𝑙

<𝑙 >
𝑟𝑎𝑛𝑑𝑜𝑚

𝐶𝐶
𝑎𝑐𝑡𝑢𝑎𝑙

𝐶𝐶
𝑟𝑎𝑛𝑑𝑜𝑚

BTN-CQ 3.10 2.177 0.721 0.025
BTN-CD 2.76 2.168 0.707 0.024
𝐶𝐶𝑎𝑐𝑡𝑢𝑎𝑙 : the clustering coefficient𝐶𝐶of the real bus transportation network; < 𝑙 >𝑎𝑐𝑡𝑢𝑎𝑙: the average shortest path length of the real bus transportation network;
𝐶𝐶𝑟𝑎𝑛𝑑𝑜𝑚: the clustering coefficient 𝐶𝐶 of the randomly generated network; < 𝑙 >𝑟𝑎𝑛𝑑𝑜𝑚: the average shortest path length of the randomly generated network.

functions were higher than that of exponential functions
(Figures 9(b1) and 9(b2), Table 4). Meanwhile, the values of
R2 of BTNs were higher than that of the randomly generated
BA (Barabási-Albert) model with similar size (Table 2). The
results show that the values of R2 for BTNs are 0.8248 (for
BTN-CQ) and 0.8232 (for BTN-CD), respectively, which are
higher than the value of R2 for BAmodels (0.8065), indicating
that the fitting effect of the power-law function for BTNs is
acceptable. The observed relationship in Figure 9 is better
fitted by a power-law function rather than an exponential
function. The BTN-CQ and BTN-CD are both scale-free
networks.

3.2.2. 
e Small-World Feature. Table 5 shows the compar-
ison of clustering coefficient 𝐶𝐶 and average shortest path
length < 𝑙 > between the real-life BTNs and the network
randomly generated, which has the same number of nodes
and edges with the real-life BTNs. (Generate a random net-
work 100 times and calculate the arithmetic mean of 𝐶𝐶 and
< 𝑙 > .) Both networks show the small-world phenomenon:
< 𝑙>𝑎𝑐𝑡𝑢𝑎𝑙 ≥< 𝑙>𝑟𝑎𝑛𝑑𝑜𝑚 but 𝐶𝐶𝑎𝑐𝑡𝑢𝑎𝑙 ≫ 𝐶𝐶𝑟𝑎𝑛𝑑𝑜𝑚 [41].

3.3. Connection Properties of BTNs. Based on the results
shown in Figure 10, the transfer convenience of BTN-CD
is more efficient than that of BTN-CQ. The probability of
linking two stations chosen randomly under the condition of
no more than one transfer is 8.06% lower than that of BTN-
CD: 18.70% lower under the condition of no more than two
times of transfers, and 5.95% lower under the condition of no
more than three times of transfers, while they share a similar
probability of nonstop transportation.

3.4. Spatial Attributes of BTNs

3.4.1. Spatial Structure of Degree Distribution. Theheat maps,
based on degree value and geographical coordinate infor-
mation of nodes in the BTNs, are drawn, via the online

d=1 d=2 d=3 d=4 d=5 d=6 d=7 d=8
distance between nodes selected randomly
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Figure 10: Probabilities of distance distribution of BTN-CQ and
BTN-CD.

spatial analysis cloud platform GeoHey—https://geohey.com
(Figure 11). It shows that, in the city of Chongqing, the
relatively high-value region of degree of BTN is mainly
concentrated in the center of urban areas, between two large
mountains, and notable discontinuous island-like structure
can be observed, which corresponds to the clustered multi-
center urban groups. Meanwhile, in the city of Chengdu, the
areas with relatively high value of degree are evenly scattered
in thewhole urban areas and continuous planar structures are
present, without obvious restricting effects.

For detailed information about spatial properties of
BTNs, some quantitative analysis is desirable. The “average
degree–distance” distribution function is introduced. The
node with the highest degree in the BTN was chosen as the
central origin node and all of the other nodes were classified
based on their distances from the origin one. The distance

https://geohey.com
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(a) (b)

Figure 11: Diagrams of spatial distribution of node degree of (a) BTN-CQ and (b) BTN-CD.
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Figure 12: Plot of “average degree–distance” distribution function.
In both BTNs observed, the nodes within 25 kilometers from the
central origin node account for more than 90%, so that the upper
limit of the distance observed was set to 25 kilometers. Meanwhile,
about half of the sites are distributed within 10 kilometers from the
central origin node (41.2% for BTN-CQ, 56.3% for BTN-CD), so
that the area within 10 kilometers from the origin node was mainly
analyzed.

interval was set to 1 kilometer. The average degree of nodes
in each distance interval was calculated, and the plot of the
average degree in each distance interval as a function of
distance from the origin node was drawn (Figure 12).

