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1. Introduction

Let H(U) be the class of functions analytic in U := {z € C: |z| < 1}
and H[a, n] be the subclass of H(U) consisting of the functions of the form
f(z) = a+anz"+an12" +. .., where a € C and n € N. Also Ho = H[0, 1]
and H = H[1,1]. Let A denote the class of analytic functions of the form
f(z)=2P +Zk—p+l arz®, (z € U). Let Ay = A. Let f, F € H(U), then the
function f is said to be subordinate to F' or F' is said to be superordinate to
f, if there exists a function w analytic in U with w(0) = 0 and |w(2)| < 1,
(z € U), such that f(z) = F(w(z)).

In such a case we write f(z) < F(z). If F is univalent, then f(z) < F(z)
if and only if f(0) = F(0) and f(U) C F(U).
Let a, 8 and vy be complex numbers with v # 0, — Then the

Gaussian hypergeometrlc function is o F («, 3, 7; 2)= Zk 0 (a)f{(f)k 'Z, , where
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2 H. AAISHA FARZANA, B. ADOLF STEPHEN and M.P. JEYARAMAN 2

(n)k is the Pochammer symbol defined in terms of the Gamma function by

F(n+k){1, if k=0

(M = (1) nn+1)...n+k—1), ifkeN.

The hypergeometric function o Fj (v, 8,7; 2) is analytic in U, and if « or 8
is a negative integer, then it reduces to a polynomial. Among the various
number of definitions for fractional calculus operator (see [7] and [8]) we
use the fractional derivative operator defined as follows (see [2]).

Definition 1.1. Let 0 < )\ < 1 and pu,v € R. Then the generalized

fractional derivative operator I’ MV of a function f(2) is given by

R {0 sRten mn x-S0
O,Z dZ (1 A) 24 )u/ 9 9 ) P .
The function f(z) is analytic in a simply-connected region of the z-plane
containing the origin with the order, f(z) = O(|z[%), for € > max{0, u —
v} — 1, and multiplicity of (z — ¢)* is removed by requiring that log(z — ()
be real when z — ¢ > 0.

Definition 1.2. Using the hypothesis of Definition 1.1 the fractional
derivative I >‘+m HEMVE of o function f(z) is defined by

dm
MY E(z), (z€UmeNy={0}UN).

Abm bt
(L1) I ™™ f(z) = Tom o

Using the above definition, a modification of the fractional derivative
operator A2% by Cror [2]

Fp+1—-—pwlp+1-A+v)

MI)‘#’H
I(p+1I(p+1—p+v) 0" (),

(1.2) ANV f(z) =

for f(z) € Ap and p—v —p < 1. Note that AWV 1(2) = f(2), ALY f(2) =
%}Z) and AXp"f(z) = Z2Pf(z), where 227 is the fractional derivative

operator defined by SRIVASTAVA and AOUF (see [9] and [10]). Also AL
maps A, onto itself as follows

p+1—u+y) .
1.3 ARV f(z) = 2P P
(13) =7 +Z p+1— Je(p+ 1 — A+ vy, "HP°
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3 THIRD ORDER DIFFERENTIAL SUBORDINATION 3

(zelU;0< A< Lip—v—p<l;feA).
It is easily verified from (1.2)

(1.4) ANV f(2)) = (0 — W) AZPHHIIL(2) 4 pARSY [ (2).

Definition 1.3 ([1]). Let ¢ : C* x U — C and h be univalent in U.
If p is analytic in U and satisfies the following (third-order) differential
subordination:

(1.5) $(p(2), 20 (2), 2°p"(2), 2°p"(2); 2) < h(2), (2 € V),

then p is called a solution of the differential subordination. The univalent
function g, is called a dominant of the solutions of the differential subordi-
nation if p < ¢, for all p satisfying (1.5). A dominant ¢ that satisfies, ¢ < g,
for all of ¢ of (1.5) is said to be the best dominant.

