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Abstra t
We present in this arti le a fast approximate method for omputing the statisti s of number of non
self-overlapping mat hes of motifs in a random text in the non-uniform Bernoulli model. This method
is well suited for protein motifs where the probability of self-overlap of motifs is small. For 96% of
the Prosite motifs, the expe tations of o urren es of the motifs in a 7 million amino-a ids random
database are omputed by the approximate method with less than 1% error when ompared with
the exa t method. Pro essing of the whole Prosite takes about 30 se onds with the approximate
method. We apply this new method to a omparison of the C. elegans and S. erevisiae proteoms.
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Introdu tion

Motifs appear in mole ular biology as signatures for families of similar sequen es. Prosite motifs are
a sub lass of regular expressions. They do not ontain the Kleene star-operator ? de ning inde nite
repetition and generate therefore nite languages.
Most notable resear h about statisti s on words has been done by Pevzner et al. [7℄, S hbath et
al. [13℄, Prum et al. [8℄, Reinert and S hbath [11℄, Sewell and Durbin [15℄, Atteson [1℄, and Regnier and
Szpankowski [9, 10℄. We onsider mat hes with in nite languages that are restri ted to be non selfoverlapping. These languages therefore both are more restri ted and more general than those onsidered
by Reinert and S hbath [11℄ and Regnier and Szpankowski [9, 10℄. These authors onsider mat hes with
nite set of words, a theoreti al framework to whi h belong mat hes with Prosite motifs. However their
methods imply a omplexity that is quadrati in the size of the set of words onsidered; this is pra ti ally
intra table for most Prosite motifs that de ne languages of large ardinality.
Ni odeme et al. [6℄ proposed an exa t method for omputing the statisti s of o urren es of regular
expressions (or motifs) in random texts generated by Bernoulli or Markov sour es. They onstru t
a marked automaton for the input regular expression, use the Chomski-S hutzenberger algorithm to
produ e the system of linear equations orresponding to the automaton and solve this system to get
the bivariate generating fun tion ounting the expe ted number of mat hes. The omplexity is not
fun tion of the ardinality of the language, but fun tion of the size of the automaton. The worst ase has
exponential omplexity in the size of the motif. On the average, the exa t omputation takes 4 minutes
for one Prosite motif; however 10% of the motifs have too high omputational omplexity and annot
be omputed.
We present here a simple and fast approximate method to ompute in onstant time the statisti s of
the number of mat hes of motifs in random texts without onstru ting an automaton. The results are
exa t for non self-overlapping motifs and approximate in the other ases. We onsider the non uniform
Bernoulli ase, while the exa t method developed in [6℄ oped with the more general Markov model. For
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proteins motifs, the omparison of the approximate and exa t methods is good, orresponding to small
probability of self-overlap of the motifs, and the Bernoulli model is suÆ ient.
We prove that, when the number of o urren es in large texts is small, the limiting distribution is
Poisson, and use the tail distribution of the Poisson to alibrate the number of mat hes observed. This
gives a quality measure of the over or under-representation of a motif in a text.
As an appli ation, we obtain the asymptoti statisti s of the number of mat hes of the Prosite motifs
in the C. elegans and the S. erevisiae proteoms.
This arti le is organized as follows. In Se tion 2 we review the basi results about generating fun tions
and languages. We des ribe in Se tion 3 the fast approximate method. We prove in Se tion 4 the Poisson
law for rare o urren es. Se tion 5 validates the method by omparing exa t and approximate statisti s of
o urren es of Prosite motifs in the ProDom database. In Se tion 6 we apply the method to alibrate
the o urren es of the Prosite motifs in
and
, whi h makes the ex eptional
motifs onspi uous. Se tion 7 deals with implementation and performan es.
C. elegans.

2

S.

erevisiae

Languages and generating fun tions

A textbook of referen e for this is Flajolet and Sedgewi k [14℄. Other referen es are [12℄ and [4℄.

