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Abstract: In this paper we theoretically study the left-handed behaviors in a 
two-dimensional triangular photonic crystal made of elliptical rods in air. 
An absolute left-handed region is found in the second photonic band by 
using the plane wave expansion method to analyze the photonic band 
structure and equifrequency contours. Typical left-handed behaviors such as 
negative refraction, flat superlensing and plano-concave lensing are 
demonstrated by the finite-difference time-domain simulations. These 
behaviors are also compared with the quasi-negative refraction and the 
resulted focusing effects in a square-lattice two-dimensional photonic 
crystal. 
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1. Introduction 

Left-handed materials (LHMs) or negative refractive-index materials (NIMs), characterized 
by simultaneously negative permittivity and permeability, were initially proposed and 
theoretically analyzed by Veselago in the 1960s [1], and have recently attracted renewed 
interest because of the experimental progresses [2-5]. Unusual electromagnetic phenomena, 
such as negative refraction, reversed Doppler shift [6,7] and reversed Cerenkov radiation [8], 
could be expected in LHMs, which can be applied to fabricate the flat superlens [9] and plano-
concave lens [10,11]. Perhaps the most exciting application of LHMs is the possibility of 
perfect lens that overcomes the diffraction limit by regenerating the entire spectrum of the 
source at the image plane [9, 12]. Due to the absence of LHMs in nature, various approaches 
have been proposed to fabricate the equivalent metamaterial. In one approach, a metamaterial 
with negative refraction, made of a periodic array of split ring resonators (SRRs) and thin 
wires, was first demonstrated experimentally at microwave frequency [2]. Recently, a new 
simple structure only with S-shaped resonators has been designed, and negative refraction was 
demonstrated experimentally [3]. 

Due to its dispersion characteristics, photonic crystal (PhC) is an alternative for the 
realization of LHMs. Notomi’s theoretical works indicated that left-handed behaviors in PhCs 
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are possible in the regimes of negative group velocity and negative effective index above the 
first band near the Brillouin-zone center Г [13]. Soon after the experimental observation of 
negative refraction in PhCs [4], Parimi et al. demonstrated the imaging phenomenon by flat 
PhC lenses [5].  

In general, there are two kinds of negative refraction (and its resulted focusing effects) in 
PhC structures [14-17]. One is left-handed behavior as being described by Veselago [1]. In 
this case, the electromagnetic fields E, H and the wave vector k form a left-handed triplet 
(i.e., S · k < 0, where S is the Poynting vector). The other negative refraction is realized 
without employing negative index or a left-handed behavior, but by the high order Bragg 
scattering [14] or anisotropy [17]. In the latter case, the PhC behaves much like a right-handed 
medium (i.e., S ⋅ k > 0). This kind of quasi-negative refraction and its resulted focusing 
effects, caused by anisotropy in square-lattice PhCs, have been investigated systematically by 
Kuo et al [18-22]. 

Recently, Moussa et al. theoretically and experimentally demonstrated left-handed 
behaviors such as negative refraction and superlensing in a triangular lattice of rectangular 
dielectric rods [23]. Subsequently, reference [24] analyzed imaging properties of a square-
lattice elliptical-rod PhC slab lens that was based on the quasi-negative refraction caused by 
anisotropy [15, 17]. Although we knew that the noncircular rods would result in a left-handed 
frequency region, it is still quite interesting to optimize the left-handed behaviors. For this 
purpose, in this paper we theoretically investigate a left-handed two-dimensional (2D) PhC 
that is made of the elliptical rods arranged in a triangular lattice in air. Typical left-handed 
behaviors such as negative refraction, flat superlensing and plano-concave lensing are 
demonstrated by numerical simulations using the finite-difference time-domain method 
(FDTD) [25]. We also compare these left-handed behaviors with the quasi-negative refraction 
and its resulted focusing effects. 

The rest of this paper is organized as follows. In Section 2, we theoretically analyze this 
PhC by examining the photonic band structure and equifrequency contours (EFCs). The 
FDTD simulation results of negative refraction, flat lensing and plano-concave lensing are 
shown in Section 3. A comparison between left-handed behaviors and quasi-negative 
refractions is also made. Finally, the conclusions are given in Sec. IV. 

