. mathematics ﬁw\o\w

Article

Solution of Inhomogeneous Differential Equations
with Polynomial Coefficients in Terms of the
Green’s Function

Tohru Morita '* and Ken-ichi Sato 2

Graduate School of Information Sciences, Tohoku University, Sendai 980-8577, Japan
College of Engineering, Nihon University, Koriyama 963-8642, Japan; kensatokurume@ybb.ne.jp
* Correspondence: sesnmm@jcom.home.ne.jp; Tel.: +81-22-278-6186

2

Received: 30 September 2017; Accepted: 6 November 2017; Published: 10 November 2017
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1. Introduction

In our recent papers [1,2], we are concerned with the solution of Kummer’s and hypergeometric
differential equations, where complementary solutions expressed by the confluent hypergeometric
series and the hypergeometric series, respectively, are obtained, by using the Laplace transform,
its analytic continuation, distribution theory and the fractional calculus.

It is the purpose of the present paper, to give the formulas which give the particular solutions of
those equations with inhomogeneous term in terms of the Green’s function. The differential equation
satisfied by the Green’s function is expressed with the aid of Dirac’s delta function, which is defined in
distribution theory, and hence the presentation in distribution theory is adopted.

Let

p(t,s) :=t-s* 4 (c — bt)s — ab, 1)

wherea € C, b € Cand c € C. Then Kummer’s differential equation with an inhomogeneous term is
given by

2
pk(t, %)u(t) =t %u(t) + (c—bt) - %u(t) —ab-u(t) = f(t), t>0. )

If ¢ ¢ Z, the basic complementary solutions of Equation (2) are given by

Kl (t) = 1F1(a; C; bi’), (3)
Ky(t):=t'"¢-1Fi(a—c+1;2—c;bt). (4)

(a)x
[

Here 1Fi(a;¢;z) = Y320 ¢ (C)kzk is the confluent hypergeometric series, (a); = HL‘S (a+1) for

k € Z~o,and (a)y = 1.
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We use R, C and Z to denote the sets of all real numbers, of all complex numbers and of all
integers, respectively. We also use R, := {x € R|x > r}, R>, ;== {x e Rlx > r} forr € R, ;C :=
{z€ClRez >0}, Zog:={n €Zn>a}, Loy :={n € Zn <b}and Zy = {n € Z|a < n < b} for
a € Zand b € Z satisfying a < b. We use Heaviside’s step function H(t), which is defined by

1, t>0,
H<t>={0 o ©

and when f(t) is defined on R~+, f(t)H(t — T) is equal to f(t) fort > Tand to 0 for t < 7.
When ¢ € C satisfies Re (1 — ¢) > —1, the solution K;(#) has the Laplace transform:

A~

Ro(s) = L[Ka(b)] := /0°° Ka(t)e*dt, ©)

and is obtained by solving the Laplace transform of Equation (2). In [1,2], we confirm that the solution
K;(t) is obtained by using an analytic continuation of the Laplace transform (AC-Laplace transform)
for all nonzero values of ¢ € C\Z~.

The complementary solution of the hypergeometric differential equation, corresponding to Ky (t),
is found to be obtained by using the Laplace transform series, where the Laplace transforms of the
solutions are expresssed by a series of powers of s~! multipied by a power of s, which has zero range
of convergence. In fact, the series is the asymptotic expansion of Kummer’s function U(a, b, z) ([3],
Section 13.5), which is discussed also in [4]. Even in that case, by the term-by-term inverse Laplace
transform, we obtain the desired result. The calculation was justified by distribution theory [2].

In the present paper, we present the solutions giving particular solutions of Kummer’s and the
hypergeometric differential equation in terms of the Green’s function with the aid of distribution theory.

In Section 2, we present the formulas in distribution theory, which are given in the book of
Zemanian ([5], Section 6.3), where the particular solution of differential equation with constant
coefficients is obtained. We use them in giving the particular solution of differential equation with
polynomial coefficients in terms of the Green’s function in Section 3, and the solutions are obtained
by this method for Kummer’s and the hypergeometric differential equation in Sections 4 and 5,
respectively.

In Section 2.2, a formulation of the Laplace transform based on distribution theory is given, which
is related with the one in ([5], Section 8.3).The particular solution of differential equation with constant
coefficients is obtained by using the AC-Laplace transform in Section 6, which is compared with the
formulation of the solution in distribution theory given in Section 3, where the Green’s function plays
an important role. In Sections 6.1 and 6.2, the solutions of differentaal equations of the first order and
of the second order, respectively, are given.

We mention here that there are papers in which systematic study is made on polynomial solutions
of inhomogeneous differential equation with polynomial coefficients; see [6] and its references. In the
present paper, we are concerned with infinite series solutions. In our preceding papers [7,8] stimulated
by Yosida’s works [9,10] on Laplace’s differential equations, of which typical one is Kummer’s equation,
we sudied the solution of Kummer’s equation and a simple fractional differential equation on the
basis of fractional calculus and distribution theory. In [1], we discussed it in terms of the AC-Laplace
transform. In [4], we applied the arguments in [1] to the solution of the homogeneous hypergeometric
equation. We now discuss the solution of inhomogeneous equations in terms of the Green’s function
and distribution theory. In [11,12], the solution of inhomogeneous differential equation with constant
coefficients is discussed in terms of the Green'’s function and distribution theory. In Section 6, we discuss
it in terms of the Green’s function and the AC-Laplace transform, where we obtain the solution which
is not obtained with the aid of the usual Laplace transform.
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2. Preliminaries on Distribution Theory

Distributions in the space D’ are first introduced in [5,13-15]. The distributions are either regular
ones or their derivatives. A regular distribution f in D’ corresponds to a function f which belongs to
L] .(R). Here £, (R) denotes the class of functions which are locally integrable on R. A distribution

~loc "~ ~
h, which is not a regular one, is expressed as h(t) = D"f(t), by n € Z~( and a regular distribution

feD.
The space D, that is dual to D', is the space of testing functions, which are infinitely differentiable
on R and have a compact support.

Definition 1. A distribution i € D’ is a functional, to which (h, ¢) € C is associated with every ¢ € D. Let f
be the regular distribution which corresponds to a function f € L1 (R). Then (i):

loc

G0 = Fopwa, @)

and (ii): if n € Z~o, h(t) = D" f(t) is such a distribution belonging to D', that

(h9) = (D"F,9) = (. Do) = [ F(0)DRo(D)dt, ®

where Diyp(t) = (—1)" (1.

Lemma 1. Let f be as in Definition 1, and g(t) == 4

(t (R), and the distribution which
corresponds to g(t) = f")(t), be §(t). Then §(t) = D" f(

loc

)= f"(1) € L]
t

Proof. By using Equations (7) and (8), we have

@9 = | [fOlewa= [~ F0De® = (D). ©)

a
Lemma 2. D" for n € Z~ _ are operators in the space D'.

Definition 2. Let H(t) be defined by Equation (5), T € R, and ¢(t) be such that (t)H(t — 1) € L], (R).
Then the regular distributions which correspond to H(t — ) and (t)H(t — T) are denoted by H(t — 7) and
(t)H(t — ), respectively.

