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1. Introduction

Let H(U) be the class of functions analytic in U := {z ∈ C : |z| < 1}
and H[a, n] be the subclass of H(U) consisting of the functions of the form
f(z) = a+anz

n+an+1z
n+1 + . . ., where a ∈ C and n ∈ N. Also H0 ≡ H[0, 1]

and H ≡ H[1, 1]. Let Ap denote the class of analytic functions of the form
f(z) = zp +

∑∞
k=p+1 akz

k, (z ∈ U). Let A1 = A. Let f, F ∈ H(U), then the
function f is said to be subordinate to F or F is said to be superordinate to
f , if there exists a function w analytic in U with w(0) = 0 and |w(z)| < 1,
(z ∈ U), such that f(z) = F (w(z)).

In such a case we write f(z) ≺ F (z). If F is univalent, then f(z) ≺ F (z)
if and only if f(0) = F (0) and f(U) ⊂ F (U).

Let α, β and γ be complex numbers with γ 6= 0,−1,−2, . . . Then the
Gaussian hypergeometric function is 2F1(α, β, γ; z)=

∑∞
k=0

(α)k(β)k
(γ)k

zk

k! , where
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(η)k is the Pochammer symbol defined in terms of the Gamma function by

(η)k =
Γ(η + k)

Γ(η)
=

{
1, if k = 0

η(η + 1)...(η + k − 1), if k ∈ N.

The hypergeometric function 2F1(α, β, γ; z) is analytic in U , and if α or β
is a negative integer, then it reduces to a polynomial. Among the various
number of definitions for fractional calculus operator (see [7] and [8]) we
use the fractional derivative operator defined as follows (see [2]).

Definition 1.1. Let 0 ≤ λ < 1 and µ, ν ∈ R. Then the generalized
fractional derivative operator Iλ,µ,ν0,z of a function f(z) is given by

Iλ,µ,ν0,z f(z)=
d

dz

{ zλ−µ

Γ(1−λ)

∫ z

0
(z−ζ)−λ 2F1(µ−λ, 1−ν, 1−λ; 1−ζ

z
)f(ζ)dζ

}
.

The function f(z) is analytic in a simply-connected region of the z-plane
containing the origin with the order, f(z) = O(|z|ε), for ε > max{0, µ −
ν} − 1, and multiplicity of (z − ζ)λ is removed by requiring that log(z − ζ)
be real when z − ζ > 0.

Definition 1.2. Using the hypothesis of Definition 1.1 the fractional
derivative Iλ+m,µ+m,ν+m

0,z of a function f(z) is defined by

(1.1) Iλ+m,µ+m,ν+m
0,z f(z) =

dm

dzm
Iλ,µ,ν0,z f(z), (z ∈ U,m ∈ N0 = {0} ∪ N).

Using the above definition, a modification of the fractional derivative
operator ∆λ,µ,ν

z,p by Choi [2]

∆λ,µ,ν
z,p f(z) =

Γ(p+ 1− µ)Γ(p+ 1− λ+ ν)

Γ(p+ 1)Γ(p+ 1− µ+ ν)
zµIλ,µ,ν0,z f(z),(1.2)

for f(z) ∈ Ap and µ− ν − p < 1. Note that ∆0,0,ν
z,p f(z) = f(z),∆1,1,ν

z,p f(z) =
zf ′(z)
p and ∆λ,λ,ν

z,p f(z) = Ξλ,pz f(z), where Ξλ,pz is the fractional derivative

operator defined by Srivastava and Aouf (see [9] and [10]). Also ∆λ,µ,ν
z,p

maps Ap onto itself as follows

(1.3) ∆λ,µ,ν
z,p f(z) = zp +

∞∑
k=1

(p+ 1)k(p+ 1− µ+ ν)k
(p+ 1− µ)k(p+ 1− λ+ ν)k

ak+pz
k+p,
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(z ∈ U ; 0 ≤ λ < 1;µ− ν − p < 1; f ∈ Ap).
It is easily verified from (1.2)

(1.4) z(∆λ,µ,ν
z,p f(z))′ = (p− µ)∆λ+1,µ+1,ν+1

z,p f(z) + µ∆λ,µ,ν
z,p f(z).