2.1 De nitions
We onsider a nite alphabet  = f`1; : : : ; `pg. A word or text is a nite sequen e of letters (elements) of
. A language over  is a set of words. The produ t language A = A1  A2 is the set of words obtained
by on atenation of a word of A1 and a word of A2 . This de nition extends immediately
S to produ ts
of more than two languages. The star losure A? of a language A is the in nite union k0 Ak , where
A0 is the empty language ontaining the empty word (noted ). The language ? is the olle tion of all
possible words over .
The produ t B = A1  A2 of two languages A1 and A2 is
if there exists a word w in B
su h that w = w1 :w2 = w10 :w20 where w1 and w10 2 A1 , w2 and w20 2 A2 and w1 6= w10 . In this ase,
ambiguity implies that there are two or more possible de ompositions of the word w over A1 and A2 .
This generalizes to produ ts of more than two languages.
A text t1 t2 : : : tn
a language L at position k if there is at least one word w 2 L su h that
t1 : : : tk = uw.
We onsider the number of mat hes of a regular expression or a language in a text in the left to right
non-overlapping or renewal ontext, where the text is s anned from left to right, and every time a mat h
is found, the ount is in remented and the sear h starts afresh at this position.
ambiguous

mat hes

2.2 Regular languages and motifs
The regular languages over the alphabet  = f`1; : : : ; `p g are the set of languages re ursively built by a
nite number of unions, produ ts and star losure over the set of languages ffg; f`1g; : : : ; f`pgg. Regular
expression are short- ut des riptions of regular languages, where ` denotes the singleton language f`g
and + often denotes union. The order of pre eden e for the operators is ?; ; +.
2.3 Generating fun tions of a language
Multivariate generating fun tion ounted by letters
The multivariate generating fun tion A(`1 ; : : : ; `p ) of a language A ounted by letters is
A(`1 ; : : : ; `p ) =

X ` (w)
1

w2A

`1

: : : ``pp(w) =

X

ai1 ;:::;ip `i11 : : : `ipp ;

(1)

where `k (w) is the number of letters of w equal to `k and ai1 ;:::;ip ounts the number of words of the
language with ik letters equal to `k for k from 1 to p. In the notation A(`1 ; : : : ; `p ), the letters `k are
symboli variables of the expression.
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Informally, the multivariate generating fun tion of the language is obtained by adding all the words
of A and allowing the letters to ommute.
Probability generating fun tion

In the Bernoulli ase, where the letter `k has probability k , the probability generating fun tion A (z ) of
the language A is obtained from the multivariate generating fun tion ounted by letters by the symboli
substitution `k ! k z for k from 1 to p. This gives
X ` (w)
X ` (w)
X
A (z ) = A(1 z; : : : ; p z ) =
11 z `1 (w) : : : p`p (w)z `p(w) =
11 : : : p`p (w) z jwj =
(w)z jwj :
w2A

w2A

w2A

where (w) is the probability of o urren e of the word w at a random position of the text.

Bivariate generating fun tion for the number of mat hes
Let pn;k be the probability that a random text of size n ontains exa tly k mat hes with A. The bivariate

generating fun tion ounting the mat hes is
A (z; u) =

X

n;k0

pn;k uk z n:

This bivariate generating fun tion gives immediate a ess to the generating fun tions of the moments of
the statisti s by di erentiation in u. We have
X
X
 A (z; u)
A (z; u)
; and M (2) (z ) = m(2) z n = u 
;
(2)
E (z ) = e z n = 
n

m(2)
n

u

n

u=1

u

u

u=1

respe tively are the expe tation and the se ond moment of the number of mat hes in
where en and
random texts of size n.
See [6℄ for algorithms to ompute the bivariate fun tion of number of mat hes A (z; u) for a regular
expression A and exa t or asymptoti methods to extra t the expe tation and varian e of the statisti s
in texts of size n.
Translation from language operators to operations on generating fun tions

Under the onditions of non-ambiguity of produ ts and disjointness of unions, Union, Produ t and StarClosure operations on languages translate to Sum, Produ t and Quasi-Inverse operations on the orresponding (univariate or multivariate) generating fun tions. (See Salomaa and Soittola [12℄).
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Fast approximate method

We detail in this se tion the ase of non self-overlapping languages (see the de nition below) where neither
the onstru tion of an automaton nor solving a large system of linear equations are ne essary to get the
statisti s of number of mat hes.
For motifs that are nite set of words, Regnier and Szpankowski [9, 10℄ provide expli it formulas for
the expe tation and the varian e of the number of mat hes. In this ase, setting to zero the orrelation
fun tions between the words give the formulas we obtain in the non-overlapping ase. It is possible to
extend Regnier and Szpankowski results to the in nite non-overlapping ase. However, onsidering in nite
languages (or languages with high ardinality like most Prosite motifs) indu es in nite summations,
or summations over a very large set. We give here for this ase a dire t proof whi h avoids in nite
summations, and we ompute the expe tation of the number of mat hes in linear time with respe t of
the number of symbols ontained in the motifs.
We de ne now the languages that we onsider.
De nition 1. Two words w1 and w2 are overlapping if a pre x of one of these words is a suÆx of the
other word.
A language L is self-overlapping if there exist words w1 ; w2 2 L that overlap.
A language is nested if it ontains two words w1 and w2 su h that w2 is a fa tor (substring) of w1 .
We in lude in the set of nested languages the degenerate (in the sense of pattern-mat hing) languages
ontaining the empty word .
A regular expression is self-overlapping (resp. nested) if the orresponding regular language is selfoverlapping (resp. nested).
3