Lemma 3. Let T € R, and (t) be such that p(t) = 0and L[Y(H)H(t —1)] = [Ly(t)|H(t— 1) €
Ll (R). Then

loc

DIp( At~ )] = [Sp(]A(E ). 10)
Proof. We confirm this with the aid of Lemma 1 and Definition 2. [
Dirac’s delta function 4(t) is defined by
o(t) = DH(t). (11)

Lemma4. Let T € R, and y(t) be such that Sp(t) - H(t — 1) € L]

loc

DIp(OA(t 1)) = { M ¥(0)

(R). Then

0,
0. (12)
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Proof. The lhs is expressed as

Dly(t)H(t — 7)] = D[[¢(t) — p(T)|H(t — T)] + (1) DH(t — 7).

From this, we obtain Equation (12), with the aid of Lemma 3 and Equation (11). O

Corollary 1. Let T € R, and (t) be such that d21/J( t)-H(t—1) € L] .(R). Then
2
DAp(A(E 1)) = S19(t) - At~ 1) + ¢/ (D)o(t — ) + 9(x)Do(t 7). (13)

Corollary 2. Let T € R, | € Z~, Y(t) be such that d,gb( t)-H(t—1) € L} (R), and P (t) = p(t)H(t —
T). Then

I

D§ie(t) = D() At~ 0] = 7(6) - Alt = ) + (D he(D))od(t — ), (19

([5], Section 6.3), where

(D' (D))o = Y p®(r)DIF . (15)

k=0

Whenl = 1and | = 2, we have
(De(D))o = (1), (D*pe(D))o = ¢/(7) + $(x)D. (16)
Equations (16) are obtained by comparing Equation (14) with Equations (12) and (13).
Corollary 3. Let T € R, 1 € Z, (t) besuch that () - H(t — 1) € L} (R), P (t) := p()H(t — T),and

d n d!

it 910 = L) Gy (o), a7
where a;(t) are polynomials of t. Then
n d N n
pu(t,D :Z D P () = pult, 2)w(t) - H(t = 7) L £)(D'e(D))od(t — 7),  (18)
=1

where (D' (D)) are given by Equations (15) and (16).
In estimating the last term of Equation (18), we use the following lemma.
Lemma 5. Let ii(t) € Dy, and h(t) be such that h(t)¢(t) € Dg if ¢ € Dg. Then
h(t)Di(t) = D[h(t)a(t)] — b (t)a(t). (19)
Proof.

(h(t)Di(t), ¢(t)) = (a(t), Dw[h()p(t)]) = (k' (t)a(t) + D[a(t)a(t)], ¢(t)), (20)



Mathematics 2017, 5, 62 5o0f 24

2.1. Fractional Derivative and Distributions in the Space Dj

We consider the space Dy [11,12]. A regular distribution in D} is such a distribution that it
corresponds to a function which is locally integrable on R and has a support bounded on the left.
A distribution /1, which is not a regular one, is expressed as /i(t) = D" f(t), by n € Z~¢ and a regular
distribution f € D}. The space Dg, that is dual to D, is the space of testing functions, which are
infinitely differentiable on R and have a support bounded on the right.

We consider the Riemann-Liouville fractional integral and derivatives CD% (z) of order u € C,
when we may usually discuss the derivative 4 f(z) = f(")(z) of order n € Z~; see [16] and ([17],
Section 2.3.2). In the following definition, P(c, z) is the path from ¢ € Ctoz € C, and £ (P(c,z)) is the
class of functions which are integrable on P(c,z), and | x| for x € R denotes the greatest integer not

exceeding x. In the following study, we choose the value ¢ = 0.

Definition 3. Let c € C,z € C, f({) € L (P(c,z)), and f({) be continuous in a neighborhood of { = z.
Then the Riemann-Liouville fractional integral of order A € C is defined by

D) = g5 [ -0 @ e

c

and the Riemann-Liouville fractional derivative of order u € C satisfying Re u > 0 is defined by
DRf(z) = DR DR f(2)], (22)
when the rhs exists, where m = |Re u| + 1, and ;DY f(z) = g‘fz—";f(z) = fm)(z) form € Z~. ;.

Definition 4. Let A € C, and f be a reqular distribution in D', that corresponds to a function f. Then we
have a regular distribution which corresponds to gD f (). We denote it D~* f(t), and then

(Df9) = [ DR FWIe(dt = (,D5t) = [ F@)D e, 23)
for every ¢ € Dr. Then by using Equation (21) in the second member of Equation (23), we obtain
_ 1 e _
D) = gy [, (=0 o) at. (24)

This formula shows that D;\/‘gb does not belong to D, even when ¢ € D. As a consequence,
the operator D~ corresponding CDE)‘ cannot be an operator in the space D', but we can confirm that
it is an operator in the space Df.

Definition 5. Let fz(t) € Dy, meée Zs 1, A € 4C,u = m—Aand DV = D™D, Then we have
D" € DY, which satisfies

(D", ¢) = (b, Dyyp), (25)
for every ¢ € Dg, where DCV = D;\,}‘D%.

In solving a differential equation, we assume that the solution u(t) and the inhomogeneous part
f(t) for t > 0, are expressed as a linear combination of

au(t) = r(lv)tvl, v eC\Zy, 26)
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where I'(v) is the gamma function. The Laplace transform of g, (t) is givenby L[g,(t)] = s Vifv € 4C.
We introduce the analytic continuation of the Laplace transform (AC-Laplace transform) of g, (t),
which is expressed by L[y (t)], as in [1,2], such that

$u(s) = Lulg(t)] =s7", veC\Za. (27)
We often use the following formula [1,2].

Lemma 6. Let v € C\Z.q1 and u € C. Then for t € R, we have

—u(t), v—pueC\Zy,
Dlo ()= d & u( < )
0 Rgv() { 0, V—UEZL. (28)

Condition 1. A function of t € R multiplied by H(t), e.g. u(t)H(t), is expressed as a linear combination of
gu(t)H(t) forv € S, where S is an enumerable set of v € C\Z 1 satisfying Re v > —M for some M € Z~ _.

When u(t) satisfies Condition 1, it is expressed as follows:

u(t) = ¥ w10l = X st (29)

veSs veS

where 1,1 € C are constants. When 71(s) = Ly[u(t)] exists, it is expressed by

i(s) = Z uy,—18v(s) = Z uy—18~". (30)

veS vesS

Definition 6. Let g, (t) and §,(s) be given by Equations (26) and (27), respectively. Then §,(t) € Dy is
defined by

Su(t) = gu(D)é(t) = D7"4(t), veC\Za, (31)
and is denoted by g, (t)H(t).

Remark 1. When v € 1 C, we can confirm that §,(t) = g, (t)H(t) is a regular distribution which corresponds
to gu(t)H(t), as

(8v,9) = (D"8(), (1)) = (D™ TH(E), ¢(t)) = /_ 0; H(H) Dy p(t)]dt
:/j; oD " H(1))g(t)dt = /Z [8u () H()]p(t)dt,

with the aid of Equations (9), (11) and (23), Definition 5, and formulas g1 (t) = 1, gv(t) = ¢Dg" " g1 (t) and
g1(t) = oD% gy (t) for v € C\Zq, which are obtained from Equations (26) and (28).