Definition 1.3 ([1]). Let φ : C4 × U → C and h be univalent in U .
If p is analytic in U and satisfies the following (third-order) differential
subordination:

(1.5) φ(p(z), zp′(z), z2p′′(z), z3p′′′(z); z) ≺ h(z), (z ∈ U),

then p is called a solution of the differential subordination. The univalent
function q, is called a dominant of the solutions of the differential subordi-
nation if p ≺ q, for all p satisfying (1.5). A dominant q̃ that satisfies, q̃ ≺ q,
for all of q of (1.5) is said to be the best dominant.

The theory of differential subordination in C is the complex analogue
of differential inequality in R. Many of the significant works on differen-
tial subordination have been pioneered by Miller and Mocanu and their
monograph [5] compiled their great efforts in introducing and developing
the same. The theory of first and second order differential subordination
has been used by many authors to solve problems in this field. There are
few articles dealing with third order inequalities and subordination (see [1]
and [6]). Jeyaraman et al. [4] have also applied the third order subor-
dination result on Schwarzian derivative. In this work, using the methods
of third order differential subordination, sufficient conditions involving the
fractional derivative of a normalized analytic function are obtained.

Let Q denote the set of all functions q that are analytic and injective
on U/E(q), where E(q) = {ζ ∈ ∂U : limz→ζ q(z) = ∞}, and are such that
q′(ζ) 6= 0 for ζ ∈ ∂U\E(q). Further, let the subclass of Q for Q(0) ≡ a be
denoted by Q(a), Q(0) ≡ Q0 and Q ≡ Q1.

Definition 1.4 ([1]). Let Ω be a set in C, q ∈ Q and n ≥ 2. The class
of admissible operators Ψn[Ω, q] consists of those functions ψ : C4 × U →
C that satisfy the following admissibility condition: ψ(u, v, w, x; z) /∈ Ω
whenever u = q(ζ), v = nζq′(ζ),

<
{w
v

+ 1
}
≥ n<

{
ζq′′(ζ)

q′(ζ)
+ 1

}
and <

{x
v

}
≥ n2<

{
ζ2q′′′(ζ)

q′(ζ)

}
.
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Lemma 1.1 ([1]). Let p ∈ H[a, n] with n ≥ 2 and let q ∈ Q(a) satisfy

<
{
ζq′′(ζ)

q′(ζ)

}
≥ 0 and

∣∣∣∣zp′(z)q′(ζ)

∣∣∣∣ ≤ n,
where z ∈ U and ζ ∈ ∂U/E(q). If Ω is a set in C, ψ ∈ Ψn[Ω, q] and
ψ(p(z), zp′(z), z2p′′(z), z3p′′′(z); z) ∈ Ω, then p(z) ≺ q(z), (z ∈ U).

2. Subordination results obtained by fractional derivative
operator

We define the following class of admissible function,

Definition 2.1. Let Ω be a set in C, q ∈ Q0 ∩ H[0, p]. The class of
admissible functions Φ∆[Ω, q] consists of those functions φ : C4 × U → C
that satisfy the following admissible condition φ(a, b, c, d; z) /∈ Ω whenever

a = q(ζ), b =
nζq′(ζ)− µq(ζ)

(p− µ)
,

<
{

(p− µ)(p− µ− 1)c− µ(µ+ 1)a

(p− µ)b+ µa
+ 2µ+ 1

}
≥ n<

{
1 +

ζq′′(ζ)

q′(ζ)

}
and

<
{

(p− µ)(p− µ− 1)(p− µ− 2)d+ 3µ(p− µ)(p− µ− 1)c− 2µa(µ2 − 1)

(p− µ)b+ µa

+ 3µ(µ+ 1)

}
≥n2<

{
ζ2q′′′(ζ)

q′(ζ)

}
, (z ∈ U ; ζ∈∂U/E(q);µ 6= p, p ∈ N, n ≥ p).

