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A collocation method based on linear Legendre multiwavelets is developed for numerical solution of one-dimensional parabolic
partial integrodifferential equations of diffusion type. Such equations have numerous applications in many problems in the applied
sciences to model dynamical systems. The proposed numerical method is validated by applying it to various benchmark problems
from the existing literature. The numerical results confirm the accuracy, efficiency, and robustness of the proposed method.

1. Introduction

In some fields such as nuclear reactor dynamics and thermoe-
lasticity we need to reflect the effect of the memory of the
systems in model. If such systems are modeled using partial
differential equation, which involves functions at a given
space and time, the effect of past history is ignored.Therefore
in order to incorporate thememory effect in such systems, an
integral term in the basic partial differential equation is intro-
duced and this leads to a partial integrodifferential equation.

Partial integrodifferential equations are used in many
problems in the applied sciences tomodel dynamical systems.
The applications of partial integrodifferential equations can
be found in financial mathematics [1], biological models,
chemical kinetic, aerospace systems, control theory of finan-
cial mathematics, and industrial mathematics [2]. In addition
to this several phenomena in physics such as study of
heat conduction, thermoelastic contact, control theory, fluid
dynamics, and viscoelasticmechanics [3] can also bemodeled
using partial integrodifferential equation.

In this paper, we consider one-dimensional partial inte-
grodifferential equation of diffusion type which is given as
follows:𝜕𝑢𝜕𝑡 = Δ𝑢 + ℎ (𝑥, 𝑡) − ∫𝑡

0
𝐾 (𝑥, 𝑡 − 𝑠) 𝑢 (𝑥, 𝑠) 𝑑𝑠,

𝑥 ∈ Ω, 𝑡 > 0,
(1)

subject to initial condition,

𝑢 (𝑥, 0) = 𝑢0 (𝑥) , 𝑥 ∈ Ω, (2)

and Dirichlet boundary conditions,

𝑢 (𝑥, 𝑡) = 𝑔 (𝑥, 𝑡) , 𝑥 ∈ 𝜕Ω, 𝑡 > 0, (3)

whereΔ𝑢 = 𝜕2𝑢/𝜕𝑥2 and 𝜕Ω is the boundary ofΩ. Moreover,
the function ℎ(𝑥, 𝑡) and kernel function 𝐾(𝑥, 𝑡) are assumed
to be smooth and in this paper we will considerΩ = [0, 1].

We note that partial integrodifferential equation of
type (1) arises in several applications including analysis of
spacetime-dependent nuclear reactor and blow-up problems
[4].

Due to the unavailability of the analytical solution for
partial integrodifferential equation, researchers have used
numericalmethods to find approximate solutions. Numerical
solutions of integral equations, integrodifferential equations,
and partial integrodifferential equations have been consid-
ered by many researchers. Several methods have been intro-
duced including flatness method [5], curve length method
[6], Tau method [7], Sobolev gradient method [8], homotopy
analysis transform method [9], explicit iterative method
[10–13], operational matrix method [14], homotopy analysis
method [15], and Sinc collocation method [16].

Wavelets have several applications in approximation
theory. A survey of some of the early works can be found

Hindawi
Mathematical Problems in Engineering
Volume 2017, Article ID 2853679, 11 pages
https://doi.org/10.1155/2017/2853679

https://doi.org/10.1155/2017/2853679


2 Mathematical Problems in Engineering

in [17, 18]. Wavelets have been used for numerical solutions
of integral equations [19], integrodifferential equations [20],
fractional diffusion-wave equation [21], ordinary differential
equations [22], and partial differential equations [23]. These
methods employ various types of wavelets, which include
Daubechies [24], Battle-Lemarie [25], and Haar wavelet
[26–28].

The rest of the paper is organized as follows. In Section 2,
a brief introduction of linear Legendremultiwavelets is given.
In Section 3, a solution procedure of the new method is
discussed. In Section 4, numerical experiments are presented
for validation of the new algorithm. Finally, in Section 5, some
conclusions are drawn.

2. The Linear Legendre Multiwavelets

A wavelet is a class of functions constructed from dilation
and translation of a single function called themother wavelet.
When the dilation and translation parameters 𝑎 and 𝑏 vary
continuously, the following family of continuous wavelets is
obtained:

𝜔𝑎𝑏 (𝑥) = |𝑎|−1/2 𝜔(𝑥 − 𝑏𝑎 ) , 𝑎, 𝑏 ∈ R, 𝑎 ̸= 0, (4)

whereas if the parameters 𝑎 and 𝑏 are restricted to discrete
values 𝑎 = 2−𝑘 and 𝑏 = 𝑛2−𝑘, then we have the following
family of discrete wavelets:

𝜔𝑘𝑛 (𝑥) = 2𝑘/2𝜔 (2𝑘𝑥 − 𝑛) , 𝑘, 𝑛 ∈ Z, (5)

where the mother wavelet 𝜔 satisfies ∫
R
𝜔(𝑥) = 0.

In the present work only discrete wavelet family is con-
sidered. A special case where the discrete wavelet family
forms an orthonormal basis of 𝐿2(R) has several advantages.
This can be obtained by means of multiresolution analysis
(MRA) which is defined below.

The increasing sequence {𝑉𝑘}𝑘∈Z of closed subspaces of𝐿2(R) with scaling function 𝜑 ∈ 𝑉0 is called MRA if the
following conditions are satisfied:

(1) ⋃𝑘 𝑉𝑘 is dense in 𝐿2(R) and⋂𝑘 𝑉𝑘 = {0},
(2) 𝑓(𝑥) ∈ 𝑉𝑘 iff 𝑓(𝑧−𝑘𝑥) ∈ 𝑉0,
(3) {𝜑(𝑥 − 𝑛)}𝑛∈Z is a Riesz basis for 𝑉0.