The following example shows that the non-ambiguity ondition for produ ts of languages requires
some are.
Example 1. Consider languages A; B , and C , su h that A = B = C = fa; b; abg. Then, AB and BC are
non-ambiguous produ ts, but ABC is an ambiguous produ t (abab 2 ABC = a  b  ab = ab  a  b).
The following lemma proves the unambiguity of on atenation of a non-overlapping language L and
of the language N ontaining no word of L.
Lemma 1. Let L be a non self-overlapping and non nested language and let N = ? ? L? be the
language of words with no mat h with L. The produ ts of languages N (LN )i ; 8i  1, are non-ambiguous.
Proof. We prove that ambiguous de ompositions would lead to a ontradi tion.
Let us suppose that w = n1  r1  n2    = n01  r10  n02    2 N (LN )i are two di erent de ompositions of
the word w, with n1 ; n2 ; : : : ; n01 ; n02 ;    2 N and r1 ; : : : ; r10    2 L.
We suppose that jn1 j > jn01 j (jn01 j > jn1 j is the symmetri al ase). We therefore have n1 = n01 u with
juj > 0. If jn1 j  jn01 r10 j we have n1 = n01 r10 u0 with ju0 j  0. This implies n01 r10 u0 2 N , whi h sin e r10 2 L
ontradi ts the hypothesis that N has no mat h with L. Therefore jn1 j < jn01 r10 j.
If jn1 r1 j  jn01 r10 j we have n01 r10 = n1 r1 v = n01 ur1 v with jvj  0. Therefore r10 = ur1 v with juj > 0
whi h ontradi ts the hypothesis that L is not nested.
We are left with the ase jn1 r1 j > jn01 r10 j. We have n1 r1 = n01 r10 v0 = n01 ur1 . This gives r10 v0 = ur1 .
Moreover jn1 j = jn01 uj = jn01 j + juj < jn01 r10 j = jn01 j + jr10 j, whi h implies that jr10 j > juj and therefore
jr1 j > jv0 j. We get then r10 = u2 and r1 = 1 v0 , whi h gives u2 v0 = u1 v0 and 1 = 2 ; the words r1 and
r10 overlap, whi h ontradi ts the hypothesis that L is not self-overlapping. This implies that n1 = n01 .
The equality n1 = n01 implies that jn1 j = jn01 j. Then, if r1 6= r10 , either r10 is a fa tor of r1 or r1 is a
fa tor of r10 , whi h ontradi ts the hypothesis that L is not nested. Therefore, r1 = r10 .
If i = 1, we obtain n2 = n02 , and the produ t NRN is unambiguous. A re urren e on i proves for all
i equalities of ri and ri0 , and of ni+1 and n0i+1 .
Any word w 2 N (LN )i has therefore only one de omposition as on atenation of words of L and N .
The produ ts N (LN )i are unambiguous.
this lemma applies toS languages beyond the lass of regular languages. In parti ular, the
ontext-sensitive language L = n>1 an bn n veri es the lemma.

Remark:

3.1 Generating fun tions for the number of mat hes
Theorem 1. Let L be a non self-overlapping and non nested language with probability generating fun tion
L(z ). Let F (z; u) be the bivariate probability generating fun tion ounting the number of mat hes of L in
a random text in the left to right renewal ontext. Then, we have

1
(3)
1 z + (1 u)L(z ) :
Proof. The demonstration of the theorem follows from marking the texts of ? and by parsing the texts
and the marked texts with the o urren es of the motif.
As a onsequen e of Lemma 1 and with the notations of this lemma, we an de ompose ? unambiguously as
[
? = (NL)? N = (NL)i N:
(4)
F (z; u) =

i0

In the right member of Equation 4 ea h text o urs exa tly on e a ording to the number of o urren es
of the motif.
We onsider now a text t 2 ? and we re-write it as a marked text tu (u 62 ) where the mark u has
been written after ea h o urren e of a word of L (in the left to right renewal ontext). We onsider now
the mapping t ! t (z; u) = (t)uk z jtj, where (t) is the probability of the text t and k is the number of
o urren es of words of L in t.
Summing up t (z; u) over all possible texts t gives
X
X
X
F (z; u) =
t (z; u) =
(t)uk z jtj = pn;k uk z n ;
t2?

t2?
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where F (z; u) is the probability generating fun tion of the language u and pn;k is the probability that
a random text of size n ontains k o urren es of words of L.
Now, the set of marked texts ?u may also be rewritten by parsing with the o urren es of the words
of L
[
?u = (NLu) N =
tu :
(5)
t2?