The theory of differential subordination in C is the complex analogue
of differential inequality in R. Many of the significant works on differen-
tial subordination have been pioneered by MILLER and MOCANU and their
monograph [5] compiled their great efforts in introducing and developing
the same. The theory of first and second order differential subordination
has been used by many authors to solve problems in this field. There are
few articles dealing with third order inequalities and subordination (see [1]
and [6]). JEYARAMAN ET AL. [4] have also applied the third order subor-
dination result on Schwarzian derivative. In this work, using the methods
of third order differential subordination, sufficient conditions involving the
fractional derivative of a normalized analytic function are obtained.

Let @ denote the set of all functions ¢ that are analytic and injective
on U/E(q), where E(q) = {¢ € OU : lim,_,¢ ¢(z) = oo}, and are such that
q'(¢) # 0 for ¢ € OU\E(q). Further, let the subclass of @ for Q(0) = a be
denoted by Q(a), Q(0) = Qo and Q = Q.

Definition 1.4 ([1]). Let ©Q be a set in C, ¢ € @ and n > 2. The class
of admissible operators ¥, [(2, q] consists of those functions ¢ : C* x U —
C that satisfy the following admissibility condition: ¢ (u,v,w,z;z) ¢
whenever u = ¢(¢),v = n¢q' (),

el Fa) i a(G)zen {0}
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4 H. AAISHA FARZANA, B. ADOLF STEPHEN and M.P. JEYARAMAN 4

Lemma 1.1 ([1]). Let p € H[a,n] with n > 2 and let q € Q(a) satisfy
¢q"(¢) } ‘ 2p'(2) ‘
%{ 7@ S g =

where z € U and ¢ € OU/E(q). If Q is a set in C, ¢ € ¥,[Q,¢q] and
B(p(=), 2 (2), 25" (2), 25"(2); 2) € 0, then p(z) < 4(2), (= € U).

2. Subordination results obtained by fractional derivative
operator

We define the following class of admissible function,

Definition 2.1. Let Q be a set in C, ¢ € Qo N H[0,p]. The class of
admissible functions ®A[(2, q] consists of those functions ¢ : C* x U — C
that satisfy the following admissible condition ¢(a,b, ¢, d; z) ¢ Q2 whenever

_ ~ n¢q' () — pq(Q)
e=a@ =TT

(p—w)p—p—1c—pp+la
%{ (p— b+ pa

+2u+1} Zn%{l—&-

§){E{(zo—u)(p—u—1)(19—#—2)d+3u(p—u)(p—u—1)6—2ua(u2—1)
(p— )b+ pa
¢*¢" (<)
¢(¢)

Theorem 2.1. Let ¢ € PA[Q,q]. If f € A, and ¢ € Qo NH0, p] with

+ 3u(p + 1)}27123‘3{ }7(2 € U;CedU/E(q);n # psp € Nyn > p).

R L > 0 and (5 — ) 825147 £(0) + wd2 52 < 0ld O,

O<A<Lug{pp—1}peN;zeU;(€U\E(q),n>p andn > 2),
{oadpe s g,

(2.1) ANMEZIRRAL () NMBIBIS () ) e U} co,

then A2 £(2) < q(2), (z € U).
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) THIRD ORDER DIFFERENTIAL SUBORDINATION 5

Proof. Define the analytic function in U by

(22) g(2): = AV f(2).
Making use of (1.4) and (2.2) we have

/
2.3 Ai\+l,y+l,u+1f 5) — zg'(2) — Mg(z).
23 ’ =00
Further computations shows that

(2.4) Ai‘f’“”’”“f(z) _ 26"(2) — 2029 (2) + plp + 1)g(2)

(p—w)(p—p—1)

and
MBS 43 (L) 239" (2) — 3uz?g" (2) + 3u(p + 1) 29/ (2)
8o I&) = = V-2
(2.5) B p(p* + 3u+2)g(2)

P—wp—p-—1p-—pr-2)
We now define the transformation from C* to C by
_v—pu w —2pv 4+ p(p 4+ 1)u
p—p’ p—mp—p-1)
x — 3pw + 3u(p + v — p(p? + 3p + 2)u
p—p)p—p—1)p—p-2)