Note that condition (3) implies that the sequence {2𝑘𝜑(2𝑘𝑥 −𝑛)}𝑛∈Z is an orthonormal basis for 𝑉0. In [29], the authors
constructed the linear Legendre multiwavelets. The two
scaling functions 𝜑0(𝑥) and 𝜑1(𝑥) are chosen as follows:

𝜑0 (𝑥) = 1,
𝜑1 (𝑥) = √3 (2𝑥 − 1) ,

0 ≤ 𝑥 < 1.
(6)

Then, the corresponding mother wavelets for the linear
Legendre multiwavelets family are given as follows:

𝜔0 (𝑥) = {{{{{
−√3 (4𝑥 − 1) for 0 ≤ 𝑥 < 12 ,√3 (4𝑥 − 3) for 12 ≤ 𝑥 < 1, (7)

𝜔1 (𝑥) = {{{{{
(6𝑥 − 1) for 0 ≤ 𝑥 < 12 ,(6𝑥 − 5) for 12 ≤ 𝑥 < 1. (8)

The linear Legendre multiwavelet is constructed by translat-
ing and dilating the mother wavelet 𝜔 and hence is given by

{𝜔𝑗
𝑘𝑛 (𝑥) = 2𝑘/2𝜔𝑗 (2𝑘𝑥 − 𝑛) , 𝑘, 𝑛 ∈ Z, 𝑗 = 0, 1} . (9)

The family {𝜔𝑗
𝑘𝑛
}𝑗=0,1
𝑘,𝑛∈Z

forms an orthonormal basis for 𝐿2(R)
and subfamily {𝜔𝑗

𝑘𝑛
} where 𝑛 = 0, 1, 2, . . . , 2𝑘 − 1, 𝑘 = 0, 1, 2,. . ., and 𝑗 = 0, 1 is an orthonormal basis for 𝐿2[0, 1] [29].

Thus, any function𝑢(𝑥) ∈ 𝐿2[0, 1] can be expressed as a linear
combination of members of linear Legendre multiwavelets
family as follows:

𝑢 (𝑥) = 𝑐0𝜑0 (𝑥) + 𝑐1𝜑1 (𝑥) + ∞∑
𝑘=0

1∑
𝑗=0

2𝑘−1∑
𝑛=0

𝑐𝑗
𝑘𝑛
𝜔𝑗
𝑘𝑛 (𝑥) , (10)

where

𝑐𝑗
𝑘𝑛

= ⟨𝑔 (𝑥) , 𝜔𝑗𝑘𝑛⟩ (11)

and ⟨⋅, ⋅⟩ denotes the standard inner product of the Hilbert
space 𝐿2(R).

For approximation purposes, the infinite series in (10) is
truncated, and we have

𝑢 (𝑥) ≈ 𝑐0𝜑0 (𝑥) + 𝑐1𝜑1 (𝑥) + 𝑀∑
𝑘=0

1∑
𝑗=0

2𝑘−1∑
𝑛=0

𝑐𝑗
𝑘𝑛
𝜔𝑗
𝑘𝑛 (𝑥) . (12)

The first four functions 𝜑0, 𝜑1, 𝜔0, 𝜔1 are defined earlier
through (6) to (8). The next four functions are given as
follows:

𝜔010 (𝑥) =
{{{{{{{{{{{{{

−√6 (8𝑥 − 1) for 0 ≤ 𝑥 < 14 ,√6 (8𝑥 − 3) for 14 ≤ 𝑥 < 12 ,0 for 12 ≤ 𝑥 < 1,

𝜔011 (𝑥) =
{{{{{{{{{{{{{

0 for 0 ≤ 𝑥 < 12 ,−√6 (8𝑥 − 5) for 12 ≤ 𝑥 < 34 ,√6 (8𝑥 − 7) for 34 ≤ 𝑥 < 1,

𝜔110 (𝑥) =
{{{{{{{{{{{{{

√2 (12𝑥 − 1) for 0 ≤ 𝑥 < 14 ,√2 (12𝑥 − 5) for 14 ≤ 𝑥 < 12 ,0 for 12 ≤ 𝑥 < 1,

𝜔111 (𝑥) =
{{{{{{{{{{{{{

0 for 0 ≤ 𝑥 < 12 ,√2 (12𝑥 − 7) for 12 ≤ 𝑥 < 34 ,√2 (12𝑥 − 11) for 34 ≤ 𝑥 < 1.

(13)
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The remaining functions can be constructed in a similarman-
ner.

The representation of linear Legendre multiwavelets des-
cribed above, that is, {𝜔𝑗

𝑘𝑛
: 𝑘, 𝑛 ∈ Z, 𝑗 = 0, 1}, involves three

parameters. In order to simplify the notations and reduce
the parameters, we divide the linear Legendre multiwavelets

family into two subfamilies each depending upon a single
parameter. The first family will be represented by {𝜙𝑖: 𝑖 =1, 2, . . .} and it contains the first scaling function and all other
functions which are generated by the mother wavelet 𝜔0(𝑡).
This subfamily can be represented in an alternate way as
follows:

𝜙1 (𝑥) = 1, 0 ≤ 𝑥 < 1, (14)

𝜙𝑖 (𝑥) = {{{{{
−2𝑗/2√3 (2𝑗+2𝑥 − 4𝑘 − 1) for 𝑘𝑚 ≤ 𝑥 < 𝑘 + 0.5𝑚 ,
2𝑗/2√3 (2𝑗+2𝑥 − 4𝑘 − 3) for 𝑘 + 0.5𝑚 ≤ 𝑥 < 𝑘 + 1𝑚 , 𝑖 = 2, 3, . . . , (15)

where 𝑚 = 2𝑗, 𝑗 = 0, 1, . . . , 𝐽, and 𝑘 = 0, 1, . . . , 𝑚 − 1. The
integer 𝑗 indicates the level of resolution of the wavelet, 𝐽 is
the maximum level of resolution, and the integer 𝑘 denotes
the translation parameter. The relation between𝑚, 𝑘, and 𝑖 is
given as 𝑖 = 𝑚 + 𝑘 + 1.