It can be seen from Figure 12, both of the BTNs show a
general downward trend, which means that as the distance
from the central node increases, the average value of the
nodes in each distance interval gradually decreases. However,
the two BTNs also show significant differences:

(a) Although the average degree of BTN-CQ is lower
than that of BTN-CD (63.25 and 66.96, respectively), in the
within-10km areas of the origin node, the average degrees of
BTN-CQ in almost every distance interval are significantly
higher than that of BTN-CD.

(b) In the within-10km area of BTN-CD, as the distance
from the central origin node increases, the average degrees
show, roughly speaking, a downward trend. As for BTN-
CQ, in the range of 6-km to 8-km, there are two relatively
high values of average degree emerging. In particular, in the
distance interval of 7-km to 8-km, the average value reaches
106.13, which can be regarded as being equivalent to the
highest value of 108.72 in themost central area, locatedwithin
1km from the origin node in BTN-CQ.

Those different spatial properties indicate that in the
BTN-CQ, there are more than one hub centers in the spatial
structure of network, implying that more than one spatial
hub area exist, even relatively far away from the central hubs.
Relatively, the single-center feature of the spatial structure of
BTN-CD is more significant.

As a result, the relationships between the two BTNs’ spa-
tial structures and urban geographical environment demon-
strate that the development and evolution of urban BTN
topology are strongly affected by the urban spatial geographic
conditions and spatial morphology.

3.4.2. Spatial Structure of Core Layer Distribution. In the
BTN-CQ, there are 205 bus stations in the Core layer, 8.1%
of the total. As for BTN-CD, the number of stations and
percentage in the Core layer are 557 and 20.1%, respectively.
There are fewer stations in the Core layer in Chongqing
than in Chengdu. Figure 13 shows, in the BTN-CQ, stations
in the Core layer are clustered in the center of the city,
between two large mountains. In Chengdu, nodes in the Core
layer are sparsely distributed in the whole urban area. The
difference in node distribution between Core layers of two
BTNs also indicates that urban geographic conditions and
spatial morphology affect the topology structure of BTNs.

In order to know how the BTNs are organized in the
process of development, the assortativity analyses of k-
core were conducted (Table 6). The concept of assortativity
was introduced by Newman in 2002 [44] and has been
extensively studied since then. It represents to what extent
nodes in a network associate with other nodes in the network,
being of similar sort or being opposing sort. Generally, the



10 Mathematical Problems in Engineering

Table 6: Assortativity 𝜌𝐷 of nodes observed based on k-core layers.

-- BTN-CQ BTN-CD
layers 𝜌𝐷 number of nodes observed 𝜌𝐷 number of nodes observed
Core layer -0.011 205 -0.007 557
k-core = 65 -0.004 403 -0.010 624
k-core = 60 -0.011 548 -0.018 720
k-core = 55 0.000 620 0.027 917
k-core = 50 0.005 758 0.034 1003
k-core = 45 0.022 911 0.035 1092
k-core = 40 0.030 1043 0.039 1207
k-core = 35 0.040 1130 0.043 1359
k-core = 30 0.047 1289 0.056 1540
k-core = 25 0.072 1510 0.079 1760
k-core = 20 0.107 1767 0.095 1919
k-core = 15 0.133 2026 0.129 2232
k-core = 10 0.154 2297 0.155 2621
k-core = 5 0.167 2492 0.159 2756
k-core = 1 0.167 2539 0.159 2766
k-core = n means nodes observed are in the levels of which k-shell is greater than or equal to n; in particular, k-core = 1 means nodes observed are all of the
nodes in BTNs [30, 31].

(a) (b)

Figure 13: Diagrams of spatial distribution of Core layer of (a) BTN-CQ and (b) BTN-CD.

assortativity of a network is determined for the degree of
the nodes in the network. The degree assortativity 𝜌D is
determined as follows [44, 45]:

𝜌D =
∑jk jk (ejk − qjqk)
𝜎2q

(8)

where ejk is the joint-remaining degree probability for
remaining degree j and remaining degree k (the remaining
degree of a node is equal to the degree of that node minus
one); qk = (k+1)pk+1/∑j jpj is the normalized distribution of
the remaining degree Dr of a randomly selected node; 𝜎q is
the standard deviation of 𝑞𝑘.