Theorem 2.1. Let φ ∈ Φ∆[Ω, q]. If f ∈ Ap and q ∈ Q0 ∩H[0, p] with

<
{
ζq′′(ζ)

q′(ζ)

}
≥ 0 and |(p− µ)∆λ+1,µ+1,ν+1

z,p f(z) + µ∆λ,µ,ν
z,p f(z)| ≤ n|q′(ζ)|,

(0 ≤ λ < 1, µ /∈ {p, p− 1}, p ∈ N; z ∈ U ; ζ ∈ ∂U\E(q), n ≥ p and n ≥ 2),{
φ(∆λ,µ,ν

z,p f(z),∆λ+1,µ+1,ν+1
z,p f(z),

∆λ+2,µ+2,ν+2
z,p f(z),∆λ+3,µ+3,ν+3

z,p f(z); z) : z ∈ U
}
⊂ Ω,(2.1)

then ∆λ,µ,ν
z,p f(z) ≺ q(z), (z ∈ U).
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Proof. Define the analytic function in U by

g(z) : = ∆λ,µ,ν
z,p f(z).(2.2)

Making use of (1.4) and (2.2) we have

∆λ+1,µ+1,ν+1
z,p f(z) =

zg′(z)− µg(z)

(p− µ)
.(2.3)

Further computations shows that

∆λ+2,µ+2,ν+2
z,p f(z) =

z2g′′(z)− 2µzg′(z) + µ(µ+ 1)g(z)

(p− µ)(p− µ− 1)
(2.4)

and

∆λ+3,µ+3,ν+3
z,p f(z) =

z3g′′′(z)− 3µz2g′′(z) + 3µ(µ+ 1)zg′(z)

(p− µ)(p− µ− 1)(p− µ− 2)

− µ(µ2 + 3µ+ 2)g(z)

(p− µ)(p− µ− 1)(p− µ− 2)
.(2.5)

We now define the transformation from C4 to C by

a = u, b =
v − µu
p− µ

, c =
w − 2µv + µ(µ+ 1)u

(p− µ)(p− µ− 1)
,

d =
x− 3µw + 3µ(µ+ 1)v − µ(µ2 + 3µ+ 2)u

(p− µ)(p− µ− 1)(p− µ− 2)
,(2.6)

ψ(u, v, w, x; z) = φ(a, b, c, d; z) =

(
u,
v − µu
p− µ

,
w − 2µv + µ(µ+ 1)u

(p− µ)(p− µ− 1)
,

x− 3µw + 3µ(µ+ 1)v − µ(µ2 + 3µ+ 2)u

(p− µ)(p− µ− 1)(p− µ− 2)
; z

)
.(2.7)

Using Lemma 1.1, (2.2)-(2.5) and (2.6) from (2.7) we obtain

ψ(g(z), zg′(z), z2g′′(z), z3g′′′(z); z) = φ
(

∆λ,µ,ν
z,p f(z),

∆λ+1,µ+1,ν+1
z,p f(z),∆λ+2,µ+2,ν+2

z,p f(z),∆λ+3,µ+3,ν+3
z,p f(z); z

)
.(2.8)

Hence (2.1) becomes

ψ(g(z), zg′(z), z2g′′(z), z3g′′′(z); z) ∈ Ω.(2.9)
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A computation using (2.6) yields

w

v
+ 1 =

(p− µ)(p− µ− 1)c− µ(µ+ 1)a

(p− µ)b+ µa
+ 2µ+ 1,

x

v
=

(p− µ)(p− µ− 1)(p− µ− 2)d+ 3µ(p− µ)(p− µ− 1)c− 2µa(µ2 − 1)

(p− µ)b+ µa

+ 3µ(µ+ 1).

Thus, the admissibility condition for φ ∈ Φ∆[Ω, q] in the Definition 2.1
is equivalent to the admissibility for ψ given in Definition 1.4. Hence,
ψ ∈ Ψ[Ω, q] and by Lemma 1.1, g(z) ≺ q(z), (z ∈ U) or equivalently

∆λ,µ,ν
z,p f(z) ≺ q(z), (z ∈ U).