The second family will be represented by {𝜓𝑖: 𝑖 = 1, 2, . . .}
and it contains the second scaling function and all other
functions which are generated by the mother wavelet 𝜔1(𝑥).
The alternate representation of this subfamily is given as fol-
lows:

𝜓1 (𝑥) = √3 (2𝑥 − 1) , 0 ≤ 𝑥 < 1, (16)

𝜓𝑖 (𝑥) = {{{{{
2𝑗/2 (3 × 2𝑗+1𝑥 − 6𝑘 − 1) for 𝑘𝑚 ≤ 𝑥 < 𝑘 + 0.5𝑚 ,
2𝑗/2 (3 × 2𝑗+1𝑥 − 6𝑘 − 5) for 𝑘 + 0.5𝑚 ≤ 𝑥 < 𝑘 + 1𝑚 , 𝑖 = 2, 3, . . . , (17)

where𝑚, 𝑗, and 𝑘 are defined in a similar way as above.
Using this alternate formulation of linear Legendre mul-

tiwavelets, the expression of any square integrable function𝑢(𝑥) given in (10) can be written in an alternate form for one-
dimensional problem as

𝑢 (𝑥) = ∞∑
𝑖=1

𝑎𝑖𝜙𝑖 (𝑥) + ∞∑
𝑖=1

𝑏𝑖𝜓𝑖 (𝑥) , (18)

and the truncated expression given in (12) becomes

𝑢 (𝑥) ≈ 𝑁/2∑
𝑖=1

𝑎𝑖𝜙𝑖 (𝑥) + 𝑁/2∑
𝑖=1

𝑏𝑖𝜓𝑖 (𝑥) , (19)

where 𝑁 = 2𝐽+2. The coefficients 𝑎𝑖, 𝑖 = 1, 2, . . . , 𝑁/2 and 𝑏𝑖,𝑖 = 1, 2, . . . , 𝑁/2 are the linear Legendre multiwavelets coef-
ficients. Similarly the approximation for two-dimensional
problem is given as follows:

𝑢 (𝑥, 𝑡) ≈ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑎𝑖𝑗𝜙𝑖 (𝑥) 𝜙𝑗 (𝑡)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑏𝑖𝑗𝜙𝑖 (𝑥) 𝜓𝑗 (𝑡)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑐𝑖𝑗𝜓𝑖 (𝑥) 𝜙𝑗 (𝑡)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑑𝑖𝑗𝜓𝑖 (𝑥) 𝜓𝑗 (𝑡) ,
(20)

where 𝑁 = 2𝐽+2. The coefficients 𝑎𝑖𝑗, 𝑏𝑖𝑗, 𝑐𝑖𝑗, 𝑑𝑖𝑗, 𝑖 = 1, 2, . . . ,𝑁/2, and 𝑗 = 1, 2, . . . , 𝑁/2 are the linear Legendre multi-
wavelets coefficients.

The following collocation points are considered for linear
Legendre multiwavelets approximations:

𝑥𝑘 = 𝑘 − 0.5𝑁 , 𝑘 = 1, 2, . . . , 𝑁,
𝑡𝑙 = 𝑙 − 0.5𝑁 , 𝑙 = 1, 2, . . . , 𝑁.

(21)

For linear Legendremultiwavelets the following notations are
introduced:

𝜙1𝑖 (𝑥) = ∫𝑥
0
𝜙𝑖 (𝑥) 𝑑𝑥,

𝜙𝜐+1𝑖 (𝑥) = ∫𝑥
0
𝜙𝜐𝑖 (𝑥) 𝑑𝑥, 𝜐 = 1, 2 . . . ,
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𝜓1𝑖 (𝑥) = ∫𝑥
0
𝜓𝑖 (𝑥) 𝑑𝑥,

𝜓𝜐+1𝑖 (𝑥) = ∫𝑥
0
𝜓𝜐𝑖 (𝑥) 𝑑𝑥, 𝜐 = 1, 2 . . . .

(22)

These integrals can be evaluated using the definition of linear
Legendre multiwavelets in (15) and (17).

3. Numerical Procedure

In this section, we will first consider numerical integration
using quadrature method with linear Legendremultiwavelets
basis. After this, the proposed numerical method based on
linear Legendre multiwavelets will be developed for par-
tial integrodifferential equations for one-dimensional linear
problems (1)–(3). We will be using collocation method
and for linear Legendre multiwavelets approximations the
collocation points in (21) will be considered.

3.1. Numerical Integration Using Linear Legendre Multiwave-
lets. Consider the integral

∫1
0
𝑢 (𝑥) 𝑑𝑥. (23)

Substituting the approximation of 𝑢(𝑥) in terms of linear
Legendre multiwavelets basis given in (19), we obtain

∫1
0
𝑢 (𝑥) 𝑑𝑥 = ∫1

0

𝑁/2∑
𝑖=1

𝑎𝑖𝜙𝑖 (𝑥) 𝑑𝑥 + ∫1
0

𝑁/2∑
𝑖=1

𝑏𝑖𝜓𝑖 (𝑥) 𝑑𝑥
= 𝑎1,

(24)

because

∫1
0
𝜙𝑖 (𝑥) 𝑑𝑥 = 0, for 𝑖 = 2, 3, . . . , 𝑁2 ,

∫1
0
𝜓𝑖 (𝑥) 𝑑𝑥 = 0, for 𝑖 = 1, 2, . . . , 𝑁2 .