2. Photonic band structure analysis 

The 2D PhC considered in this paper consists of a triangular lattice of elliptical rods arranged 
in the background of air. The dielectric constant of these rods is ε = 12.96. The dimensions of 
each rod in x and y directions are set: major axis rx= a and minor axis ry= 0.5a, where a is the 
lattice constant. This structure is schematically shown in Fig. 1(a). For this elliptical-rod 
structure, we only consider the TM polarization that the electric field Ez is parallel to these 
rods. 

 

 (a) 

      

 (b) 

 

Fig. 1. (a) Schematics of a triangular of array elliptical rods in air. (b) The photonic band 
structure for the TM polarization.  
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Fig. 2. Several EFCs of the lowest two bands for the TM polarization. 

 
The photonic band structure and EFCs are calculated by the plane wave expansion 

method and plotted in Fig. 1(b) and Fig. 2, respectively. 961 plane waves are employed to 
assure the convergence of numerical calculations. The frequencies are normalized as a/λ. 
Figure 2 clearly shows that EFC of a region in the second band shrinks with increasing 
frequency, which indicates that the PhC is left-handed. Similar to the case of rectangular rods, 
but different from the case of circular rods, EFCs of our PhC are not totally isotropic because 
of the break in symmetry [23]. The effective index neff in this frequency region, extending 
from 0.26 to 0.33, is shown in Fig. 3. The normalized frequency ω0= 0.313, where the 
effective index is neff = −1, is the optimal frequency for superlensing. Based on EFC at this 
frequency, the angle-dependent effective index neff (ω0,θ ) is calculated and plotted in Fig. 4. 
Because of anisotropy, neff (ω0,θ ) varies between −0.63 and −1.05 with the angle θ formed by 
the wave vector k(ω0 ) and ГM.  

 

 

 
Fig. 3. Effective index of the second band vs. the normalized frequency. 
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Fig. 4. The calculated effective index neff (θ ) at the optimal frequency ω0= 0.313. 

 

3. Numerical simulations  

To study the left-handed behaviors in this PhC, numerical simulations are conducted using the 
FDTD method. In all numerical simulations, the boundaries are perfectly matched layers 
(PMLs) [26]. Considering the symmetry of Bloch modes of this PhC, the interface between 
PhC and free space is arranged along ГK [27]. 

3.1 Negative refraction 

Numerical simulations of negative refraction are illustrated in Fig. 5. A Gaussian beam with a 
normalized frequency ω0= 0.313 is incident to the PhC with angles ϕ = 30ο and ϕ = 60ο to the 
normal of the interface, as shown in Fig. 5(a) and Fig. 5(b), respectively. In both of the two 
circumstances, the incident beams are refracted in the opposite directions of the reflected 
beams, namely, the effective index of this PhC slab is neff = −1. This kind of negative 
refraction is a pure left-handed behavior that corresponds to vg ⋅ k < 0, which is different from 
the quasi-negative refraction caused by anisotropy in the first partial band gap of a square-
lattice PhC. In the square-lattice PhCs, the first partial band gap results in an anisotropic 
response and canalization effect. Because transmitted waves in this PhC are all confined in the 
canalized direction, incident beams are compelled to refract in this direction independent of 
the incident angles [20]. Since all refracted beams transmit at the prearranged direction 
controlled by the PhC orientation, this quasi-negative refraction is governed by the 
canalization effect and does not obey the Snell’s law. 

 
 

 (a) 

  

 (b) 

 
Fig. 5. Negative refractions for two incident angles: (a) ϕ = 30ο and (b) ϕ = 60ο. 
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3.2 Flat superlens 