Ea h possible text tu is de omposed in this way. We note that the produ ts (NLu)i are non-ambiguous
and that the interse tion of (NLu)i and (NLu)j is empty if i and j are di erent.
Equation 5 immediately translates to the following equation on generating fun tions
N (z )
(6)
F (z; u) =
1 uN (z )L(z ) ;
where N (z ) is the probability generating fun tion of the language N . But we have F (z; 1) = 1=(1 z ),
this probability generating fun tions ounting all the texts of ?u where the mark u has been erased, or
equivalently, all the texts of ? . This gives the equation
N (z )
1
(7)
1 z = 1 N (z )L(z ) :
Eliminating N (z ) between Equation 6 and Equation 7 provides Equation 3.
Example 2. We onsider the regular expression R1 = ba+ over the alphabet  = fa; b; g with letters
probability fa ; b ;  g. It is an unambiguous, non self-overlapping and non-nested regular expression.
The probability generating fun tion of the mat hes of R1 in random texts is
1
F (z; u) =
:
1 z + (1 u) a1ba zz3
Example 3.

We onsider now the regular expression R2 = R1 + bR1 . This regular expression is not
self-overlapping but it is nested. The words b; ; bb and belong to N2 = ? ? R2 ? , the language of
words with no mat h with R2 . The words ba and bba belong to R2 = ba+ + bba+ . The word bbba
may be parsed in two di erent ways by N2 R2 N2 . This spe i ation is ambiguous, as stated by Lemma 1.
The automata onstru tion dete ts self-overlapping or nested onstru tions and provides for R2 the same
multivariate generating fun tion as for R1 alone. On the ontrary, the multivariate generating fun tion
omputed by Theorem 1 is
1
F (z; u) =

b  z 2 ) ;
1 z + (1 u) a b  1z3 (1+
a z

in whi h an extra and erroneous fa tor (1 + b  z 2 ) appears in the denominator.

3.2 Asymptoti evaluations
We rst prove that if a language L is non nested, its probability generating fun tion L(z ) is analyti in
a disk of radius stri tly greater than 1.
Lemma 2 applies to pre x-free languages that we de ne.
De nition 2. A language L is pre x-free if no word of L is pre x of another word of L.
Remark that non nested languages are pre x-free.
Lemma 2. The probability generating fun tion L(z ) of a pre x-free language L is analyti inside a disk
of radius  stri tly greater than 1.
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Let Lk = fw 2 L; jwj = kg be the set of words of L of size k. Then, L being a pre x free language,
8j > k, we have Lj  j Lk j k . This
sets Mj = Lj i j , j < i are disjoint, this last
S implies that the
i
property being true for all i. Moreover 1ji Mj   .

Proof.

Let Lk (z ), Mk (z ) and k (z ) be the probability generating fun tions of Lk , Mk and k , respe tively.
We have k (1) = 1 ; Mj (1) is the sum of the probability of the words w 2 Mj and Mj (1) = Lj (1). This
gives
X
Mj (1)  1; 8i;
P

1j i

whi
i1 Li (1)  1 is bounded. The probability generating fun tion L(z ) =
P h nimplies that L(1) =
ln z is expanded as a series with positive oeÆ ients. Therefore, the radius  of the dis of onvergen e
of the series L(z ) is stri tly greater than 1 (see Tit hmarsh [17℄).
Appli ation of this result and use of standard singularity analysis provide asymptoti approximations
for the expe tation and the varian e of the number of mat hes.
Theorem 2. Let L be a non self-overlapping and non nested language with probability generating fun tion
L(z ). The expe tation  and the varian e 2 of the number of mat hes of L with a random text of size
n are asymptoti ally
 = L(1)  n + L(1) L0 (1) + O(An ); and
(8)
2 =

fL(1) + L(1)2 2L(1)L0(1)g  n

2L(1)L0(1) + L(1) + 2L(1)L"(1) + L(1)2 L0 (1) + L0 (1)2 + O(An );

(9)

with A < 1.