)

(2.6) d=

v—pu w—2pv+ pu(p+ 1)u
wu7v’w71};z :¢a’b7c7d;z :<u7 )
( )= : p—p (p—pp—p-1)
& — 3pw + 3p(p + 1)v — p(p? + 3p + 2)u z)
P=pp-—pn-1)p-n-2) ’
Using Lemma 1.1, (2.2)-(2.5) and (2.6) from (2.7) we obtain
lg(2), 26'(2), 22" (2), 226" (2): 2) = 6 (AN (2),
A1l 41 A2, 42,042 A3,u43,043 £ Y.
(2.8) AN (), AMERISRAL () ANERIEIIES f (), ).

I

(2.7)

Hence (2.1) becomes

(2.9) U(9(2),29'(2), 2%¢"(2), 2°9" (2); 2) € Q.
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6 H. AAISHA FARZANA, B. ADOLF STEPHEN and M.P. JEYARAMAN 6

A computation using (2.6) yields

w (p—p)p—p—Dec—pp+1a
E‘f—l— (p—M)b-F/LCL +2M+1,
e p-pe-—p-—1)p—p—2)d+3up—p)(p—p—1)c—2pa(p® - 1)
v (p— pb+ pa
+3p(p+1).

Thus, the admissibility condition for ¢ € ®A[Q,q] in the Definition 2.1
is equivalent to the admissibility for ¢ given in Definition 1.4. Hence,
P € Y[Q,q] and by Lemma 1.1, g(z) < q(2),(z € U) or equivalently
AV f(2) < q(2), (2 € U).

If Q # C is a simply connected domain, then Q = h(U) for some con-
formal mapping h of U onto Q. In this case, ®Pa[h(U),q] is written as

@A[ha Q]
Corollary 2.1. Let q(z) = Mz,(M > 0) and f € A,

|(p — W) AZFEFLHL (2) + pAYS f(2)] < nM

O<A<lLpé¢{pp—1tpeNzeUn>pandn > 2). If Q is a set in
C and ¢ € PA[Q, M] satisfies

{aﬁ(Ai;{;’”f(Z)’Ai,;l’““’”“f(Z),Ai,f’““’”“f(Z),
A+3,u+3,v+3 .
(2.10) AN f<z>,z>} co,

then A2 f(z) < Mz, (z € U).
The following result is an immediate consequence of Theorem 2.1.

Theorem 2.2. Let ¢ € Palh,q]. If f € Ay, ¢ € H[0,p] N Qo, with

¢q"(¢ ” y
@R( s <(<>) >0 and |(p — ) ATHLE() 4 p A ()] <l ()
O<A<Lip¢{p,p—1},peN;ze€ U, €0U/E(q),n>p andn > 2) and
if GUAZEY f(2), ASFITI I f (), ARSPHRVER (), NSRS £(2); 2) s
analytic in U, then ¢(Ai‘j{,"”f(z), A?}fl’“ﬂ’yﬂf(z), A2$2’“+2’”+2f(z),
AXEIPEBVE £(2); 2) < h(z), implies ALYV f(2) < q(2), (2 € U).
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7 THIRD ORDER DIFFERENTIAL SUBORDINATION 7

When the behaviour of q is not known on 0U, we obtain the similar
arguments as in [5, Corollary 1.1].

Corollary 2.2. Let q be univalent in U, with ¢(0) = 0 and for o € (0,1)
set qo(2) = q(0z). Let ¢ € ®alh,q,). If f € A, and q, satisfy
R {Cq’g’(C)

q,(¢)

O<A<Lué¢i{pp—1},peN;ze€ U € dU/E(q),n>p andn > 2).
IFH(AZS" (), AFHFITLf(2), AXGHITRIH2 £ (2), ADGPHERE £(2); 2) s
analytic in U, then gb(Aéj{f’”f(z), A;\fgl”‘ﬂ’yﬂf(z), A;\JSQ’“H’V“]”(Z),
Ai‘;g’“+3’”+3f(z); z) < h(2), implies A;\,’{,"”f(z) <q(2), (z€U).