Lemma 7. Let gy(t), $v(s) and g, (t) be as in Definition 6. Then for y € C, we have
D¥gy(t) = oDrgv(t) - H(t) + (D& (D))od (t), (32)

where

(DFgv(D))o =

m -1 —
{ D ’ m=pu—vec Z>71/ (33)

0, U—V & Ls_1.

Proof. By using Equations (28) and (31), we confirm Equation (32). O
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Lemma 8. Let u(t) and i1(s) = Ly[u(t)] be expressed by Equations (29) and (30), respectively. Then ii(t) =
u(t)H(t) € D is expressed as

a(t) = Y uy,agu(t) = Y uy 180(D)S(t) = a(D)(t), (34)

ves ves

in accordance with Definition 6.

Lemma 9. Let [ € Z~, u(t) be expressed by Equation (29), #(t) := u(t)H(t), and 6i(s) := Ly[u(t)]. Then

D'a(t) = D'[u(t)H(t)] = ;tl,u(t) -H(t) + (D'a(D))oé (), (35)
where
(D'a(D))o = IiXZ“le“- (36)
When I = 1,2 and 3, we have
(DiA(D))o = uy, (D*(D))o =uoD +uy, (D*@(D))g = uoD?* +uy D + up. (37)

Proof. By using Equation (34) for #(t), and Lemma 7 for u = | € Z~(, we have contributions to
(D'1(D))oé(t) from the terms of v — 1 =k € Z~_jandm =1 —k — 1 € Z-_; in Equation (35). [

Remark 2. Even when the series on the rhs of Equation (30) does not converge for any s, the series on the rhs of
Equation (34) may converge in an interval of t on R. In such a case, we use 1i(s) to represent the series on the
ths of Equation (30).

2.2. Fractional Derivative and Distributions in the Space D},

We adopt the space Dy of distributions, such that regular ones correspond to functions which
may increase slower than ¢! for all € € R~ as t — oo. Then the dual space Dyy consists of functions
which are infinitely differentiable on R and decay more rapidly than ¢ N for all N € Z~g as t — co.

Remark 3. In the book of Miller and Ross ([18], Chapter VII), one chapter is used to discuss the Weyl fractional
integral and differentiation in the space Dyy, where notation W*g(t) is used in place of D}y g(t) for y € R and
¢ € Dy.

Lemma 10. Let m € Z~ 1, A € +Cand y = m — A. Then
D%efst — Smefst’ D;v/\efst — Sf/\efstl D}Vlvefst — Syefst' (38)

Proof. The second equation is confirmed with the aid of Equation (24). The third equation is confirmed
with the aid of Definition 5, which states D"W = DV_V)‘ Dyy. O

Lemma 11. Let 6(t) = u(t)H(t) be a reqular distribution in D}, that corresponds to function u(t)H(t),

a(s) = Llu(t)] =[5 u(t)e s'dt, and w(t) and (s) be given by w(t) = D'ii(t) and d(s) = s'i(s) for
I € Zwg. Then for y € C, we have

() (@(t), ey =a(s), (i) (D*a(t),e ™) =sta(s), (iii) (tD”ﬁ(t),e’5t>:—%[sﬂﬁ(s)], (39)

and also these equations with ii(t) and 1(s) replaced by @(t) and W(s), respectively.
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Proof. The lhs of these equations are expressed as follows: (i) ( ety = [T u Je Stdt =
Llu(t)] = a(s), (i) (DFa(t),e~") = (i(t), Dye~) = s (a(t), e >= s ( s),and
(iii) (tD¥i(t), e 5ty = (DMii(t), te5t) = —%(Dyﬁ(t),e_5t> ——[s"ﬁ( ). O

This lemma shows that the formulas in Equation (39) are valid for all distributions ii(t) € Dj,,.

Corollary 4. Let the condition of Lemma 6 be satisfied. Then 5(t) € Dy, §v(t) € Dy for v € C\Z.1, and

(600 = (G (DIE) ) = guls) = 4o
Proof. (5(t),e=*t) = (DFI(t), =) = (F (), Dwe—") = s~ls = 1. O
Corollary 5. Let i(t) € D}y, be expressed as i(t) = i(D)3(t). Then
(a(6), =) = (a(D)3(E), e ) = a(s). )
Lemma 12. Let | € Zoq, u(t) be expressed by Equation (29), and (s) = Lg[u(t)]. Then
sas) = LalSu(e)] + Fa(s)ho @)

dat!

where (s'11(s))g are given by Equations (36) and (37) with D replaced by s.
Proof. We put #(t) = u(t)H(t), and then we have Equation (35). Applying Lemma 11 and Corollary 5
to Equation (35), we obtain Equation (42). O

Remark 4. In the book by Zemanian ([5], Section 8.3), he discussed the Laplace transform by adopting the space
D] of distributions, such that regular ones correspond to functions which may increase slower than e et for
alle € Rygast — oo, for a fixed A € R~q. Then the dual space Dy consists of functions which are infinitely
differentiable on R and decay more rapidly than e=*t~N for all N € Z~q as t — oo. Then the above formulas
in the present section are valid when Re s > A. We here adopt the case when A = 0.

Remark 5. Let u(t) and ii(t) be expressed by Equations (29) and (34), respectively. Then ii(t) does not usually
belongs to D}, Even in that case, we use the following equation:

(a(t),e") = (@(D)o(t),e™*") = } uy1(gu(t),e™™) = ), uy18u(s) = (s). (43)

vesS veS

2.3. Some Primitive Leibniz’s formulas

Lemma 13. Let ii(t) = (D)d(t) € Dy, and u € C. Then we have two special ones of Leibniz's formula:

DH[ta(t)] = tD*ii(t) + uD*Yi(t) = (tD + p)DFLi(t), (44)
DF[2ii(t)] = £2DMii(t) + 2utDF Vi (t) + u(p — 1) DF24(t) 5)
= (D% + 2utD + u(p — 1)) DF~2ii(t).
Proof. Lemma 11 shows that when Equation (44) is satisfied, we have
St grit(s)] = - [sa(s)] + st () 6)
ds ds ’
which is confirmed since — % [s#il(s)] = —ustli(s) — s¥ %ﬁ(s). Formula (45) is obtained with the aid

of Equation (44). O
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3. Green’s Function for Inhomogeneous Differential Equations with Polynomial Coefficients
In Sections 4 and 5, we study the solution u(t) of inhomogeneous differential equations with

polynomial coefficients:

n 1
pn(t,%)u(t) = Zal(t)%u(t) = f(t), t>0, (47)

1=0

where n € Z~, and a,(t) are polynomials of ¢ satisfying ag(t) # 0 and a,(t) # 0.
For the inhomogeneous term f(t), we consider the following three cases.

Condition 2.

(i)  f(t) is a locally integrable function on R>,
i) f(t) = ng fp(t) satisfies Condition 1, where fg(t) is a locally integrable functzon on R>g,

)i
(ii)) f(1) = gu(t) = gyt and J (1) = F(H(t) = F(D)S(t) = 2u(D)5(t) = DV6(t), for v € C\Zxy.