If Ω 6= C is a simply connected domain, then Ω = h(U) for some con-
formal mapping h of U onto Ω. In this case, Φ∆[h(U), q] is written as
Φ∆[h, q].

Corollary 2.1. Let q(z) = Mz, (M > 0) and f ∈ Ap,

|(p− µ)∆λ+1,µ+1,ν+1
z,p f(z) + µ∆λ,µ,ν

z,p f(z)| ≤ nM

(0 ≤ λ < 1, µ /∈ {p, p − 1}, p ∈ N; z ∈ U, n ≥ p and n ≥ 2). If Ω is a set in
C and φ ∈ Φ∆[Ω,M ] satisfies{

φ(∆λ,µ,ν
z,p f(z),∆λ+1,µ+1,ν+1

z,p f(z),∆λ+2,µ+2,ν+2
z,p f(z),

∆λ+3,µ+3,ν+3
z,p f(z); z)

}
∈ Ω,(2.10)

then ∆λ,µ,ν
z,p f(z) ≺Mz, (z ∈ U).

The following result is an immediate consequence of Theorem 2.1.

Theorem 2.2. Let φ ∈ Φ∆[h, q]. If f ∈ Ap, q ∈ H[0, p] ∩Q0, with

<
(
ζq′′(ζ)

q′(ζ)

)
≥ 0 and |(p− µ)∆λ+1,µ+1,ν+1

z,p f(z) + µ∆λ,µ,ν
z,p f(z)| ≤ n|q′(ζ)|

(0 ≤ λ < 1, µ /∈ {p, p− 1}, p ∈ N; z ∈ U, ζ ∈ ∂U/E(q), n ≥ p and n ≥ 2) and

if φ(∆λ,µ,ν
z,p f(z),∆λ+1,µ+1,ν+1

z,p f(z),∆λ+2,µ+2,ν+2
z,p f(z),∆λ+3,µ+3,ν+3

z,p f(z); z) is

analytic in U , then φ(∆λ,µ,ν
z,p f(z),∆λ+1,µ+1,ν+1

z,p f(z),∆λ+2,µ+2,ν+2
z,p f(z),

∆λ+3,µ+3,ν+3
z,p f(z); z) ≺ h(z), implies ∆λ,µ,ν

z,p f(z) ≺ q(z), (z ∈ U).
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When the behaviour of q is not known on ∂U , we obtain the similar
arguments as in [5, Corollary 1.1].

Corollary 2.2. Let q be univalent in U , with q(0) = 0 and for % ∈ (0, 1)
set q%(z) = q(%z). Let φ ∈ Φ∆[h, q%]. If f ∈ Ap and q% satisfy

<
{
ζq′′%(ζ)

q′%(ζ)

}
≥ 0 and |(p− µ)∆λ+1,µ+1,ν+1

z,p f(z) + µ∆λ,µ,ν
z,p f(z)| ≤ n|q′%(ζ)|,

(0 ≤ λ < 1, µ /∈ {p, p − 1}, p ∈ N; z ∈ U, ζ ∈ ∂U/E(q), n ≥ p and n ≥ 2).

If φ(∆λ,µ,ν
z,p f(z),∆λ+1,µ+1,ν+1

z,p f(z),∆λ+2,µ+2,ν+2
z,p f(z),∆λ+3,µ+3,ν+3

z,p f(z); z) is

analytic in U , then φ(∆λ,µ,ν
z,p f(z),∆λ+1,µ+1,ν+1

z,p f(z),∆λ+2,µ+2,ν+2
z,p f(z),

∆λ+3,µ+3,ν+3
z,p f(z); z) ≺ h(z), implies ∆λ,µ,ν

z,p f(z) ≺ q(z), (z ∈ U).

The following theorem gives a relation between the best dominant of the
differential subordination and the solution of the corresponding differential
equation.