The following theorem gives a relation between the best dominant of the

differential subordination and the solution of the corresponding differential
equation.

Theorem 2.3. Let ¢ € ®alh,q,), ¢ : C* x U — C and ¢(q(2), T1(2),
T5(z),T3(2); 2) is analytic in U where

} >0 and |(p — ) AL (2) + pAREY F(2)] < nldyp(Q)]s

2q'(2) — pg(z)

Ti(z) =
(p—n)
Ty(z) = 224" (2) — 2p2q/ (2) + p(p + 1)g(2)
(p—m)p—p—1) ’
Ty(z) = 2q"(2) = 3u2°q"(2) + 3p(p + 1)2q'(2) — p(p® + 34 + 2)q(2)

p—wp-—p-1)Fp-pn-2)

Let h be univalent in U and suppose the differential equation
(2.11) $(q(2), T1(2), Ta(2), T3(2); 2) = h(z)

has a solution ¢ € Qo NH[0,p]. If f € A, satisfies

%{CQ"(O} >0 and |(p — p)ANESEFIEE) L AN ()] < nld (O)

q'(¢)
O<A<Lipé¢{pp—1},peN;z € U € 0U/E(q),n > p and n > 2)
then
oA F(2), AL (),
(212) ANERIFRR (), ANEBIERIS () 2) < (2),

implies A2EY f(2) < q(z), (z € U) and q(2) is the best dominant.
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8 H. AAISHA FARZANA, B. ADOLF STEPHEN and M.P. JEYARAMAN 8

Proof. By applying Theorem 2.1, we see that q is a dominant of (2.12).
Since ¢ also satisfies (2.11), it is also a solution of the differential subordina-
tion (2.12) and ¢ will be dominated by all the dominants of (2.12). Hence,
q is the best dominant of (2.11).

We next introduce a new admissible class, ®a 1[€2, ¢l.

Definition 2.2. Let Q be a set in C, ¢(z) € Qo NH[0, p]. The class of
admissible functions ®a 1[(2, g] consists of those functions ¢ : C* x U — C
that satisfy the following admissible condition ¢(a, b, c,d; z) ¢ 2 whenever

n¢q' () + (p — p —1)q(¢)
(p— )
gl P=mp—p—Nec—p—p-1)(p—p-2a
(p—mwb—(p—p—1a

¢q" (<)
=" §R{1 T© }

a:(J(C)ab:

i

—2(p—u)+3}

%{(p—u—Q)(p—u—l)(p—u)d
(p—wb—(pP—-p—1a
3p—p—Dlp—pp-—p—1c—(p—p—1)(p—p—2)d
(p—wb—(p-p—1a
(p—p—Dp—p—2)p—p—3a
(p—mwb—(p-p—1a

—3p—p—1)p—p—2)+6(p —pu— 1)2 } > n? %{CQQW(C)}’

where z € U, € OU\E(q),pn # p,p € N and n > 2.

Theorem 2.4. Let ¢ € Pp1[Q,q|. If f € A,, with g € Qo NHIO, p|

1" Ai\—&-l,u—&-l,w—l A;"“’V ,
?R{Cj,((f))} >0, |(p=p) =" f(Z)Jr(u—p—l)’gp_jlf(z)' < nlqd' (¢,

O<A<Lpé¢{pp—1},p e N;z € U € OU/E(q),n > p and n > 2)
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9 THIRD ORDER DIFFERENTIAL SUBORDINATION 9

satisfies
PR A1 pu41,0+1
p Azp fz) Azp M (2)
2p-1 7 2p—1 ’
A>\+2,,u,—|—2,1/+2 A>\+3,,u,+3,1/+3
zp—l Zp—l

A v
then % <q(2),(z €U).
Proof. Define the analytic function g(z) in U by

A
(2.14) g(z) = ’gp_{(z).