(25)

Hence to find the approximate value of the integral we
need only to find the value of 𝑎1. For this purpose, we put
collocation points in (19) and obtain

𝑢 (𝑥𝑗) = 𝑁/2∑
𝑖=1

𝑎𝑖𝜙𝑖 (𝑥𝑗) + 𝑁/2∑
𝑖=1

𝑏𝑖𝜓𝑖 (𝑥𝑗) ,
𝑗 = 1, 2, . . . , 𝑁.

(26)

Solving the above system for 𝑎1, we get
𝑎1 = 1𝑁

𝑁∑
𝑘=1

𝑢 (𝑥𝑘) . (27)

Hence we obtain the quadrature formula for numerical inte-
gration using linear Legendre multiwavelets over the interval[0, 1] as follows:

∫1
0
𝑢 (𝑥) 𝑑𝑥 = 1𝑁

𝑁∑
𝑘=1

𝑢 (𝑥𝑘) . (28)

For a general interval [𝑎, 𝑏], we have
∫𝑏
𝑎
𝑢 (𝑥) 𝑑𝑥 = (𝑏 − 𝑎)𝑁 ∫1

0
𝑢 (𝑎 + (𝑏 − 𝑎) 𝑡) 𝑑𝑡

= (𝑏 − 𝑎)𝑁
𝑁∑
𝑘=1

𝑢 (𝑡𝑘) ,
(29)

where

𝑡𝑘 = 𝑎 + (𝑏 − 𝑎) (𝑘 − 0.5𝑁 ) , 𝑘 = 1, 2, . . . , 𝑁. (30)

3.2. One-Dimensional Partial Integrodifferential Equation. In
this subsection, we will consider the application of the pro-
posed collocation method to one-dimensional partial inte-
grodifferential equation. For such problems the second-order
partial derivative 𝑢𝑥𝑥(𝑥, 𝑡) is approximated using two-dimen-
sional linear Legendre multiwavelets as follows:

𝑢𝑥𝑥 (𝑥, 𝑡) = 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑎𝑖𝑗𝜙𝑖 (𝑥) 𝜙𝑗 (𝑡)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑏𝑖𝑗𝜙𝑖 (𝑥) 𝜓𝑗 (𝑡)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑐𝑖𝑗𝜓𝑖 (𝑥) 𝜙𝑗 (𝑡)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑑𝑖𝑗𝜓𝑖 (𝑥) 𝜓𝑗 (𝑡) .

(31)

Integrating (31) and using the boundary conditions in (3), we
get the following expression:

𝑢 (𝑥, 𝑡) = 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑎𝑖𝑗 (𝜙2𝑖 (𝑥) − 𝑥𝜙2𝑖 (1)) 𝜙𝑗 (𝑡)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑏𝑖𝑗 (𝜙2𝑖 (𝑥) − 𝑥𝜙2𝑖 (1)) 𝜓𝑗 (𝑡)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑐𝑖𝑗 (𝜓2𝑖 (𝑥) − 𝑥𝜓2𝑖 (1)) 𝜙𝑗 (𝑡)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑑𝑖𝑗 (𝜓2𝑖 (𝑥) − 𝑥𝜓2𝑖 (1)) 𝜓𝑗 (𝑡)
+ 𝑔 (0, 𝑡) + 𝑥 (𝑔 (1, 𝑡) − 𝑔 (0, 𝑡)) .

(32)

In a similar manner the first-order partial derivative 𝑢𝑡(𝑥, 𝑡)
is also approximated as

𝑢𝑡 (𝑥, 𝑡) = 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑒𝑖𝑗𝜙𝑖 (𝑥) 𝜙𝑗 (𝑡)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑓𝑖𝑗𝜙𝑖 (𝑥) 𝜓𝑗 (𝑡)
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+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑔𝑖𝑗𝜓𝑖 (𝑥) 𝜙𝑗 (𝑡)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

ℎ𝑖𝑗𝜓𝑖 (𝑥) 𝜓𝑗 (𝑡) .
(33)

Integrating (33) and using the initial condition in (2) we have

𝑢 (𝑥, 𝑡) = 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑒𝑖𝑗𝜙𝑖 (𝑥) 𝜙1𝑗 (𝑡)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑓𝑖𝑗𝜙𝑖 (𝑥) 𝜓1𝑗 (𝑡)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑔𝑖𝑗𝜓𝑖 (𝑥) 𝜙1𝑗 (𝑡)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

ℎ𝑖𝑗𝜓𝑖 (𝑥) 𝜓1𝑗 (𝑡) + 𝑢0 (𝑥) .

(34)

Comparing (32) and (34) and using collocation points for 𝑥
and 𝑡 defined in (21), we obtained the following system of
equations:

𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑎𝑖𝑗 (𝜙2𝑖 (𝑥𝑘) − 𝑥𝑘𝜙2𝑖 (1)) 𝜙𝑗 (𝑡𝑙)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑏𝑖𝑗 (𝜙2𝑖 (𝑥𝑘) − 𝑥𝑘𝜙2𝑖 (1)) 𝜓𝑗 (𝑡𝑙)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑑𝑖𝑗 (𝜓2𝑖 (𝑥𝑘) − 𝑥𝑘𝜓2𝑖 (1)) 𝜙𝑗 (𝑡𝑙)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑑𝑖𝑗 (𝜓2𝑖 (𝑥𝑘) − 𝑥𝑘𝜓2𝑖 (1)) 𝜓𝑗 (𝑡𝑙)

− 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑒𝑖𝑗𝜙𝑖 (𝑥𝑘) 𝜙1𝑗 (𝑡𝑙)

− 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑓𝑖𝑗𝜙𝑖 (𝑥𝑘) 𝜓1𝑗 (𝑡𝑙)

− 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑔𝑖𝑗𝜓𝑖 (𝑥𝑘) 𝜙1𝑗 (𝑡𝑙)

− 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

ℎ𝑖𝑗𝜓𝑖 (𝑥𝑘) 𝜓1𝑗 (𝑡𝑙)
= 𝑢0 (𝑥𝑘) − 𝑔 (0, 𝑡𝑙) − 𝑥 (𝑔 (1, 𝑡𝑙) − 𝑔 (0, 𝑡𝑙)) ,

𝑘, 𝑙 = 1, 2, . . . , 𝑁.