Lemma 14. Let u(t) be a solution of Equation (47), which is expressed by Equation (29). Then the differential
equation satisfied by distribution ii(t) := u(t)H(t) is

Ju(t) - A(H) + X ay(t)(D'a(D))od(t)

I=1

=

pu(t, D)a(t) := ¥ a)()D'(t) = pult,

It

—

(48)

= f()) + ¥ ay(t)(D'a(D))s(t),

I=1

~

where f(t) = f(t)H(t), and (D' (D)) are given by Equations (36) and (37).
Proof. Equation (48) is obtained by using Equation (35). O

Lemma 15. Let Condition 2(i) be satisfied. Then f(t) = f(t)H(t), which corresponds to f(t)H(t), is
expressed as

fioy = [ étt -, (49)

Proof. The rhs is equal to the lhs, since

(et —npminge) = - [ [ [T HE- D @ar|e' @
—— [T [ He-n¢0aar= [ foH@pE = (7.9),
where ¢ € Dr. O

Definition 7. For Equation (47), the Green’s function G(t,T) for T € Rso is such that
G(t,7) = G(t,T)H(t — 7), and G(t,7) = G(t, T)H(t — T) satisfies

pn(t,D)G(t,T) = 6(t — 7). (50)
Lemma 16. The Green’s function G(t, T) for Equation (47) satisfies

d z d'
pu(t, E)G(t,’l’) = gal(t)ﬁG(t, T)=0, t>T1, (51)
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and G(t,t) = 0 for t < T. The values of G(t, T) and its derivatives at t = T are determined by

al(t)<DlG(D,T)>o(5(t—T) =4(t—1), (52)

1=

1

where (D'G(D,T))g is given by Equations (15) and (16) with (D) and ((t) replaced by G(D,t) and
G(t,7), respectively.

Proof. This is confirmed by comparing Equation (50) with Equation (18), where ¢ (), (D) and 9 (¢)
are replaced by G(t,7), G(D, 7) and G(t, T), respectively. [J

Lemma 17. iif(t) given by

iif(t) = / G(t,7)f (v)dt (53)
0
is a particular solution of Equation (48) for the term f(t).

Proof. By using the rhs of Equation (53) in the lhs of Equation (48), we obtain f(t)H(t) by using
Equations (50) and (49). O

Lemma 18. Let G(t,T) be defined by Definition 7 for Equation (47), Condition 2(i) be satisfied, and u¢(t) be
given by

t
up(t) = /O G(t,7)f(v)d. (54)
Then ug(t) and iip(t) = ug(t)H(t) are particular solutions of Equations (47) and (48), respectively.

Proof. We show that when iif(t) and us(t) are defined by Equations (53) and (54), respectively,
ig(t) = ug(t)H(t). This is confirmed as follows:

(Ap(t), ¢ = J57 [ [0 Gt H(E = T)g(t)dt| f(T)dT
= I [ 6t 0 f (0| Hg(e)at = (up (1)), p(0),
where ¢ € Dg. The proof of the lemma is completed with the aid of Lemmas 17 and 14. [

(55)

Green’s Function for Inhomogeneous Differential Equations with Constant Coefficients

We now consider the case when 4;(f) do not depend on ¢, and hence in place of Equation (47),
we have

d n dl
puglt) = Larggu(®) = F0), 10, (56)

where n € Z~, and a; € C are constants satisfying a9 # 0 and a, # 0. When we use the formulas in
the preceding section, we assume that a;(t) and p,(t, &) represent a; and p, (%), respectively. In place
of Equation (48), we have

pu(D)a(t) == Y aD'a(t) = F(t) + Y a (D'a(D))od (1), 57)
1=0

I=1

where f(t) = f(t)H(t) = f(D)é(t), and (D'1(D))g are given by Equations (36) and (37).
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We denote the solution G(t,0) obtained by Definition 7, by G(t). Then G(t) = G(t)H(t) satisfies
pn(D)G(t) = &(t). (58)
By using this equation, we confirm the following lemma.

Lemma 19. ii(t) given by

a(t) = F(D)G() + Y. a{D'a(D)}eG(1), (59)
=1

is a solution of Equation (57).

Proof. Putting ii(t) given by Equation (59) on the lhs of Equation (57) and using Equation (58), we
confirm that Equation (57) is satisfied. [

By Lemma 16, we have
Lemma 20. Let G(t) be defined by

d n d! d
Pn(ﬁ)G(t) = l;)alﬁ@(t) = EH(t) =0, t>0, (60)

and the initial values of G(t) and its derivatives satisfy Y1, a;(D'G(D))o = 1, so that
a,G"V(0) =H(0) =1, GD(0)=0, (I€Zy, 5, n€ L) (61)

Then G(t) = G(t)H(t) satisfies (58), and G(t, T) = G(t — T)H(t — T) for T > 0 satisfies Definition 7 if
pu(t, D) = pu(D).

Proof. By comparing Equations (50) and (58), we confirm the last statement. [
Lemma 21. Let Condition 2(i) be satisfied, and u(t) be given by

u(t) = 1y + Y (oG, @)
= dt e

where

up(t) = /OtG(t—T)f(T)dT. 63)
Then u(t) and 1i(t) = uz(t)H(t) are solutions of Equations (56) and (57), respectively.
Proof. Equation (63) follows from Lemma 18. O

Remark 6. In ([5], Section 6.3), the solution of an inhomogeneous differential equation with constant coefficients
is discussed, where the formulas in Corollary 2, Formulas (60) and (61) for the Green’s function and Formula (62)
for the solution, are presented.

4. Particular Solution of Kummer’s Differential Equation

Kummer’s differential equation with an inhomogeneous term f(t) is given in Equation (2).
If f(t) = 0and ¢ ¢ Z, the basic solutions Ki (t) and K, (t) of Equation (2) are given by Equations (3)
and (4).
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We now obtain a particular solution of this equation by the method stated in Section 3.
4.1. Green’s Function for Kummer's Differential Equation in which Condition 2(i) Is Satisfied

The following two lemmas are proved in Section 4.4.

Lemma 22. Let u(t) be the solution of Equation (2), which is expressed by Equation (29). Then the differential
equation satisfied by ii(t) = u(t)H(t) is given by

p(t, D)i(t) = f(£)H(t) + uo(c — 1)8(¢). (64)
Lemma 23. Let Ky (t) and Ky(t) be given by Equations (3) and (4), and x (t, T) for fixed T > 0 be given by
IIJK(t, T) = C1(T) . K1(t) + Cz(T) . Kz(t), (65)

where c1(T) and cy(T) are constants which are so chosen that Y (t,7) = 0 when t = T. Then Gk (t,0) and
Gk (t, T) given by

1

GK(t/O) = C—il : Kl(t)H(t)/ GK(t/ T) = )IPK(t/ T)H(t - T)/ (66)

)

are the Green’s functions for Equation (2), so that Gy (t,0) = Gy (t,0)H(t) and Gk (t,7) = Gk (t,T)H(t — )
satisfy

pK(trD)GK(tf 0) = 5(t), pK(th)GK(t/ T) = 5(t - T)' (67)

Theorem 1. Let Gi(t, T) and Yk (t, T) be those given in Lemma 23, Condition 2(i) be satisfied, and u(t) be
given by

up(t) = /0 G (b 1) f(T)dT = /0 ot —LD g (68)

(T, T)

Then ug(t) and us(t)H(t) are particular solutions of Equations (2) and (64) for the terms f(t) and
F(t)H(t), respectively.