A simple computation yields

(2.15) AZPUITE(Z) _29/(2) + (0 — i — 1)g(2)

2! (p— 1)
A?$2’“+2’V+2f(z)
zp—1
_ 29" 2 —p—Dzg'(2) + (p—p—1)(p— p—2)g9(2)
216) = (p—p—1)p—pn—2)
and
AZPPIIRE(2) 297 (2) 4+ 3(p— i — 1)2%" (2)
Z—t p—wp—p—1)p—p-2)
217) 432 p=De=p=Dzg()  (p=p=2)p—p=Dp=m9(z)

p—w)p—p-—Dp-—pr=-2) (p—p)(p—p—1)(p—pn-2)
Define the transformation C* to C by

a:%b:v+@—u—0{
p—p

co w2 —p-Notp-p-1)p-p-2u

(p—pmp—p-1)
z+3(p—p—w L 3o p =2 —p-

p—wp—p-—1p-r-2 @-pp-—p-1p-—p-2)
(p—p—Dp—p—-2)(p—p—2)u
p=—mp—p-Dp-p-2)

i

(2.18) d =
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10 H. AAISHA FARZANA, B. ADOLF STEPHEN and M.P. JEYARAMAN 10

Let
Y(u,v,w,z; z2) = P(a,b,c,d; z) = gb(u, v+ (Z;—_,IL— u
19y Y- p- Vvt -p-1p—p—2u

p—wp—pn-1)
z+3p—p—Duw L 3o p=2p—p-
p—mWp—p-1Dp-n-2) @-wprp-—p-1F-pn-2)
(p—u—1)(p—u—2)(p—u—2)U,Z>
p-—wp—p-Lp-nr-2 ")
Using Lemma(1.1), (2.14)-(2.17), (2.18) and (2.19) we obtain

P(g(2), 29 (2),2°9" (2), 2°9" (2); 2)

(AN () ATV RG) NLPPRTRVIR F () AZEPHTI p()
_qb p—l ) p—l }) p—l 7Z .
y4 VA V4

Hence using (2.13)

(2.20) U(g(2),29'(2),2°9"(2), 2°9" (2); 2) € Q.
Also we get
w p-—pwp-—p-—De—(p-—p-p-p-2)a _
T (P=—pb=(p—p—1a 2= p)+3
and

_(p=p=2)(p—p—1)(p—p)
v p—wb—(p—p—1a
g =Dl —pwp—p—Ye—(p—pu=-1)p—p—2)4d
(p—wb—(p—p—1a
(p—p—D—p—2)p—p-3a
(p—pb—(p—p—1a
—3(p—p—1Dp—pn—2)+6(p—pn—1)>

Thus, the admissibility condition for ¢ € ®a 1[€2, ¢] in the Definition 2.2 to

the admissibility condition for ¢ given in Definition 1.4. Hence, 1) € ¥[(2, ¢|
A v

and Lemma 1.1, g(z) < ¢(z), (z € U). or equivalently % =< q(2),

(z € U). Proceeding similarly as in Theorem 2.2, the following result is an

immediate consequence of the above Theorem
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11 THIRD ORDER DIFFERENTIAL SUBORDINATION 11

Theorem 2.5. Let ¢ € ®a1]h,q]. If f € A, and g € H[0,p] N Qo, with

" A1,p+1,v+1 A)\,}L,V
R4 0 e S S B ey S <o

O0<Ax<lLpu¢{p,p—1},peN;z€U;(€0U/E(q),n>p andn > 2). If
(ZS(A;\:;L,V]@(Z) Ai\;l,u+1,u+1f(z) A?:;27M+2’V+2f(2) A?;3,M+3,V+3f(z) ’ Z)

Zp_]' ’ Zp_l ’ Zp_l ’ Zp_l

s analytic in U, then

¢(AQ,’5’”f(Z) Azp T () AZPTETTf(2) A?f’“”’"”f(z),z)

Zp_]' ’ Zp_l ’ Zp_l ’ Zp_l

< h(2),

A v
implies w <q(z), (z €U).