Theorem 2.3. Let φ ∈ Φ∆[h, q%], φ : C4 × U → C and φ(q(z), T1(z),
T2(z), T3(z); z) is analytic in U where

T1(z) =
zq′(z)− µq(z)

(p− µ)
,

T2(z) =
z2q′′(z)− 2µzq′(z) + µ(µ+ 1)q(z)

(p− µ)(p− µ− 1)
,

T3(z) =
z3q′′′(z)− 3µz2q′′(z) + 3µ(µ+ 1)zq′(z)− µ(µ2 + 3µ+ 2)q(z)

(p− µ)(p− µ− 1)(p− µ− 2)
.

Let h be univalent in U and suppose the differential equation

φ(q(z), T1(z), T2(z), T3(z); z) = h(z)(2.11)

has a solution q ∈ Q0 ∩H[0, p]. If f ∈ Ap satisfies

<
{
ζq′′(ζ)

q′(ζ)

}
≥ 0 and |(p− µ)∆λ+1,µ+1,ν+1

z,p f(z) + µ∆λ,µ,ν
z,p f(z)| ≤ n|q′(ζ)|

(0 ≤ λ < 1, µ /∈ {p, p − 1}, p ∈ N; z ∈ U, ζ ∈ ∂U/E(q), n ≥ p and n ≥ 2)
then

φ
(

∆λ,µ,ν
z,p f(z),∆λ+1,µ+1,ν+1

z,p f(z),

∆λ+2,µ+2,ν+2
z,p f(z),∆λ+3,µ+3,ν+3

z,p f(z); z
)
≺ h(z),(2.12)

implies ∆λ,µ,ν
z,p f(z) ≺ q(z), (z ∈ U) and q(z) is the best dominant.
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Proof. By applying Theorem 2.1, we see that q is a dominant of (2.12).
Since q also satisfies (2.11), it is also a solution of the differential subordina-
tion (2.12) and q will be dominated by all the dominants of (2.12). Hence,
q is the best dominant of (2.11).

We next introduce a new admissible class, Φ∆,1[Ω, q].

Definition 2.2. Let Ω be a set in C, q(z) ∈ Q0 ∩ H[0, p]. The class of
admissible functions Φ∆,1[Ω, q] consists of those functions φ : C4 × U → C
that satisfy the following admissible condition φ(a, b, c, d; z) /∈ Ω whenever

a = q(ζ), b =
nζq′(ζ) + (p− µ− 1)q(ζ)

(p− µ)
,

<

{
(p− µ)(p− µ− 1)c− (p− µ− 1)(p− µ− 2)a

(p− µ)b− (p− µ− 1)a
− 2(p− µ) + 3

}

≥ n <

{
1 +

ζq′′(ζ)

q′(ζ)

}

and

<

{
(p− µ− 2)(p− µ− 1)(p− µ)d

(p− µ)b− (p− µ− 1)a

− 3(p− µ− 1)[(p− µ)(p− µ− 1)c− (p− µ− 1)(p− µ− 2)a]

(p− µ)b− (p− µ− 1)a

− (p− µ− 1)(p− µ− 2)(p− µ− 3)a

(p− µ)b− (p− µ− 1)a

− 3(p− µ− 1)(p− µ− 2) + 6(p− µ− 1)2

}
≥ n2 <

{
ζ2q′′′(ζ)

q′(ζ)

}
,

where z ∈ U, ζ ∈ ∂U\E(q), µ 6= p, p ∈ N and n ≥ 2.

Theorem 2.4. Let φ ∈ Φ∆,1[Ω, q]. If f ∈ Ap, with q ∈ Q0 ∩H[0, p]

<
{
ζq′′(ζ)

q′(ζ)

}
≥ 0,

∣∣∣∣(p−µ)
∆λ+1,µ+1,ν+1
z,p f(z)

zp−1
+(µ−p−1)

∆λ,µ,ν
z,p f(z)

zp−1

∣∣∣∣ ≤ n|q′(ζ)|,

(0 ≤ λ < 1, µ /∈ {p, p − 1}, p ∈ N; z ∈ U, ζ ∈ ∂U/E(q), n ≥ p and n ≥ 2)
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9 THIRD ORDER DIFFERENTIAL SUBORDINATION 9

satisfies {
φ

(
∆λ,µ,ν
z,p f(z)

zp−1
,
∆λ+1,µ+1,ν+1
z,p f(z)

zp−1
,

∆λ+2,µ+2,ν+2
z,p f(z)

zp−1
,
∆λ+3,µ+3,ν+3
z,p f(z)

zp−1
; z

)}
⊂ Ω,(2.13)

then
∆λ,µ,ν
z,p f(z)
zp−1 ≺ q(z), (z ∈ U).