(35)

Equation (35) represents𝑁×𝑁 linear systemwith unknowns𝑎𝑖𝑗, 𝑏𝑖𝑗, 𝑐𝑖𝑗, 𝑑𝑖𝑗, 𝑒𝑖𝑗, 𝑓𝑖𝑗, 𝑔𝑖𝑗, ℎ𝑖𝑗, 𝑖, 𝑗 = 1, 2, . . . , 𝑁/2.
Next we approximate the partial integrodifferential equa-

tion given in (1). Applying the numerical integration formula
developed in (29), we get

𝑢𝑡 (𝑥, 𝑡) = 𝑢𝑥𝑥 (𝑥, 𝑡) + ℎ (𝑥, 𝑡)
− 𝑡𝑁
𝑁∑
𝑟=1

𝐾(𝑥, 𝑡 − 𝑠𝑟) 𝑢 (𝑥, 𝑠𝑟) ,
𝑥 ∈ Ω, 𝑡 ∈ [0, 𝑇] .

(36)

Substituting the values of 𝑢𝑥𝑥(𝑥, 𝑡), 𝑢(𝑥, 𝑡), and 𝑢𝑡(𝑥, 𝑡) from
(31), (32), and (33) in (36) we have

𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑒𝑖𝑗𝜙𝑖 (𝑥) 𝜙𝑗 (𝑡) + 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑓𝑖𝑗𝜙𝑖 (𝑥) 𝜓𝑗 (𝑡)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑔𝑖𝑗𝜓𝑖 (𝑥) 𝜙𝑗 (𝑡) + 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

ℎ𝑖𝑗𝜓𝑖 (𝑥) 𝜓𝑗 (𝑡)

= 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑎𝑖𝑗𝜙𝑖 (𝑥) 𝜙𝑗 (𝑡) + 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑏𝑖𝑗𝜙𝑖 (𝑥) 𝜓𝑗 (𝑡)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑐𝑖𝑗𝜓𝑖 (𝑥) 𝜙𝑗 (𝑡) + 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑑𝑖𝑗𝜓𝑖 (𝑥) 𝜓𝑗 (𝑡)

+ ℎ (𝑥, 𝑡) − 𝑡𝑁
𝑁∑
𝑟=1

𝐾(𝑥, 𝑡 − 𝑠𝑟)
⋅ (𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑎𝑖𝑗 (𝜙2𝑖 (𝑥) − 𝑥𝜙2𝑖 (1)) 𝜙𝑗 (𝑠𝑟)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑏𝑖𝑗 (𝜙2𝑖 (𝑥) − 𝑥𝜙2𝑖 (1)) 𝜓𝑗 (𝑠𝑟)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑐𝑖𝑗 (𝜓2𝑖 (𝑥) − 𝑥𝜓2𝑖 (1)) 𝜙𝑗 (𝑠𝑟)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑑𝑖𝑗 (𝜓2𝑖 (𝑥) − 𝑥𝜓2𝑖 (1)) 𝜓𝑗 (𝑠𝑟) + 𝑔 (0, 𝑠𝑟)

+ 𝑥 (𝑔 (1, 𝑠𝑟) − 𝑔 (0, 𝑠𝑟))) .

(37)

Using collocation points for 𝑥 and 𝑡 defined in (21), we have
the following system of equations after simplification:

𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑎𝑖𝑗( 𝑡𝑁
𝑁∑
𝑟=1

𝐾(𝑥𝑘, 𝑡𝑙 − 𝑠𝑟) (𝜙2𝑖 (𝑥𝑘) − 𝑥𝑘𝜙2𝑖 (1))

⋅ 𝜙𝑗 (𝑠𝑟) − 𝜙𝑖 (𝑥𝑘) 𝜙𝑗 (𝑡𝑙)) + 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑏𝑖𝑗( 𝑡𝑁
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⋅ 𝑁∑
𝑟=1

𝐾(𝑥𝑘, 𝑡𝑙 − 𝑠𝑟) (𝜙2𝑖 (𝑥𝑘) − 𝑥𝑘𝜙2𝑖 (1)) 𝜓𝑗 (𝑠𝑟)
− 𝜙𝑖 (𝑥𝑘) 𝜓𝑗 (𝑡𝑙)) + 𝑁/2∑

𝑖=1

𝑁/2∑
𝑗=1

𝑐𝑖𝑗( 𝑡𝑁
𝑁∑
𝑟=1

𝐾(𝑥𝑘, 𝑡𝑙 − 𝑠𝑟)

⋅ (𝜓2𝑖 (𝑥𝑘) − 𝑥𝑘𝜓2𝑖 (1)) 𝜙𝑗 (𝑠𝑟) − 𝜓𝑖 (𝑥𝑘) 𝜙𝑗 (𝑡𝑙))
+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑑𝑖𝑗( 𝑡𝑁
𝑁∑
𝑟=1

𝐾(𝑥𝑘, 𝑡𝑙 − 𝑠𝑟)

⋅ (𝜓2𝑖 (𝑥𝑘) − 𝑥𝑘𝜓2𝑖 (1)) 𝜓𝑗 (𝑠𝑟) − 𝜙𝑖 (𝑥𝑘) 𝜓𝑗 (𝑡𝑙))
+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑒𝑖𝑗𝜙𝑖 (𝑥𝑘) 𝜙𝑗 (𝑡𝑙) + 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑓𝑖j𝜙𝑖 (𝑥𝑘) 𝜓𝑗 (𝑡𝑙)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

𝑔𝑖𝑗𝜓𝑖 (𝑥𝑘) 𝜙𝑗 (𝑡𝑙)

+ 𝑁/2∑
𝑖=1

𝑁/2∑
𝑗=1

ℎ𝑖𝑗𝜓𝑖 (𝑥𝑘) 𝜓𝑗 (𝑡𝑙) = 𝑡𝑁
𝑁∑
𝑟=1

𝐾(𝑥𝑘, 𝑡𝑙 − 𝑠𝑟)
⋅ (𝑥 (𝑔 (0, 𝑠𝑟) − 𝑔 (1, 𝑠𝑟)) − 𝑔 (0, 𝑠𝑟))
+ ℎ (𝑥𝑘, 𝑡𝑙) for 𝑘, 𝑙 = 1, 2, . . . , 𝑁.