3. Examples
Consider the following function
Mz+«
3.1 =M— —- eUM=>0
(3.1) q(z) Via,y EUM20),

with || < M, ¢ is univalent in U and satisfies ¢(U) = Ups = {w : |w| < M},
q(0) = a, ¢ € Q(a) and E(q) = 0.

Lemma 3.1 ([1]). Let ¢ be given by (3.1) and p(z) = a + a,2" +
Q12" 4 .. be analytic in U with p(z) # o and n > 2. If there exists
points zg = roe’® € Upr and wy € OU such that p(z9) = q(wo), p(Ur,) C Upr
and

(3.2) |20’ (2)||M + a@e®|? < Mn[M? — |a|?]

when z € Uy, and 6 € [0,27], then

/ — nolw lq(wo) — 042 2o0p” (20) n lq(wo) — 0\2
zZop (ZO) - Q( 0) |q(w0)|2 _ |Oé|2’ p’(ZO) +1 > |q(w0)|2 — |O[|2
and
250" (20) 2q 10a(wo) — |af?)
7Go) = Mlgtwo)E = a2
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12 H. AAISHA FARZANA, B. ADOLF STEPHEN and M.P. JEYARAMAN 12

By using Lemma 3.1, the conditions of admissibility given in Definition
2.1 changes as given by the following definition, ¢ € ®A[€2, q] is denoted by
b € PA[Q, M, a]. Since q(z) = Me'?, with 6 € [0,2n] when |z| = 1.

Definition 3.1. Let 2 be a set in C. Let ¢ be given by (3.1) and
let n > 2. The class of admissible functions ¢ € PA[Q, M, a] consists
¢ : C* x U — C that satisfy the admissible condition ¢(a,b,c,d;z) ¢ Q
whenever

= i0)2 .
M -ae| _M]Meze

[n
a=Me? b=

M2—]a]?
(p— 1) ’
(p—p)p—p—1)c—plp+1a | M — ae|?
%{ (p— @b+ pa +2M+1}ZnM2—\a\2’
and
§R{(JIJ—M)(J.D—/~L—1)(19—u—2)d+‘3>/~L(p—u)(p—u—1)0—2/L(M2—1)a
(p— b+ pa
6n2

> a0 (272
) | 2 o Rade ol

(z€U;0€10,2n];C € OU\E(q); 0 # p,p € N,n > p and n > 2).

In the special case when a = 0, we obtain the following class of admissi-
ble functions in ®A[2, M].

Definition 3.2. Let 2 be a set in C and M > 0. The class of admissible
functions ¢ € ®A[Q, M] consists of those function ¢ : C* x U — C such that

(3.3) ¢<Mei9 n—py e LA (ulp+1) - 2pn)Me)

p—p 7 (p-pwp—p-1)
K—3#L+[3u(u+1)n—u(u2+3u+2)]Mei9.Z> ‘a
(p—wp—p—1)p—p-2) ’

)

whenever z € U, 0 € [0,27], R[Le™?] > n(n—1)M,R[Ke ] > 0 and n > 2.
We use Theorem 2.1, to obtain the following differential subordination

Theorem 3.1. Let q be given by (3.1) and let f € A, satisfy

|(p — W) AZFPHTLHLF(2) + pALL F(2)[|M + ae® P < nM[M? — |af?],
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13 THIRD ORDER DIFFERENTIAL SUBORDINATION 13

(z€U;C€dU\E(q);p ¢ p,p e Nyn>pandn > 2). If Q be a set in C and
GEPAIQ, M, ], then {S(AZS" (=), AT f(z), AZPRIF2VE2 1 (2),
Ai‘;37”+3’”+3f(2); z):z €U} CQ, implies Ai‘j}’f”f(z) <q(2), (z €U).

Corollary 3.1. Let ¢ € PA[Q, M], M > 0. If f € A, with
A1,p+1,0+1 DWINY

satisfies (z€U; uép, pEN, n>p and n>2), {qﬁ(Ai‘j{f’”f(z), A;\;l’”ﬂ’yﬂf(z),
AZEPHERVIR £y AZEIHEIVER Y € Q, then |AZEY f(2)] < M, (2 € U).
For the case Q = q(U) = {w : |w| < M}, ®A[Q, M] is denoted by Pa[M].