Proof. This is confirmed with the aid of Lemma 18. O

Remark 7. By using the first equation in Equation (67), we see that the particular solution of Equation (64) for
the last term, is

i (t) = uo(c—l)GK(t,O) = Uy 'K](i)FI(f). (69)
The corresponding particular solution of Equation (2) is
uq () = up(c — 1)Gg(t,0) = ug - Ky (¢). (70)

Considering that the basic complementary solutions of Equation (2) are given by Equations (3) and (4), the
general solution of Equation (2) is now given by

u(t) = ug(t) + uo - Ky (t) +c3 - Ka(#). (71)
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The condition ¥k (7, T) = 0 requires that ¢1(7) - K1(7) = —c2(7) - K2(7), and hence we may
choose Yk (t, T) as

Ki(t) — 8o (1), |Ki(7)] < [Ka(7)],

f1) = T K1) 72
Yk (t, T) { Ilgg) Kq(t) = Ka(t),  [Ki(7)] = [K2(T)]- 7

—

4.2. Green’s Function for Kummer’s Differential Equation in which Condition 2(ii) Is Satisfied

We give the solution of Equation (2) of which the inhomogeneous term f () satisfies Condition 2(ii),
so that f(t) = Dﬁfﬁ(t), and fg(t) satisfies Condition 2(i).
The following lemma is proved in Section 4.4.

Lemma 24. Let ii(t) be a solution of Equation (64), and pg(t,D) be related with px(t,D) given by
Equation (1), by

pi(t, D) = D~Fp(t, D)DF. (73)
Then
pr(t,D) :=t-D*+ (c—B—bt)D — (a — )b, (74)
and @(t) = D~Pii(t) satisfies
pi(t, D)w(t) = fs(t)H(t) +ug(c — 1)D P4 (t). (75)

Theorem 1 shows that the particular solution of Equation (75) for the term f5(t) H(t) is expressed
by a particular solution of

PR(L () = f5(0), 1> 0 76)

That solution is used in giving a solution of Equation (2) in Theorem 2 given below.

Remark 8. We note that pg(t, D) given by Equation (74) is obtained from pk(t, D) given by Equation (1), by
replacing a and ¢ by a — B and c — B, respectively, and hence the complementary solutions Kg 1 (t) and Kgo(t)
and Green'’s functions Gg(t,0) and Gg(t, T) of Equation (76) are obtained from those Ky (t), Kx(t), Gk(t,0)
and Gk (t, T), respectively, of Equation (2), by the same replacement.

Now in place of Theorem 1, we have the following theorem, whose proof is given in Section 4.4.

Theorem 2. Let Gg(t, T) and (t, T) be obtained from Gy (t, T) and P (t, T) by the replacement stated in
Remark 8, Condition 2(ii) be satisfied, and wg (t) be given by

aslt) = [ el fper = [ ptt 220

— ~ _dT. 77
AR @)

Then us(t) := ODgwg(t) and ug(t)H(t) are particular solutions of Equations (2) and (64) for the terms
f(t) and f(t)H(t), respectively.
4.3. Particular Solution of Kummer’s Differential Equation in which Condition 2(iii) Is Satisfied

We give the solution of Equation (2) of which the inhomogeneous term f(t) satisfies
Condition 2(iii), so that f(t) = g,(t) = ﬁtv’l and f(t) = f(H)H(t) = f(D)d(t) = $,(D)é(t) =
D7é(t). Here we use B ¢ Z~ _1 in place of —v.
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Lemma 25. Let f(t) = DPS(t), pg(t, D) be given by Equation (74), and G (t,0) satisfy
pi(t, D)Gy(£,0) = (1) 78)
Then the particular solution of Equation (64) for the term f(t)H(t) = DP4(t) is given by
iif(t) = DPGg(t,0). (79)

Proof. iis(t) satisfies px(t, D)ilf(t) = DF5(t) and hence pg(t, D)D_ﬁﬁf(t) = J(t) by Equation (73).
Comparing this with Equation (78), we see that Equation (79) is satisfied. [

By Remark 8, with the aid of Gk (t,0) given by Equations (66) and (3), we have

Lemma 26. As the solution of Equation (78), we obtain
ot
c—p—-1

Theorem 3. Let Condition 2(iii) be satisfied, and Gg(t,0) be given by Equation (80). Then the particular
solution of Equation (2) is given by

Gg(t,0) = Gp(t,0)H(t), Gg(t,0) = -1F(a — B;c — B; bt). (80)

P

C—B-DrA—-p 2B (1,a—B;1—B,c— B bt), (81)

up(t) = oDRGg(t,0) =

where yF2(ay,az;¢1,2;2) = Y3 k.ﬂl)k az))k k.
Proof. iif(t) is given by Equations (79) and (80). Lemma 7 shows that il (t) = uf(t)I:I(t) if ug(t)is
given by Equation (81), since p ¢ Z~_1. O

4.4. Proofs of Lemmas 22-24 and Theorem 2

Proof of Lemma 22. Equation (64) is a special one of (48), where py,, n, ax(t), a1 (t) and ap(t) stand for
Pk, 2, t, c — bt and —ab, respectively. Hence by using Equation (37), we see that the second term on the
rhs of Equation (48) becomes

HutgD + u1)3(E) + (¢ — bt)uod (£) = uo(D[E6(£)] — 8(£)) + cuod(t) = ug(c — 1)5(F). (82)
O

We prepare a lemma before proving Lemma 23.

Lemma 27. Let T > 0, px(t, £)p(t) - H(t — 1) € L}

loc

and P (t) = Y(t)H(t — 7). Then

pK<t,D)¢T<t>=pK<t,%>¢< At —1) +Eaz (D'§e(D))od(t =), ®3)

where ay(t) = t, a1 (t) = ¢ — bt, ag(t) = ab, and

2

Y ai(){D'(D))od(t — T) = T¢'(7)8(t — T) + (7)(c — bt — 1)3(t —7) + (7)TDS(t — 7). (84)

=1
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Proof. Equation (83) is a special one of Equation (18) in Corollary 3. The lhs of Equation (84) is
evaluated with the aid of Equation (16) as follows:

a1(t)(D'=(D))od(t — T) = t[y' (T) + $(1)D]6(t — T) + (¢ = bt)p(T)3(t — 7)

= [ty' () + () (c — b1)]6(t — T) + Pp(T)tDS(t — 7)
=1 (1)6(t — ) + P(7)(c — bt — 1)6(t — T) + ¢(T)TDS(t — T),

aglS

=1

where Formula (19) with h(t) and #(t) replaced by t and é(t — T), respectively, is used in the last term
of the third member. O

Proof of Lemma 23. If we put ¢(t) = -5 -Ki(t) and T = 0 in Equation (83), then we have
P:(t) = G(t,0) on the lhs, and the rhs is ¥(0)(c — 1)6(t) = 6(t), since K;(0) = 1. If we put
P(t) = WIPK(L 7) and ¢(t) = 0 in Equation (83), then we have §-(t) = G(t, ) on the Ihs,
and the rhsis t¢/(7)é(t — 1) =6(t — 7). O