Lemma 2 states that the radius of onvergen e  of L(z ) is stri tly greater than 1. Therefore,
there exists a positive number A, su h that 1 < 1=A <  and L(z ) is analyti in the dis of radius 1=A so
as its derivatives. The theorem follows then dire tly of the Taylor expansion
1
L(z ) = L(1) + (z 1)L0(1) + (z 1)2 L"(1) + o((z 1)2 );
2
and by appli ation of the formula
I
1
n
[z ℄F (z ) = 2i z n1+1 F (z );
where [z n ℄F (z ) is the nth Taylor oeÆ ient of F (z ), the Cau hy ontour is a ir le entered at the origin
and of radius 1=A, and F (z ) is su essively taken as
2
L(z )
(2) (z ) = L(z ) + 2 L(z ) ;
;
and
M
E (z ) =
(1 z )2
(1 z )2 (1 z )3
respe tively the generating fun tions of the two rst moments of the statisti s of the number of mat hes,
omputed by Equation 2.
Proof.

3.3 Non self-overlapping and non nested regular languages
Theorems 1 and 2 apply to non self-overlapping and non nested regular languages. For a non-ambiguous
regular expression R, a re ursive translation from operators over languages to operators over generating
fun tions provides the rational generating fun tion R(z ) of the orresponding regular language. The
omputation of R0 (z ) follows by formal di erentiation. Both omputations are done in time omplexity
linear with respe t to the size of the regular expression. Moreover, when we onsider motifs that generate
nite languages, R(z ) is a polynomial.
This gives the following lemma.
Lemma 3. If R is a non ambiguous, non self-overlapping and non nested regular expression, the expe tation  and the varian e  2 of the number of mat hes of R with a random text of size n are asymptoti ally
given by Formulas 8 and 9. The values of  and  2 are omputable in time O(1).
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Poisson law for rare o urren es

Reinert and S hbath [11℄ showed that the number of o urren es of non overlapping nite sets of words
is asymptoti ally Poisson, the total deviation error being O(1=n) for texts of size n. On the other hand,
Regnier and Szpankowski [10℄ give a full asymptoti expansion of the probability of nding r o urren es
of a motif when r is O(1), when the motif is a nite set of words of same lengths. Up to terms of
order O(1=n), the distribution of rare o urren es is Poisson. We adapt here a theorem of Regnier and
Szpankowski [10℄ for the ase of non self-overlapping and non nested languages. We re-write equation 3
as a series in the variable u:
L(z )k
1
k
(10)
+



+
F (z; u) =
1 z + L(z )
(1 z + L(z ))k+1 u + : : : :
Following a proof of Flajolet and [3℄, we show that the equation 1 z + L(z ) = 0 has one real root 
inside the open disk jz j < 2, and that this root is unique inside this disk and greater than 1.
We onsider a non nested and non self-overlapping language L. Let B and T respe tively be the sets
of rst and last letters ofPthe words of L. The language L is non self-overlapping and therefore we have
B \ T = ;. Let B = `2B ` be the sum of probability of the letters of B and T be the sum of
probabilities of the letters of T . We have L  B ? T   = B ? ( B ); the in lusion follows from the
fa t that if b is a letter of B and t a letter of T , the words bbt and btt of B T overlap. We have

B T  max B (1 B ); T (1 T )  max p(1 p) = 1=4:
0p1=2
al.

Therefore, for z real positive, the probability series L(z ) is stri tly dominated by the probability series
(z ) of the language , whi h gives
1 (1  )z  z 2 :
L(z ) < (z )  B z
B
1 z
4(1 z )
For jz j = 2, we have jL(z )j < 1 and j1 z j  1. Therefore, Rou he theorem applies (see Jameson [5℄
or Bak and Newman [2℄) and the fun tions f = 1 z and f + g = (z ) = 1 z + L(z ) have the same
number of zeroes inside the disk of radius 2, namely one. Let  be the zero of 1 z + L(z ) in this disk.
It is proved in [6℄ by use of the Perron-Frobenius theorem that the root (u) of smallest modulus of the
equation 1 z + (1 u)L(z ) = 0 is real and ontinuous in u. This implies that  = (0) is real. A
probabilisti argument implies that  annot be less than 1, and, at z = 1, the fun tion 1 z + L(z ) is
stri tly positive. Therefore, we have  > 1. On the other hand, we onsider a pre x-free language L. Let
 the (possibly in nite) radius of onvergen e of L(z ). The fun tion (z ) is in nite for z   and equal to
zero for z = . This implies that 1 <  <  . With this at hand, the following theorem is a reformulation
of Theorem 2.2 (ii) of Regnier and Szpankowski [10℄.
Theorem 3. Let L be a non self-overlapping and non nested language with probability generating fun tion
L(z ) and pn;k be the probability that exa tly k mat hes with L o ur in a random text of size n.
Then