Corollary 3.2. Let ¢pe®a[M]. If feA, with |(p—p) AL f(2)+
uAi‘j{,"”f(z)] < nM satisfies (z €e U;pe N, u ¢ {p,p—1}n>p and n > 2),

(b(Ai\:;,uf(Z)? A?;l’“Jrl’VJrlf(Z),A2$2’M+2’V+2f(2),A;‘;g’u+3’u+3f(z); Z) <M,

then |AYEY f(2)| < M, (z € U).

Example 1. Let ¢1(a,b,c,d;2) = (1-6)S+6b, (0<d <1land z€U),
satisfy the admissibility condition (3.1) and hence the Corollary 3.2 yields

Az ()

AZYf(2)

+ OANTIHELL F ()] < M, (M > 0),

(1-9)
implies |AZEY f(2)| < M, (M>0). When § = 1, we have |A2 5T p ()
< M, (M > 0), |AME" f(2)| < M, (M > 0). The above result was obtained

A+2,04+2,04+2

in [3, Corollary 2.10]. When 6 = 0, we have |AZPAM‘—”f()f(Z)| <M, (M >0),
z,p 2
implies |A25Y f(2)] < M, (M > 0).

Example 2. Let ¢a(a,b,c,d;z) = a(z)a + B(z)b, with R(a(z)) > 1
and R(B(z)) > 0 for (z € U) satisfy the admissibility condition (3.1) and
hence Corollary 3.2 yields, |a(z)A;\7’,’,f’Vf(z) + B(z)Aé;l’“H’”Hf(zﬂ < M,
(M > 0), implies |[A2%" f(z)] < M,(M > 0). Consider the case when
q(z) = Mz, M > 0 the class of admissible functions ¢ € ®a1[,q] is
denoted by ¢ € ®a 1[Q2, M] is defined as follows:
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Definition 3.3. Let  be a set in C. The class of admissible functions
¢ € ®a 1], M] consists of those functions ¢: C* x U — C such that

i n—l—(p—,u,—l)Mew
¢<Me ’ (p—n)
L+(p—p—D2n+(p—p—2)|Me”

(p—wp—p-1)
K+(p—u—1)[3L+(p—u—2)[n+(p—u—3)]M€i9]_Z> ¢Q
p—wp—p-1p-—n-2) ’

I

(3.4)

9

whenever z € U,0 € [0,27], R(Le~?) > n(n — 1)M,R(Ke™*) > 0,p € N
and n > 2.

From the above Definition and Theorem 2.4, we have the following
Corollary.

Corollary 3.3. If ¢ € a1, M]. If f € A, and

A)\+17M+1,V+1f(z) A)\“u,,l/f(z)
’(p—,u) = P +(M_P—1)2§,T <nM,

O0<A<lLu#ppeNzeUn>pandn>2). If

05) {o( AL BB A

zpfl ’ prl ’ 2P— 1 ’

A;\+3,u+3,u+3
P f(Z),Z)}€Q7

2p—1
A v
then \%\ <M, (z€U,).

In case Q = q(U) = {w : |[w| < M}, the class ¢ € ®a 1[2, M] is simply
denoted by ¢ € ®a 1[M], then the above Corollary takes the following form

Corollary 3.4. If p € Pa[M]. If f € A, and

A)\+l,u+l,u+l P A/\,u,u 5
(p =) =" !l )+(u—p—1)z’§p_‘f( ) <,
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15 THIRD ORDER DIFFERENTIAL SUBORDINATION 15

0<A<lLu#ppeN,zeUn>pandn>2).If

36 |{p(B37SG) AT AT ()
) zp_l ’ Zp_l ’ Zp_l ’

A>x+3,u+3,u+3
z, f(Z),Z>}’<M,

zp—1

A v
then ]w] < M.

zp—1
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