Proof of Lemma 24. With the aid of Equation (44), we obtain

D~B[pk(t, D)[DPw(t)]] = D~P[t- D* + (c — bt) - D — ab][DPw(t)]
—[(t-D—PB)D+c-D—b(t-D—B) — ab]d(t) (85)
=[t-D*+ (c— B —bt)-D - (a— p)bla(t) = pg(t, D)w(t),

which gives Equation (73). When 7(t) = DP@(t), Equation (64) shows that the lhs of Equation (85) is
equal to D=P[f(t) 4+ ug(c — 1)é(t)] and hence Equation (85) gives Equation (75). [

Proof of Theorem 2. Theorem 1 states that when wy(t) is given by Equation (77), Wg(t) := wg (£) H(t)
is the particular solution of Equation (75) for the term fg(t)H(t), and Lemma 24 states that
iif(t) = DPwg(t) is the particular solution of Equation (64) for the term f(t)H(t). Lemma 7 shows that

ip(t) = up(t)A(t) if us(t) is given by us(t) = oDiywyl(t), since p & Z- 1. O
5. Particular Solution of the Hypergeometric Differential Equation

Let
pr(t,s) :=t(1—t)-s*+(c— (a+b+1)t)-s —ab, (86)

where a € C, b € Cand ¢ € C are constants. Then the hypergeometric differential equation with an
inhomogeneous term f(t) is given by

d d?

Pt )u(t) == H1—1) - Z5u(B) + (e = (a+b+1)8)-

t iu(t) —ab-u(t)=f(t), t>0. (87)

dt
If f(t) = 0 and ¢ ¢ Z, the basic solutions of Equation (87) in [3,19] are given by

Hi(t):=,F(a,b;c;t), (88)
Hy(t):=t"¢ - yF(1+a—c1+b—c2—ct), (89)

where 2 Fy (a,b;¢;z) = Y2 (‘;(),’(‘S’}zk zF of z € C is the hypergeometric series.
We now obtain a particular solution of this equation by the method stated in Section 3 and used
in Section 4.1.
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5.1. Green’s Function for the Hypergeometric Differential Equation when Condition 2(i) Is Satisfied

The following two lemmas are proved in Section 5.4.

Lemma 28. Let u(t) be the solution of Equation (87), which is expressed by Equation (29). Then the differential
equation satisfied by (t) = u(t)H(t) is given by

pu(t, D)i(t) = f(t)H(t) +ug(c — 1)5(¢). (90)
Lemma 29. Let Hy(t) and Hy(t) be given by Equations (88) and (89), and ¢y (t, T) for fixed T > 0 be given by
Yy (t,T) = c1(1) - Hi(t) + ca(7) - Ha(t), 91)

where ¢1(T) and ¢ (T) are constants which are so chosen that Y (t, T) = 0 when t = t. Then Gy (t,0) and
Gy (t, T) given by

Ga(t,0) = 5 - F(OH(Y), Gw(t7) = o

are the Green'’s functions, so that G (t,0) = Gy(t,0)H(t) and Gy(t,7) = Gy(t, T)H(t — T) satisfy

)1/JH(t, T)H(t — 1), (92)

pH(trD)GH(tf 0) = 5(t), pH(th)GH(t/ T) = 5(t - T)' (93)

Theorem 4. Let Gy(t, ) and Yy (t, T) be those given in Lemma 29, Condition 2(i) be satisfied, and u(t) be
given by

us(t) :/Ow GH(t,T)f(T)dT:/Otl[JH(t,T)T(l_£§;L(T’T)d’r. (94)

Then ug(t) and ug(t)H(t) are particular solutions of Equations (87) and (90) for the terms f(t) and
F(t)H(t), respectively.

Proof. This is confirmed with the aid of Lemma 18. O

The condition ¢ (T, T) = 0 requires that ¢ (7)-H1(7) = —c2(7)-Hz(7), and hence we may choose
Y (t,7) as

(95)

B Hy (1) — Ho(t),  [Fh(1)] > [Ha(T)].

Yu(t,T) = { Fi (t) = %Eg “Hao(t),  [Hi(7)| < |Ha(7)],

5.2. Green’s Function for the Hypergeometric Differential Equation in which Condition 2(ii) Is Satisfied

We give the solution of Equation (87) of which the inhomogeneous term f(t) satisfies
Condition 2(ii), so that f(t) = DP fl;(t), and fg(t) satisfies Condition 2(i).
The following lemma is proved in Section 5.4.

Lemma 30. Let ii(t) be a solution of Equation (90), and py(t,D) be related with py(t,D) given by
Equation (86), by

pp(t,D) = D"Ppy(t,D)DP. (96)
Then

pg(t,D) :=t(1—1t)-D*+(c—B—(a+b—2B8+1)t)-D— (a—B)(b—B). (97)
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and @(t) = D~Pii(t) satisfies
pia(t, DY (E) = f5(FI(E) + uolc — 1)D5(r) 98)

Theorem 4 shows that the particular solution of Equation (98) for the term f5(t) H(t) is expressed
by a particular soltion of

pit, Dyl = (1), £>0. ©9)

That solution is used in giving a solution of Equation (87) in Theorem 5 given below.

Remark 9. We note that p(t, D) given by Equation (97) is obtained from py(t, D) given by Equation (86),
by replacing a, b and c by a — B, b — B and c — B, respectively, and hence the complementary solutions Hg 1 (t)
and Hpg(t) and the Green's functions Gg(t,0) and Gg(t, T) of Equation (99) are obtained from those Hy (t),
Hy(t), Gy(t,0) and Gy (t, T), respectively, of Equation (87), by the same replacement.

Now in place of Theorem 4, we have the following theorem, whose proof is given in Section 5.4.

Theorem 5. Let Gy(t, T) and iy (t, T) be obtained from Gy (t, T) and Yy (t, T) by the replacement stated in
Remark 9, Condition 2(ii) be satisfied, and wg (t) be given by

wg(t) = /Ot Gy (,7) fp(T)dT = ./Ot lpH(t,T)MdT. (100)

TlpH(T, T)

Then ug(t) := ODIﬁ{wg(t) and uz(t)H(t) are particular solutions of Equations (87) and (90) for the terms
f(t) and f(t)H(t), respectively.

5.3. Particular Solution of the Hypergeometric Differential Equation in which Condition 2(iii) Is Satisfied

We give the solution of Equation (87) of which the inhomogeneous term f(t) satisfies

P

Condition 2(iii), so that f(t) = g,(t) = ﬁtv_l and f(t) = f(t)H(t) = f(D)é(t) = &,(D)é(t) =

D7V6(t). Here we use B ¢ Z~ _1 in place of —v.
Lemma 31. Let f(t) = DP5(t), p(t, D) be given by Equation (97), and G (t,0) satisfy
pia(t, D)Cp(t,0) = 8(¢). (101)
Then the particular solution of Equation (90) for the term f(t)H(t) = DP(t) is given by
iif(t) = DPGy(,0). (102)

Proof. iif(t) satisfies py(t, D)ilf(t) = DF5(t) and hence pH(t,D)D’ﬁﬁf(t) = 4(t) by Equation (96).
Comparing this with Equation (101), we see that Equation (102) is satisfied. O

By Remark 9, with the aid of Gy(t,0) given by Equations (92) and (88), we have

Lemma 32. As the solution of Equation (101), we obtain

C(t,0) = Gyt O)H(), Cglt,0) = _;_1 2Fi(a—B,b— Brc— Bib). (103)
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Theorem 6. Let Condition 2(iii) be satisfied, and Gg(t,0) be given by Equation (103). Then the particular
solution of Equation (87) is given by

=B
(c=p—DI(1-p)

ug(t) = 0DRG(1,0) = 3h(La—B,b—B;1—B,c—Bit), (104)

where 3F>(a1,a2,a3;¢1,02,2) = Y5y %zk.