Observing the assortativity indicators of different k-core
levels, we found that the two BTNs showed some common
characteristics: when the stations observed are in the rel-
atively higher k-core level, the BTNs show disassortative

characteristics, implying that, in those layers, bus stations
with higher degree tend to connect to the stations with
relatively lower degrees. As for the nodes in the relatively
lower k-core layers, the assortative features appear in the
BTNs, which means that the bus stations in those layers turn
to connect to stations with similar degrees to themselves. The
mechanism may be that the reasonable passenger-load of bus
routes is significant for the transportation systems.

When the stations observed are in the relatively higher
layer, the ability of a single station to attract passengers is
relatively stronger. In order to avoid bus routes overload,
which will cause adverse effects on the comfort and safety
of the transportation system. In contrast, when the k-core
level reduced, roughly speaking, the ability of a single station
to attract passengers is reduced, too. In order to enhance
the attraction of bus routes to passengers, relatively high-
level stations tend to connect with other high-level stations to
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Table 7: Scale-free networks with 𝛾 ≤ 2.

Network of n m 𝛾
Software packages [32] 1439 1723 1.6/1.4
Email messages [32] 59912 86300 1.5/2.0
Ythan [33] 135 596 1.04
Silwood Park [33] 153 365 1.13
E-mail [34] 56969 84314 1.81
Co-authorship in HEP [35] 56627 9796471 1.2
Restricted WordWeb [36] 478773 1.77∗107 1.5
n: the number of nodes; m: the number of edges; 𝛾: the power-law exponent.

improve the overall attractiveness of bus routes, which cause
the whole networks assortative.

3.5. Summary of Results. There are apparent differences
regarding areas, geographic conditions, and spatial mor-
phology between Chongqing and Chengdu (Section 2.2).
Despite these differences, there are also many similarities
between the BTNs of the two cities in terms of basic
statistical properties and types of networks. These findings,
such as statistical indicators, scale-free features, and small-
world features, are consistent with previous studies [14, 23].
These results indicate that there can be a general law in
the statistical mechanics of BTNs. In-depth observations of
connection properties and spatial attributes of the BTNs
reveal enormous disparities between the two cities. For BTN-
CD, the transfer convenience is more efficient than that of
BTN-CQ (Section 3.3). Regarding the spatial structures of
networks, BTN-CQ presents discontinuity with several local
centers, while BTN-CD shows continuously relatively even
distribution. This difference indicates that there are mech-
anisms of dynamic development regarding urban spatial
factors.

4. Discussion

Based on the analysis results in Section 3.2, the exponents 𝛾
of both BTNs are less than 2, which is rather small (1.286 for
BTN-CQ and 1.307 for BTN-CD, shown in Table 4) and thus
smaller than the value of the BA framework with the number
of edges and nodes corresponding to the real networks
(1.922 for BA framework, shown in Table 2). For the public
transportation networks in the real environment, BTN-CQ
and BTN-CD include two additional features: (a) economical
reasonableness: the investment of building a bus station is
relatively high, and many bus routes through it are needed to
ensure the economic rationality of the transportation system;
(b) accessibility to new routes: it is costly to establish a bus
station, but it is costless to link an established one to improve
the system. The above facts lead to the following two aspects
about BTNs, which constitute the reason why the exponents
of BTNs are different from the BA framework: (a) the number
of bus stations with really low connections is relatively small;
(b) the number of hubs in high-connection conditions is
relatively high.

Literature review shows that several real-world networks
with power-law degree distributions have exponents 𝛾 in the
range 2≤ 𝛾 ≤3 [32, 39, 46–48], while there are also quite a
few scale-free real-world networks with exponents 𝛾 in the
range 1≤ 𝛾 ≤2, which have received less attention, despite
their widespread appearance (Table 7).

Researchers believed that such kinds of networks are
relatively more dense, whichmeans there are a larger number
of edges, a larger average degree, and more hubs in the
structure of networks.

A key characteristic of this type of networks is that their
average degree grows with the system size, which suggests
that making a link is inexpensive [49]. As a software package,
it is costly to make a package, but it is costless to use an
existing one [49]. As for BTNs, the development mechanism
of the bus transportation system is similar to the software
case. In summary, the similar dynamic mechanism results in
a relatively larger number of hub nodes and a relatively small
power exponent 𝛾 for BTNs.