1. The generating fun tion of words with k mat hes with L is

L(k) (z ) =

L(z )k
(1 z + L(z ))k+1 :

2. There exists a real root  of smallest modulus and of multipli ity one of the equation 1 z + L(z ) = 0;
moreover, we have  > 1 and there exists  >  su h that, for k = O(1),

pn;k =
where

kX
+1
j =1

(

1)j aj

ak+1 =



j

n



1 
L()k

k+1 (L0 ()
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(n+j ) + O( n );

1)k+1 ;

y

= nb. motifs

24
22
20
18
16
14
12
10
8
6
4
2

340
300
260
220
180
140
100
x

=

p

log( )
log(10)

60
20

–32 –28 –24 –20 –16 –12 –8

–4

r > 0:01

x

0.025

= max

0.125

 jE E j jE E j 
e
a ; e
a

Ee

0.225

Ea

0.325

Figure 2: Rate of error r for the 1118 motifs
exa tly omputed. Ee is the exa t expe tation, Ea is the approximate expe tation on a
sequen e of length 6,756,720 positions with the
ProDom amino-a ids distribution

Figure 1: Histogram of probability of o urren e p of a motif at a given position for the
1118 motifs exa tly omputed. (ProDom distribution for amino-a ids)
and the remaining oeÆ ients verify



z 
dk+1 j
1
k
lim
aj =
(k + 1 j )! z! dz k+1 j L(z ) 1 z + L(z )

k+1 !

:

The following orollary is an immediate onsequen e of this theorem.
Corollary 1. Asymptoti ally, rare o urren es verify a Poisson law,


 





( n)k 1 + O 1 ;
 1 L()
=
0
1 L () k!
n
1 L0 () :
As a on luding remark of this se tion, the rst error term in the orollary is k=n times the dominant
term of the theorem. Pra ti ally, most of Prosite motifs have expe tation under 10 for proteoms
larger than one million amino-a ids, and the Poisson law is a good approximation for these motifs. The
expe tation of the Poisson law is omputable by Lemma 3.
pn;k =

5



n 1

Validation of the fast approximate method for protein motifs

For the 20 letters protein alphabet, the probability that an o urren e of a motif begins at a given position
is small. This further implies that the probability of two overlapping mat hes of a motif, of order two
with respe t to this probability of o urren e, is mu h smaller and suggests that the non-overlapping
approximation is good. On the other side, observations of Prosite motifs shows that the probability
that a motif is nested is also very small. These hypotheses are on rmed by omputations done with the
exa t method and veri ed as follows. Ni odeme et al. [6℄ omputed the expe tation of 1118 Prosite
motifs on the 6,756,720 amino-a ids long non-redundant database of onsensus of the multiple alignments
of ProDom [16℄. Figure 1 displays the probability of o urren es of these motifs at a given position of a
random database of same length and same amino-a ids distribution, where the probability of o urren e
is omputed as the ratio of the expe tation by the length of the random database. This gure shows that
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Figure 3: Histograms of the Gaussian quantiles of the Prosite motifs for S.
with expe tation above 0.05 (273 motifs)

elegans (left)
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erevisiae

(left) and C.

less than 1% of the motifs have probability above 10 4. Figure 2 displays the rate of error

j
Ee Ea j jEe Ea j
;
;
r = max
E
E


e

a

where Ee and Ea are respe tively the exa t expe tation and the approximate expe tation for ProDom.
The display is limited to the 46 motifs (out of 1118) with r > 0:01. Out of these 46 motifs, 11 have a
rate of error above 10% and the biggest error rate is 0.3. These results (99% of the motifs within a 10%
error range and 96% within a 1% error range) are good in respe t with the pre ision needed by biologi al
appli ations. However, when the expe tation of a motif is large, a 10% error would lead to misleading
on lusions and the expe tation must be omputed exa tly in this ase.
We pro eeded also to dire t veri ation of the properties of motifs as follows. For ea h motif M
that has been evaluated with the exa t method, we examined the automaton re ognizing  M . If,
in this automaton, the transitions from nal states, for any letter l of the alphabet, goes to the state
a essed from the initial state with the same letter, the motif is not self-overlapping and not nested.
This algorithmi he k ounts 406 non self-overlapping and non-nested motifs, about one third of the
1118 onsidered motifs. We also onstru ted an automaton for the nite language of words generated by
the motif. From this automaton, we ompute the generating fun tion of the languages generated by the
motifs and we ompare it with the generating fun tion omputed by dire t translation. This omparison
disagrees for 7 Prosite motifs that have ambiguous des riptions.