Proof. iif(t) is given by Equations (102) and (103). Lemma 7 shows that @i (t) = us(t)H(t) if ug(t) is
given by (104), since B ¢ Z~._1. O

5.4. Proofs of Lemmas 28-30 and Theorem 5

Proof of Lemma 28. Equation (90) is a special one of (48), where p,, 1, ax(t), a1(t) and ag(t) stand for
pu,2,t(1 —t),c— (a+ b+ 1)t and —ab, respectively. Hence by using Equation (37), we see that the
second term on the rhs of Equation (48) becomes

Yy ai(t)(D'a(D))od(t) = (1 — £)(ugD + u1)é(t) + (¢ — (a + b+ 1)t)ugd(t)

(105)
=uog(D[t(1 —1)o(t)] — (1 —2t)d(t)) + cupd(t) = up(c —1)d(t).
O
We prepare the following lemma.
Lemma 33. Let T > 0, py(t, £)¢(t) - H(t — 1) € £}, (R) and §(t) = p(t)H(t — ). Then
pi(t, D)fe(t) = pr(t, S)p(t) - At — ) + 3 ar(1) (D' (D))ot — ), (106)
=1
where ay(t) = t(1 —t),a1(t) =c— (a+b+1)t, ap(t) = —ab, and
Yo ai(H)(D'e(D))od(t — 7) = (1 = T)¢/ (1)5(t = 7) + () (c = 1= (a+ b= 1)7)5(t — 1) (107)

+y(t)t(1 — 7)Dé(t — T).

Proof. Equation (106) is a special one of Equation (18) in Corollary 3. The lhs of Equation (107) is
evaluated with the aid of Equation (16) as follows:

2
12 ay(£)(D'$-(D))od(t — 1) = (1 — ) [/ (1) + (1) DIS(t — T) + (c — (a + b+ 1)t)p(1)3(t — 7)
=1
=[t1 -t (t) +¢(t)(c— (a+b+1)t)]6(t —T) + P(T)t(1 — t)Dé(t — 7)
=t(1-1) (0)d(t— 1) +¢(1)(c—1—(a+b—1)7)é(t — 7) + ¢(7)T(1 — T)DS(t — T),

where Equation (19) with h(t) and ii(t) replaced by t(1 — t) and 6(f — T), respectively, is used in the
last term of the third member. [

Proof of Lemma 29. If we put ¢(f) = L5 - Hi(t) and T = 0 in Equation (106), then we have
() = G(t,0) on the lhs, and the rhs is (0)(c — 1)6(t) = 5(t), since H1(0) = 1. If we put
P(t) = WlpH(t, 7) and ¢(1) = 0 in Equation (106), then we have §(t) = G(t,0) on
the lhs, and the thsis 7(1 — )¢/ (7)6(t — 1) = 6(t — 7). O
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Proof of Lemma 30. With the aid of Equations (44) and (45), we obtain

D~Flpu(t, D)[DPw(t )]] D PlH(1—t)- D>+ (c— (a+b+1)t) - D — ab][DPw(t)]
[(t-D— 5) — (£ —2BtD+B(B+1))+c-D—(a+b+1)(t-D— ) —ablw(t)
[t(1—t)-D°+(c—=p—(a+b—=2p+1)t)-D—(a—p)(b—p)la(t) = py(t, D)a(t),

which gives Equation (96). When #i(t) = DPw(t), Equation (90) shows that the lhs of (108) is equal to
D~P[f(t) + uo(c — 1)é(t)] and hence Equation (108) gives Equation (98). [

(108)

Proof of Theorem 5. Theorem 4 states that when wy () is given by Equation (100), g (t) := wg(t)H(t)
is the particular solution of Equation (98) for the term fg(t)H(t), and Lemma 30 states that
if(t) = DPg(t) is the particular solution of Equation (90) for the term f(t)FH (t). Lemma 7 shows that

dp(t) = up(t)H(t) if ug(t) is given by us(t) = ngwg(t), since ¢ Z~_1. O
6. Solution of Inhomogeneous Differential Equations with Constant Coefficients

In Section 3 we discuss the solution of an inhomogeneous differential equation with constant
coefficients, which takes the form of Equation (56), in terms of the Green’s function and distribution
theory. In this and next sections, we discuss it in terms of the Green’s function and the
Laplace transform.

Lemma 34. Let f(t) have the AC-Laplace transform f(s) = Ly [f(t)]. Then the solution u(t) of Equation (56)
has the AC-Laplace transform 1i(s) = Ly [u(t)], which satisfies

n

pu(©)a(s) == Y as'a(s) = f(s) + Y ar(s'a(s))o, (109)

=0 1=1

where (s'ii(s))g are given by Equations (36) and (37) with D replaced by s.

Proof. This is confirmed with the aid of Lemma 12. O

We introduce the Green’s function G(t) so that its Laplace transform G(s) satisfies

pu(s)G(s) =1, (110)

and hence G(s) = ﬁ Multiplying this to Equation (109), we obtain

ﬂ@—GMﬂﬂ+@ﬁim@ﬂmo (111)
=1

Comparing Equations (110) and (109), we see that the differential equation for the Green’s function
G(t), whose Laplace transform G(s) satisfies Equation (110), is Equation (60), and the initial values
of G(t) and its derivatives satisfy (p(s)G(s))o = 1, and hence are given by Equation (61). Thus we
confirm Lemma 20.

By the inverse Laplace transform of Equation (111), we obtain Lemma 21.

6.1. Solution of an Inhomogeneous Differential Equation of the First Order

We consider an inhomogeneous differential equation of the first order:

P yu(e) = %u(t) Feu(t) = (1), t>0, (112)

where ¢ € C is a constant.
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By Lemma 34, we obtain the following equation for ii(s) = Ly[u(t)]:

p1(s)it(s) = (s +c)i(s) = up —i—f(s). (113)

Following Section 6, we introduce the Green'’s function G(t ), so that its Laplace transform G(s),
which satisfies Equation (110), is given by p;(s)G(s) = (s 4+ ¢) - G(s) = 1, and hence we have
1 1

G(s) = S et (114)

By using this equation in Equation (113) and putting fi¢(s) = G(s) f(s), we obtain
(s) = ugG(s) + p(s), 1s(s) = G(s)f(s). (115)
By the inverse Laplace transform of Equation (114), we obtain
G(t) = e " H(t). (116)

Theorem 7. Let Condition 2(i) or 2(ii) be satisfied. Then the solution of Equation (112) is given by

u(t) = uoG(t) +ug(t), t>0, (117)

where
up(t) = /OtG(t— O)f(T)dT = e ¢ /Ot ETf(T)dT, >0, (118)
us(t) = oDﬁ {/Ot G(t — T)fﬁ(T)dT] = ng {e_“ /Ot e”fﬁ(r)dr}, t>0, (119)

according as Condition 2(i) or 2(ii) is satisfied.