Based on the analysis in Sections 3.3 and 3.4, this study
concludes that the statistical mechanic “spatial matching”
leads to the considerable differences in the connection prop-
erties and spatial attributes of the BTNs. With regard to con-
nection properties, Chongqing has a less efficient BTNs for
transfers, which is attributed to the large coverage of the area
and relatively sparser bus stations, as well as the geographical
barriers, including mountains and rivers. Furthermore, the
topological structure of BTN-CQ has discontinuous multiple
centers, which matches the characteristics that Chongqing
has a clustered multicenter urban spatial structure. At the
same time, the topological structure of BTN-CD has a
continuous distributed spatial structure, which matches the
characteristics that Chengdu has a single-center and ring-
layer urban spatial structure, with relatively few geographical
barriers.

The power-law distribution is well followed for the main
part of BTN-CQ and BTN-CD (Section 3.2.1), which indi-
cates that there are two rules in the statistical mechanics
of BTNs, “growth” and “preferential connection”, proposed
by Barabási et al. [26, 28]. The processes of generation
and development of an urban transportation system always
start from scratch, and stations and routes increase step
by step, demonstrating the rule of “growth”. At the same
time, it is often the case that when a new node links into
the network, there is a tendency to preferentially target an
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existing stop in better connection condition, following the
rule of “preferential connection”, which conforms to the
principle of economic efficiency in the development process
of BTNs.

Based on the analysis in Section 3.2.1. (Figure 9), there
is also a rule in the statistical mechanics “practical adapt-
ability”, revealing that not all the stations jointed into the
bus transportation systems were linked to stations which
are well connected in the BTNs. The principle of economic
effectiveness will be followed inmost cases. However, in a real
BTN, certain special stops are needed to meet the practical
demand in certain areas or particular circumstances, such as
Longtousi station and Hantu station in BTN-CQ.

Meanwhile, the proportion of such stationswill be limited
by the principle of economic effectiveness. Therefore, there
are only a few stations that fail to match the mechanic
“preferential connection” but follow the rule “practical adapt-
ability”. The mechanic “practical adaptability” interprets the
appearance of “noise points” in the fitting process for power-
law function (Figures 9(c1) and 9(c2)). These stations, less
in quantity and characterized by extremely low degree,
present the mechanic “practical adaptability” rather than
“preferential connection” in the process of BTNdevelopment.

In summary, the statistical mechanics of “spatial match-
ing”, “growth”, “preferential connection”, and “practical
adaptability” lead to the similarities and differences of the
spatial and topological properties of BTNs in Chongqing and
Chengdu.

5. Conclusions

BTNs of Chongqing and Chengdu, which are different in
terms of geographic conditions and spatial morphology,
are considered as the research objects in this study. Their
basic statistical properties, types, connection properties, and
spatial attributes are compared through the use of complex
network theory and spatial analysis method. The major
findings can be summarized according to the following three
aspects:

(a) For the topology structures of BTNs in Chongqing
and Chengdu, there is a notable disparity in spatial structures
that matches well with the urban geographic conditions
and spatial morphology. The case study shows that BTN
of the mountainous city, Chongqing, which has clustered
multiple centers, presents a discontinuous spatial island-
shape characteristic, while BTN of plains city, Chengdu,
which has just one single-center and ring-layer structure,
shows continuous spatial distribution characteristic.

(b) BTNs of Chongqing and Chengdu are found to
comply with the power-law distribution upon the removal
of small amounts of special stops that have extremely low
degrees. This kind of stops, needed in special urban areas,
do not comply with the principle of economic efficiency. It is
necessary to distinguish the roles and mechanisms of these
special stops in the analysis of networks because the roles
and mechanisms of them are different from the major part
of BTNs.

(c) The statistical mechanics of urban bus system of
Chongqing and Chengdu are found in four aspects, namely,

“spatial matching”, “growth”, “preferential connection”, and
“practical adaptability”.

Further research to understand the internal rules and
formation mechanisms of real PTNs is suggested. It could
enhance the understanding of PTNs by properly analyzing
both topological and spatial attributes of networks. Prac-
tically, this paper reveals the rules of variation and devel-
opment of urban BTNs in the spatial context, providing
theoretical strategies for the optimization and planning of
infrastructure and land utilization. This work also has limita-
tions, particularly regarding the small sample size. In further
studies, priority can be placed on hybrid transportation
networks including bus and metro to develop strategies for
hybrid networks engaged in spatial structures.
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