(38)

Again we obtain an 𝑁 × 𝑁 linear system with unknowns𝑎𝑖𝑗, 𝑏𝑖𝑗, 𝑐𝑖𝑗, 𝑑𝑖𝑗, 𝑒𝑖𝑗, 𝑓𝑖𝑗, 𝑔𝑖𝑗, ℎ𝑖𝑗, 𝑖, 𝑗 = 1, 2, . . . , 𝑁/2.
Finally these two systems in (35) and (38) can be solved

easily byGauss eliminationmethod.The solution of these two
systems gives the values of the unknown coefficients 𝑎𝑖𝑗, 𝑏𝑖𝑗, 𝑐𝑖𝑗,𝑑𝑖𝑗, 𝑒𝑖𝑗, 𝑓𝑖𝑗, 𝑔𝑖𝑗, ℎ𝑖𝑗, 𝑖, 𝑗 = 1, 2, . . . , 𝑁/2 at the collocation points
defined in (21). With these coefficients we approximate 𝑢(𝑥,𝑡)which is the solution of the partial integrodifferential equa-
tion in (1).

4. Numerical Experiments

In this section, several numerical experiments are performed
in order to show the performance of the proposed method.
The method is applied to six linear one-dimensional partial
integrodifferential equations (Test Problems 1–6).

Test Problem 1. Consider a diffusion problem [30]:

𝜕𝑢𝜕𝑡 = 𝜕2𝑢𝜕𝑥2 − ∫𝑡
0
𝑒(𝑥(𝑡−𝑠))𝑢 (𝑥, 𝑠) 𝑑𝑠 + ℎ (𝑥, 𝑡) ,

𝑥 ∈ Ω, 𝑡 ∈ [0, 1] ,
(39)

subject to the following initial and boundary conditions:

𝑢 (𝑥, 0) = 0,
𝑢 (0, 𝑡) = sin 𝑡,

𝑢 (1, 𝑡) = 0,
𝑢 (𝑥, 𝑡) = (1 − 𝑥2) sin 𝑡

(40)

as the exact solution of problem (1)–(3), where ℎ(𝑥, 𝑡) is given
as

ℎ (𝑥, 𝑡) = (1 − 𝑥2) cos 𝑡 + 2 sin 𝑡
+ (𝑥2 − 1) (cos 𝑡 + 𝑥 sin 𝑡 − 𝑒𝑥𝑡)

1 + 𝑥2 . (41)

Two-dimensional linear Legendre multiwavelets approxima-
tion is applied to this test problem and numerical results at
different time levels are reported in Table 1. From this table
one can easily observe that the maximum absolute errors are
decreasing by increasing the number of collocation points.
An accuracy of order 10−5 is obtained by considering 𝑁 =32 × 32 number of collocation points. Note that since this is
not time marching scheme, therefore the maximum absolute
errors are not increased while moving with time. Instead, we
observe an oscillating behavior in maximum absolute errors
for fixed number of collocation points; for some time steps
they are increasing whereas for other time levels they are
decreasing.

We have also plotted the graphs of exact and approximate
solutions in Figure 1 for comparison. The graph of approxi-
mate solution is plotted using𝑁 = 32 × 32 collocation points
and it is in complete agreement with the graph of exact solu-
tion.

Test Problem 2. Consider a linear diffusion equation [30]:

𝜕𝑢𝜕𝑡 = 𝜕2𝑢𝜕𝑥2 − ∫𝑡
0
sin𝑥 (𝑡 − 𝑠) 𝑢 (𝑥, 𝑠) 𝑑𝑠 + ℎ (𝑥, 𝑡) ,

𝑥 ∈ Ω, 𝑡 ∈ [0, 1] ,
(42)

subject to initial and boundary conditions:

𝑢 (𝑥, 0) = 1 − 𝑥2,
𝑢 (0, 𝑡) = 𝑒𝑡,
𝑢 (1, 𝑡) = 0.

(43)

The exact solution of this problem is as follows:

𝑢 (𝑥, 𝑡) = (1 − 𝑥2) 𝑒𝑡, (44)

where the function ℎ(𝑥, 𝑡) is calculated using the above exact
solution as follows:

ℎ (𝑥, 𝑡) = 2𝑒𝑡 + 𝑒𝑡 (1 − 𝑥2)
+ (−1 + 𝑥2) (−𝑒𝑡𝑥 + 𝑥 cos 𝑡𝑥 + sin 𝑡𝑥)

1 + 𝑥2 . (45)

The exact solution of this test problem involves trigonometric
functions. Numerical results using two-dimensional Haar
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Table 1: Maximum absolute errors at different time of the present method for Test Problem 1.