6

Genome omparison

This se tion is intended as an example of what an be done with the fast approximate method. A more
detailed biologi al arti le is part of future work.
We ompare here the 7,120,115 positions long proteom of C. elegans to the 4,049,041 positions long
proteom of S. erevisiae.
For ea h motif, and for ea h proteom, we omputed with the approximate method the expe tation 
of the number of mat hes. The letter frequen ies that we use in the mathemati al and the omputational
model are the empiri al frequen ies in ea h proteom, the quantities  are determined by the pattern2exp
program whi h implements the approximate method. When onsidering
, 38 motifs have
expe tation over 10. The expe tation of 34 of these motifs has been exa tly re omputed for the two
organisms. The omputation of the last four motifs is too long and these motifs have been left aside.
C. elegans

9

30

(S. erevisiae)

20

10

(C. elegans)

–10

10

20

30

–10

Figure 4: Gaussian quantiles of the Prosite motifs for S.
tation above 0.05 (273 motifs)

erevisiae

(x) and C. elegans (y) with expe -

Ea h value for  is then ompared to the orresponding number of observed mat hes (also alled
observables), denoted by !, that is obtained by a straight s an of the two proteoms1. To avoid dis repan ies resulting of the di erent lengths of the two proteoms, the  and ! values have been normalized to
1 million positions long proteoms and omparisons are made on these normalized values.
Prosite motifs PS00001 to PS00009 are highly degenerate. These motifs and the few onstrained
motifs that have mat hes o urring only at the beginning or at the end of a text have been left out of
the omparison.
A way to quantify the dis repan y between the expe tation  and the observation ! of the number
of o urren es is by mean of the tail probability p of the asymptoti Poisson distribution and of the
orresponding quantile of the normal distribution, for normalization. Let x(p) be the solution of the

1
The observed quantities were determined by the Prosite tools ontained in the IRSEC motif toolbox
http://www.isre .isb-sib. h/ftp-server/. The omputation of the observed values takes about 25 minutes for C. elegans
and 15 minutes for S. erevisiae.
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PS00022 GC
20.41 GS
2.54 OC
430 EC
3.666 OS
PS00022
PS00022 C-x-C-x(5)-G-x(2)-C
PS00022 EGF_1;PATTERN.
EGF-like domain signature 1.

4 ES

.321

PS01186 GC
19.27 GS
2.66 OC
384 EC
3.260 OS
PS01186
PS01186 C-x-C-x(2)-[GP℄-[FYW℄-x(4,8)-C
PS01186 EGF_2;PATTERN.
EGF-like domain signature 2.

3 ES

.270

PS00010 GC
11.40 GS
-.03 OC
113 EC
.576 OS
0 ES
.061
PS00010
PS00010 C-x-[DN℄-x(4)-[FY℄-x-C-x-C
PS00010 ASX_HYDROXYL;PATTERN.
Asparti a id and asparagine hydroxylation site.
PS00109 GC
8.42 GS
.58 OC
81 EC
1.306 OS
2 ES
PS00109
PS00109 [LIVMFYC℄-x-[HY℄-x-D-[LIVMFY℄-[RSTAC℄-x(2)-N-[LIVMFYC℄(3)
PS00109 PROTEIN_KINASE_TYR;PATTERN.
Tyrosine protein kinases spe ifi

.570
a tive-site signature.

PS00232 GC
8.18 GS
-.04 OC
53 EC
.168 OS
0 ES
.103
PS00232
PS00232 [LIV℄-x-[LIV℄-x-D-x-N-D-[NH℄-x-P
PS00232 CADHERIN;PATTERN.
Cadherins extra ellular repeated domain signature.
PS00018 GC
7.55 GS
1.32 OC
184 EC
24.606 OS
30 ES
20.373
PS00018
PS00018 D-x-[DNS℄-{ILVFYW}-[DENSTG℄-[DNQGHRK℄-{GP}-[LIVMC℄-[DENQSTAGC℄-x(2)-[DE℄-[LIVMFYW℄
PS00018 EF_HAND;PATTERN.
EF-hand al ium-binding domain.
PS00280 GC
7.47 GS
-.04 OC
62 EC
.721 OS
0 ES
.088
PS00280
PS00280 F-x(3)-G-C-x(6)-[FY℄-x(5)-C
PS00280 BPTI_KUNITZ;PATTERN.
Pan reati trypsin inhibitor (Kunitz) family signature.
C. El.
S. Ce.