Proof. By the AC-Laplace transform of Equation (117), we obtain Equation (115). When Condition 2(i)
is satisfied, the Laplace transform of Equation (118) is #i¢(s) = G(s)f(s). When Condition 2(ii) is
satisfied, we confirm that the AC-Laplace transform of Equation (119) is #i¢(s) = sPG(s) ﬁ; (s), with the
aid of Equations (28) and (27). O

Theorem 8. Let Condition 2(iii) be satisfied, so that f(s) = sP for B € C\Z~_y1. Then the solution of
Equation (112) is given by Equation (117) with

(—ct)k P

=t B . 1B
=t Z k'F k+1—ﬁ) = Ta-p) 1F1(1;1 — B; —ct). (120)
Proof. By using Equation (114) in Equation (115), we have
ﬁf( — Z k —k— 1+,B (121)

s+c

By the inverse Laplace transform of this equation, we obtain Equation (120), where we use

Tk+1-p)=T(1-B)1-p) O
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6.2. Solution of an Inhomogeneous Differential Equation of the Second Order

We consider an inhomogeneous differential equation of the second order:

d > d
pa(p)u(t) == mu(t) +bpu(t) +cu(t) = f(1), t>0, (122)

where b € C and ¢ € C are constants.
By Lemma 34, we obtain the following equation for ii(s) = Ly[u(t)]:

p2(s)i(s) := (5% + bs + c)ia(s) = (ugs + uy) + bug + f(s). (123)

Following Section 6, we introduce the Green’s function G(t), so that its Laplace transform G(s),
which satisfies Equation (110), is given by pa(s)G(s) = (s> +bs +¢) - G(s) = 1, and hence we have
A 1 1

Gls) = p2(s) T sZtbstc (124)

0(s) = upsG(s) + (u1 + bug)G(s) + s (s), (125)
where
i5(s) = G(s)f(s)- (126)
Equation:
pa(s) =8 +bs+c=0, (127)

has one or two roots according as ¢ = %2 or not. If ¢ # ﬁ, then Equation (127) has two different roots

1 and pip, so that b = —(u1 + p2) and ¢ = pqup, and Equation (124) gives

R 1 1 1 1
GS = = —
) (s —p1)(s — u2) m—#z(s—m S — 12

). (128)

By the inverse Laplace transform, we then obtain

_ 1 1t _ Spot
G(t) = (e — e H (1) (129)

Ifc = %, then Equation (127) has only one root 1, so that b = —2u; and ¢ = ],t%, and in place of
Equation (128), we have

A 1
G(s)=7——3. 130
NN (120

By the inverse Laplace transform, we then obtain
G(t) = te!'H(t). (131)

Theorem 9. Let Condition 2(i) or 2(ii) be satisfied. Then the solution of Equation (122) is given by

u(t) = uO%G(t) T (w1 + bug)G(E) + up(t), >0, (132)
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where

up(t) = /OtG(t—T)f(T)dT, £>0, (133)

or
up(t) = ODQ[/OtG(t - T)f,g(r)dr}, t>0, (134)

according as Condition 2(i) or 2(ii) is satisfied. Ifc # b ® then b = — (1 + u2), ¢ = u1pz, and G(t) given by
Equation (129) is used in Equation (132). If c = 4 , then b= —2uy, ¢ = p?, and G(t) given by Equation (131)
is used there.

Proof. By the AC-Laplace transform of Equation (132), we obtain Equation (125). When Condition 2(ii)
is satisfied, we have f(s) = sf f/g (s). By using Equations (28) and (27), we confirm that the AC-Laplace
transform of u¢(t) given by Equation (134) is sﬁé(s)f/g(s). O

Theorem 10. Let Condition 2(iii) be satisfied, be satisfied, so that f(s) = sP for p € C\Z~ 1. Then the solution
of Equation (122) is given by Equation (132) with u¢(t) given as follows. If ¢ # %, then b = — (1 + p2),
c = pqpo, and

1 tP

- p =it R = b)) (135)

ug(t) =

Ifc= %, then b = —2uq, ¢ = p3, and
tp
ug(t) = Ti=p) 1F1(2;1 = B pat). (136)
Proof. When ¢ # %, by using Equation (128) in Equation (126), we have

1 sP sP
/] = — . 137
i (s) m_#z(s_y1 S_yz) (137)

In the proof of Theorem 8, we obtain Equation (120), by the inverse Laplace transform of ¢ (s)
given by Equation (121). By the corresponding inverse Laplace transform of Equation (137), we obtain
Equation (135). When ¢ = %2, by using Equation (130), we have

_pd 1

d [ee]
is(s) = = —sﬁ pks™F1 =B Y yk(k+1)s7F2, (138)
f dss— Z kgo 1

By the inverse Laplace transform, we have

(k+1) (i)t F = (2 k
~1 L S T L e ) 1)

which gives Equation (136). O

6.3. Application of the Theorems in Section 6.1

We consider an inhomogeneous differential equation with polynomial coefficients of the
first order:

%w( ) —2xw(x) =2xg(x) =1, x€R. (140)
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We put t = x%, u(t) = u(x?) = w(x) and f(t) = f(x?) = g(x). Then u(t) satisfies

Lu(t)—u(t) = £1), teRsp, (141)
where
1 -2 1(1/2
f(t) = o ! = (2/ )81/2(f) = ?81/2(1‘)/ (142)

where g1 /5(t) is defined by Equation (26).
Lemma 35. Let u(t) be a solution of Equation (141). Then w(x) = u(x?) gives a solution of Equation (140).

Lemma 36. The solution of Equation (141) is given by Equation (117), where ug = u(0) and

\/E 0 tk+1/2
Gt)=¢e', ur(t) ==Y ——0, teR.. (143)
=" Lraed g

The solution of Equation (140) is given by

w(x) = woGp(x) +we(x), x€R, (144)
where wy = w(0) and
o 2k+1
Gol(x) =, wy(x) = % Z * 5 TER (145)
k=0 LK+ 3

Proof. By usingc = —1,8 = %, Equation (142) in Equations (116) and (120), we see that the solution
of Equation (141) is given by Equation (117) with Equation (143). Now the solution of Equation (140) is
obtained from it with the aid of Lemma 35. O

Lemma 37. The asymptotic behavior of us(t) and wg(x) are given by

uf(t) ) — P TSV t — oo, (146)
2 o (=DF(=1
— @ex Lk=0 ( chZI(chlZ)kr X — oo, 147
W)=Y r e e UMD (147)
T@ ZkZO W, X — —00.
Proof. By using Equations (142) and (143) in Equation (118), we have
t 172 1 X ,l)
_ t— 1/2 t \TH)\T o)k
ug(t) = /o e TTCIT = 2/ (t41)/"dt = —5 Z tk+1/2 ,  (148)

which gives Equation (146). Equation (147) is obtained from it with the aid of Lemma 35. O

Equation (145) shows that the particular solution wg(x) of Equation (140) is an odd function of x.
As a consequence of this fact, the asymptotic behavior of wq(x) is given by Equation (147).
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