𝑡 𝑁 = 4 × 4 𝑁 = 8 × 8 𝑁 = 16 × 16 𝑁 = 32 × 320.0625 1.0278 × 10−3 7.4383 × 10−5 4.6240 × 10−6 1.2106 × 10−50.1875 1.8960 × 10−4 7.5155 × 10−5 1.2275 × 10−5 2.4685 × 10−50.3125 7.0791 × 10−4 1.4643 × 10−4 2.5696 × 10−5 3.5745 × 10−50.4375 1.5070 × 10−4 7.5929 × 10−5 4.2169 × 10−5 4.5563 × 10−50.5625 2.6171 × 10−3 1.2180 × 10−4 6.0743 × 10−5 5.3926 × 10−50.6875 7.2426 × 10−4 1.0567 × 10−4 8.1933 × 10−5 6.0499 × 10−50.8125 1.5578 × 10−3 4.7215 × 10−5 1.0738 × 10−4 6.4915 × 10−50.9375 4.2985 × 10−4 2.1869 × 10−4 1.3833 × 10−4 6.6396 × 10−5
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Figure 1: Plots of exact and approximate solution for Test Problem 1.

wavelet in terms ofmaximumabsolute errors at different time
levels are reported in Table 2. The table shows a consistent
behavior of the proposed method as the maximum absolute
errors increase with increase in number of collocation points.

Test Problem 3. In this example [30], we investigate a linear
diffusion problem as

𝜕𝑢𝜕𝑡 = 𝜕2𝑢𝜕𝑥2 − ∫𝑡
0

𝑡 − 𝑠 + 1𝑥 + 1 𝑢 (𝑥, 𝑠) 𝑑𝑠 + ℎ (𝑥, 𝑡) ,
𝑥 ∈ Ω, 𝑡 ∈ [0, 1] ,

(46)

subject to initial and boundary conditions:

𝑢 (𝑥, 0) = 1 − 𝑥2,
𝑢 (0, 𝑡) = 11 + 𝑡2 ,
𝑢 (1, 𝑡) = 0,

(47)

with the exact solution

𝑢 (𝑥, 𝑡) = 1 − 𝑥21 + 𝑡2 , (48)

and ℎ(𝑥, 𝑡) is defined as

ℎ (𝑥, 𝑡)
= 21 + 𝑡2 −

2𝑡 (1 − 𝑥2)
(1 + 𝑡2)2

+ (𝑥 − 1) (−2 (1 + 𝑡) tan−1 (𝑡) + log (1 + 𝑡2))
2 .

(49)

We have applied the proposedmethod to this linear test prob-
lem and the maximum absolute errors at different time levels
are shown in Table 3. Once again a very good performance of
the proposed method is observed from this table.

Test Problem 4. Consider another linear diffusion equation
[30]:

𝜕𝑢𝜕𝑡 = 𝜕2𝑢𝜕𝑥2 − ∫𝑡
0
𝑢 (𝑥, 𝑠) 𝑑𝑠 + ℎ (𝑥, 𝑡) ,

𝑥 ∈ Ω, 𝑡 ∈ [0, 1] ,
(50)
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Table 2: Maximum absolute errors at different time of the present method for Test Problem 2.

𝑡 𝑁 = 4 × 4 𝑁 = 8 × 8 𝑁 = 16 × 16 𝑁 = 32 × 320.03125 5.3955 × 10−3 7.8261 × 10−4 1.3271 × 10−5 3.0776 × 10−60.15625 7.2584 × 10−4 4.5256 × 10−4 2.7204 × 10−5 3.2693 × 10−60.28125 2.4940 × 10−3 1.1149 × 10−3 3.4060 × 10−5 1.6258 × 10−50.40625 7.3514 × 10−4 5.31440 × 10−4 4.0383 × 10−5 2.0544 × 10−50.53125 1.0091 × 10−2 1.4578 × 10−3 4.8419 × 10−5 1.5133 × 10−50.65625 4.5156 × 10−4 6.4253 × 10−4 5.9778 × 10−5 4.9830 × 10−60.78125 3.5433 × 10−3 1.9173 × 10−3 7.5454 × 10−5 3.0333 × 10−50.90625 1.6591 × 10−3 7.3846 × 10−4 9.6496 × 10−5 6.3594 × 10−6
Table 3: Maximum absolute errors at different time of the present method for Test Problem 3.

𝑡 𝑁 = 4 × 4 𝑁 = 8 × 8 𝑁 = 16 × 16 𝑁 = 32 × 320.1 3.7913 × 10−4 7.8437 × 10−4 1.1785 × 10−4 4.9833 × 10−50.2 2.3940 × 10−3 6.0770 × 10−4 1.7295 × 10−4 6.2964 × 10−60.3 9.8721 × 10−4 5.2793 × 10−4 1.8362 × 10−4 1.0686 × 10−50.4 3.5740 × 10−3 3.3500 × 10−4 1.0876 × 10−4 3.5224 × 10−50.5 7.0464 × 10−3 1.0127 × 10−3 1.2916 × 10−4 1.5531 × 10−50.6 4.2963 × 10−3 3.7386 × 10−4 3.8243 × 10−5 1.1223 × 10−50.7 1.6758 × 10−3 2.3956 × 10−4 1.4320 × 10−5 1.8332 × 10−50.8 3.8863 × 10−4 4.1881 × 10−4 1.2823 × 10−5 1.1718 × 10−50.9 1.3031 × 10−3 1.1242 × 10−4 5.0721 × 10−5 7.1565 × 10−61.0 1.6426 × 10−3 6.2199 × 10−4 1.7152 × 10−4 4.2592 × 10−5

subject to the following initial and boundary conditions:

𝑢 (𝑥, 0) = 1 − 𝑥22 ,
𝑢 (0, 𝑡) = cosh 𝑡2 + sinh2 𝑡 ,
𝑢 (1, 𝑡) = 0.

(51)

The exact solution of the problem is given by

𝑢 (𝑥, 𝑡) = (1 − 𝑥2) cosh 𝑡
2 + sinh2 𝑡 , (52)

and the function ℎ(𝑥, 𝑡) is calculated using the exact solution
of this test problem given as

ℎ (𝑥, 𝑡) = (1 − 𝑥2) sinh 𝑡 + 2 cosh 𝑡
2 + sinh 𝑡2

− 2 (1 − 𝑥2) cosh 𝑡2 sinh 𝑡
(2 + sinh 𝑡2)2

+ 1√2 tan−1 ( 1√2) sinh 𝑡 (1 − 𝑥2) .
(53)

The exact solution of this test problem involves hyperbolic
functions. Two-dimensional linear Legendre multiwavelets
approximation is also applied to this test problem and nu-
merical results at different time levels are reported in Table 4.