Superlensing is the most attractive application of LHMs [28, 29]. Figure 6 shows the flat 
superlens made by this PhC based on the absolutely left-handed behavior. Figure 6(a1) and 
(b1) give the snapshots of the electric fields, while Fig. 6(a2) and (b2) give the corresponding 
normalized average intensities over a period. Figure 6(a2) and (b2) are combinations of three 
parts including the normalized intensity of the source field, the field in the flat lens and the 
image field. The PhC structure, which is sketched by wine-colored ellipses, is cut 0.25a at 
each interface for exciting the surface waves [23, 30]. A continuous-wave point source is 
located at the left side of the PhC slab with the normalized frequency ω0= 0.313. In Fig. 6(a) 
and (b), the distances from the point source to the first interface of the PhC slab (i.e. the object 
distance) are do = 2.75a and do′ = 4.75a, and the images are formed at di = 2.30a and di′ = 
0.45a away from the second interface, respectively. It is obvious that the distances satisfy a 
relationship do + di ≅ do′+ di′, which is required by the Snell’s law for a flat lens with neff = −1. 
Particularly, there is an internal focus inside the PhC slab, which is a clear evidence of LHMs 
following the rules of geometric optics. The transverse normalized field intensities of the 
source and the images are shown in Fig. 7. Similar to Ref. [23, 30], the full width at the half 
maximum (FWHM) of the image decreases from 0.50λ to 0.39λ when the PhC is cut 0.25a at 
each interface. 

However, there is another different flat superlens that does belong to the left-handed 
behavior. Based on the canalization effect caused by the first partial band gap of a square-
lattice PhC, several flat superlenses have been demonstrated theoretically and experimentally 
[31, 32]. For this kind of superlens, most of the spatial spectrum of the source is coupled into 
the canalization at the incident interface, tunneled through the PhC slab, and finally ejected 
out from the other interface [15]. The image is formed near the interface and independent of 
the object distance. Because the evanescent waves are not amplified, this superlens overcomes 
the diffraction limit only in the near field region and the source must be located near the flat 
lens for effectively coupling with evanescent waves.  

 
 

 (a1) 

  

 (a2) 

 

 (b1) 

  

 (b2) 

 
Fig. 6. The propagation maps for the flat superlens. The object distance is do = 2.75a for (a) and 
do′ = 4.75a for (b). (a1) and (b1) are the snapshots of the electric field. (a2) and (b2) display the 
corresponding normalized average intensities over a period. 
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Fig. 7. The transverse normalized field intensities of the source and the images. 

 

3.3 Plano-concave lens 

Plano-concave lens is another typical application of LHMs. LHMs allows focusing of a plane 
wave by concave rather than convex surface. Vodo [10] and Parazzoli [11] have fabricated 
plano-concave lenses by using SRRs and photonic crystals, respectively. It should be 
mentioned that there is a right-handed mode coexisted in the left-handed frequency region for 
square-lattice PhCs such as Vodo’s plano-concave lens and Parimi’s flat lens. (More details 
will be shown in our another study [33].) Because of not being a really all-angle negative 
refraction, the quasi-negative refraction PhC cannot be used to fabricate plano-concave lens. 

 

 (a) 

  

 (b) 

 
Fig. 8. (a) Focusing by plano-concave lens. (b)Field maps of the incident point source and the 
emerging plane wave. 

 
 
Plano-concave lenses made by this PhC are shown in Fig. 8. The PhC plano-concave 

lenses are sketched by wine-colored ellipses too. In Fig. 8(a), a Gaussian beam with 
normalized frequency ω0= 0.313 incidents into the PhC plano-concave lens perpendicularly, 
and a focus is formed. Similar to Ref. [10], this photograph is composed of two surface plots. 
On the left hand of the dark strip, the field map of incident beam is shown, and on the right 
side is the average intensity over a period. In Fig. 8(b), a continuous-wave point source is 
located on the focus, and the plane wave is formed out of the plano-concave lens. Because of 
anisotropy, the focus is not exactly located at R / |1−n| (i.e., R / 2). 

4. Conclusions 

In this paper we have systematically investigated typical left-handed behaviors in a 2D PhC 
that is made of elliptical rods arranged in a triangular lattice in air. An effective index neff = −1 
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has been found in the second photonic band by analyzing the photonic band structure and 
EFCs, which are calculated by the plane wave expansion method. Typical left-handed 
behaviors such as negative refraction, flat superlensing and plano-concave lensing have been 
demonstrated by the FDTD simulations. We also have compared these behaviors with the 
quasi-negative refraction and its resulted focusing effects in a square-lattice 2D PhC, which 
are caused by anisotropy in the first partial band gap.   
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