C. El.
S. Ce.

A
.0622
.0557

R
.0513
.0444

N
.0496
.0612

D
.0523
.0580

C
.0207
.0129

Q
.0408
.0392

E
.0641
.0648

G
.0531
.0499

H
.0232
.0217

I
.0624
.0656

L
.0870
.0956

K
.0644
.0729

M
.0262
.0209

F
.0497
.0448

P
.0484
.0438

S
.0804
.0898

T
.0586
.0589

W
.0111
.0104

Y
.0322
.0336

V
.0623
.0561

Figure 5: (Above). Motifs that are fun tional in C. elegans and not fun tional in S. erevisiae. GC, OC,
EC and GS, OS, ES respe tively are the Gaussian quantiles , the observations ! and the expe tations  of
the number of o urren es for C. elegans and S. erevisiae; the Gaussian quantiles have been omputed
for equivalent (in the sense of the amino-a id distribution) 106 amino-a ids long databases. (Below).
Probability of o urren e of the amino-a ids in the two organisms.
equation

Z

The signed quantile
rules

1 1

p e

t2 =2 dt = p:

2
x
alibrating the observed number of o urren es is omputed along the following

Case ! >  :

p=

Case ! <  :

p=

X

k!

e

X

0k!

k



=1
k!

e

k



k!

X

0k<!

e

k



k!:

;

= +x(p):
= x(p):

;

We apply this dis repan y measure in the following se tion.
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Results
Figure 3 displays histograms of the Gaussian quantiles for the multi- ellular organism
and
the mono- ellular organism
. Re all that the tail probability for quantiles = 5 and = 6
respe tively are less than 3:10 7 and 10 9. Su h quantiles orrespond to ex eptional events. Figure 4
ompares the quantiles omputed for 273 motifs for the two organisms.
We fo us on the motifs that have high quantile values for C. elegans but small ones for S. erevisiae.
Both PS00022 and PS01186 are Epidermal Growth Fa tors that are statisti ally insigni ant in S.
erevisiae while being fun tional during the development in C. elegans.
PS00010 o urs in several proteins of C. elegans, su h as GPL1 CAEEL that is impli ated in ell- ell
intera tions, and does not o ur in S. erevisiae where there is no hydroxylation.
PS00109 is a Tyrosine kinase protein. The biologi al me hanism of addition of phosphate to Tyrosine
is typi al of multi- ellular organisms.
The adherins extra ellular PS00232 is involved in the assembly of ells in multi- ellular organisms
and does not o ur in S. erevisiae.
The EF-hand al ium-binding domain PS00018 is strongly over-represented in
and slightly
in
; this suggests that the almodulin-based regulatory me hanism is mu h more elaborated
in
.
PS00280 is a pan reati enzyme that does not appear in the mono- ellular S. erevisiae.
C. elegans

S.

erevisiae

C. elegans

S.

erevisiae

C. elegans

7

Implementation and performan es

The fast approximate method is implemented as a Awk program (pattern2exp). This program 2 together
with Maple software and worksheets for the exa t method is available at address \http://www.dkfzheidelberg.de/tbi/people/ni odeme/regexp". The expe tations of the number of o urren es of
motifs a ording to an amino-a id distribution and to a database length are omputed. The present
version only handles protein motifs.
The performan e is independent of the length of the database and is only related to the number of
input motifs. The 1260 non- onstrained Prosite motifs are pro essed in about 30 se onds. It takes 30
minutes to make the exa t omputation for the 34 motifs for whom the approximation is too loose for
. As a omparison, the exa t method takes about 30 omputation days and omputes 88% of the
motifs, the 142 left motifs ex eeding a time limit of 4 hours.
C.

elegans

8

Con lusion and future work

We presented in this arti le a fast approximate method that alibrates the motifs of Prosite for any
amino-a ids distribution. We apply the method to ompare C. elegans and S. erevisiae, and we nd
motifs that are fun tional in C. elegans but not in S. erevisiae. The probabilisti alibration of o urren es of motifs performed here for these two organisms may be done for other organisms. Ex eptional
quantiles in the alibration learly indi ate whi h motifs are fun tional in some organisms and are not in
other ones. They provide strong suggestions for further biologi al investigations.
We have not found yet a theoreti al method to bound the error done when the motif onsidered is selfoverlapping. This o urs frequently for DNA motifs, and therefore the approximate method onsidered
here is not presently adapted for this latter ase. Future resear h should ta kle this problem. Future
work also in ludes an integrated genome omparison pa kage for motifs and detailed biologi al analysis
of genome omparisons based on probabilisti alibration of o urren es of Prosite motifs.
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