From this table we also observe that the maximum absolute
errors are decreasing by increasing the number of collo-
cation points. An accuracy of order 10−6 is obtained by con-
sidering𝑁 = 32 × 32 number of collocation points.

Test Problem 5. We now turn to another example [30] of lin-
ear diffusion equation:

𝜕𝑢𝜕𝑡 = 𝜕2𝑢𝜕𝑥2 − ∫𝑡
0
cos (𝑥 (𝑡 − 𝑠)) 𝑢 (𝑥, 𝑠) 𝑑𝑠 + ℎ (𝑥, 𝑡) ,

𝑥 ∈ Ω, 𝑡 ∈ [0, 1] ,
(54)

subject to the following initial and boundary conditions:

𝑢 (𝑥, 0) = (1 − 𝑥4) 𝑒𝑥,
𝑢 (0, 𝑡) = 𝑒𝑡,
𝑢 (1, 𝑡) = 0,

(55)

and the exact solution is as follows:

𝑢 (𝑥, 𝑡) = (1 − 𝑥4) 𝑒𝑥+𝑡, (56)

followed by ℎ(𝑥, 𝑡); that is,
ℎ (𝑥, 𝑡) = 𝑒𝑥 (𝑒𝑡 (1 + 𝑥2 (11 + 8𝑥))

+ (𝑥2 − 1) (cos (𝑡𝑥) − 𝑥 sin (𝑡𝑥))) . (57)

This problem is solved using the two-dimensional linear Leg-
endremultiwavelets and the numerical results are depicted in
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Table 4: Maximum absolute errors at different time of the present method for Test Problem 4.

𝑡 𝑁 = 4 × 4 𝑁 = 8 × 8 𝑁 = 16 × 16 𝑁 = 32 × 32 𝑁 = 64 × 640.1 1.3938 × 10−4 1.8049 × 10−6 9.2110 × 10−7 9.5195 × 10−8 1.1342 × 10−70.2 5.5810 × 10−5 1.3464 × 10−5 2.3295 × 10−6 1.5485 × 10−6 4.3291 × 10−80.3 1.8068 × 10−4 7.2956 × 10−5 1.9806 × 10−6 1.0885 × 10−6 1.8598 × 10−70.4 1.5749 × 10−4 4.4007 × 10−5 1.7830 × 10−5 1.2562 × 10−6 5.6575 × 10−70.5 1.8056 × 10−3 3.7671 × 10−4 7.7404 × 10−5 1.7270 × 10−5 4.0517 × 10−60.6 5.8196 × 10−4 4.5192 × 10−5 9.5238 × 10−6 3.7954 × 10−6 1.0850 × 10−60.7 2.1447 × 10−4 2.3648 × 10−5 2.0197 × 10−5 4.6581 × 10−6 1.1987 × 10−60.8 4.2761 × 10−4 8.3275 × 10−5 2.3185 × 10−5 3.4690 × 10−6 1.5333 × 10−60.9 1.0542 × 10−4 1.0790 × 10−4 1.1975 × 10−5 7.1800 × 10−6 7.5777 × 10−71.0 1.0145 × 10−3 3.4302 × 10−4 8.6424 × 10−5 2.0314 × 10−5 4.5429 × 10−6
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Figure 2: Plots of exact and approximate solution for Test Problem 5.

Figure 2. In this figure we have plotted the three-dimensional
graphs of the approximate solutions for 0 < 𝑥 < 1 and 0 ≤ 𝑡 ≤1 using three different numbers of collocation points. More-
over for comparison purpose we have also plotted the exact
solution. One can easily observe from the figure that the
approximate solution is converging rapidly towards the exact
solution by increasing the number of collocation points.

Test Problem 6. As a last example of the diffusion equation
[30] for the linear case, we have

𝜕𝑢𝜕𝑡 = 𝜕2𝑢𝜕𝑥2 − ∫𝑡
0
𝑢 (𝑥, 𝑠) 𝑑𝑠 + ℎ (𝑥, 𝑡) ,

𝑥 ∈ Ω, 𝑡 ∈ [0, 1] ,
(58)
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Figure 3: Plots of exact and approximate solution for Test Problem 6.

subject to initial and boundary conditions

𝑢 (𝑥, 0) = (1 − 𝑥6) sin𝑥,
𝑢 (0, 𝑡) = sin 𝑡,
𝑢 (1, 𝑡) = 0.

(59)

The exact solution of this two-dimensional partial integrod-
ifferential equation is

𝑢 (𝑥, 𝑡) = (1 − 𝑥6) sin (𝑥 + 𝑡) , (60)

whereas the function ℎ(𝑥, 𝑡) is calculated using the above
exact solution given by

ℎ (𝑥, 𝑡) = (1 − 𝑥6) cos𝑥 + 12𝑥5 cos (𝑡 + 𝑥)
+ (1 + 30𝑥4 − 𝑥6) sin (𝑡 + 𝑥) . (61)

The comparison of the exact and approximate solution at the
final time 𝑡 = 1 is depicted in Figure 3. This figure shows that
the approximate solutions for just 𝑁 = 32 × 32 number of
collocation points are in complete agreement with the exact
solution.

5. Conclusion

A new algorithm is proposed for the numerical solution of
diffusion partial integrodifferential equation arising in the
applied sciences to model dynamical systems. A two-dimen-
sional linear Legendremultiwavelets basis is used for this pur-
pose. The algorithm is established theoretically and, finally,
we demonstrate the efficiency and accuracy of the proposed
method with linear test problems.
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