Proof. Define the analytic function g(z) in U by

g(z) :=
∆λ,µ,ν
z,p f(z)

zp−1
.(2.14)

A simple computation yields

(2.15)
∆λ+1,µ+1,ν+1
z,p f(z)

zp−1
=
zg′(z) + (p− µ− 1)g(z)

(p− µ)
,

∆λ+2,µ+2,ν+2
z,p f(z)

zp−1

=
z2g′′(z) + 2(p− µ− 1)zg′(z) + (p− µ− 1)(p− µ− 2)g(z)

(p− µ− 1)(p− µ− 2)
(2.16)

and

∆λ+3,µ+3,ν+2
z,p f(z)

zp−1
=
z3g′′′(z) + 3(p− µ− 1)z2g′′(z)

(p− µ)(p− µ− 1)(p− µ− 2)

+ 3
(p− µ− 2)(p− µ− 1)zg′(z)

(p− µ)(p− µ− 1)(p− µ− 2)
−(p−µ−2)(p−µ−1)(p−µ)g(z)

(p−µ)(p−µ−1)(p−µ−2)
.(2.17)

Define the transformation C4 to C by

a = u, b =
v + (p− µ− 1)u

p− µ
,

c =
w + 2(p− µ− 1)v + (p− µ− 1)(p− µ− 2)u

(p− µ)(p− µ− 1)
,

d =
x+ 3(p− µ− 1)w

(p− µ)(p− µ− 1)(p− µ− 2)
+

3(p− µ− 2)(p− µ− 1)v

(p− µ)(p− µ− 1)(p− µ− 2)
(2.18)

+
(p− µ− 1)(p− µ− 2)(p− µ− 2)u

(p− µ)(p− µ− 1)(p− µ− 2)
.
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Let

ψ(u, v, w, x; z) = φ(a, b, c, d; z) = φ

(
u,
v + (p− µ− 1)u

p− µ
,

w + 2(p− µ− 1)v + (p− µ− 1)(p− µ− 2)u

(p− µ)(p− µ− 1)
,(2.19)

x+ 3(p− µ− 1)w

(p− µ)(p− µ− 1)(p− µ− 2)
+

3(p− µ− 2)(p− µ− 1)v

(p− µ)(p− µ− 1)(p− µ− 2)

+
(p− µ− 1)(p− µ− 2)(p− µ− 2)u

(p− µ)(p− µ− 1)(p− µ− 2)
; z

)
.

Using Lemma(1.1), (2.14)-(2.17), (2.18) and (2.19) we obtain

ψ(g(z), zg′(z), z2g′′(z), z3g′′′(z); z)

=φ

(
∆λ,µ,ν
z,p f(z)

zp−1
,
∆λ+1,µ+1,ν+1
z,p f(z)

zp−1
,
∆λ+2,µ+2,ν+2
z,p f(z)

zp−1
,
∆λ+3,µ+3,ν+3
z,p f(z)

zp−1
; z

)
.

Hence using (2.13)

(2.20) ψ(g(z), zg′(z), z2g′′(z), z3g′′′(z); z) ∈ Ω.

Also we get

w

v
+ 1 =

(p− µ)(p− µ− 1)c− (p− µ− 1)(p− µ− 2)a

(p− µ)b− (p− µ− 1)a
− 2(p− µ) + 3

and

x

v
=

(p− µ− 2)(p− µ− 1)(p− µ)d

(p− µ)b− (p− µ− 1)a

− 3
(p− µ− 1)[(p− µ)(p− µ− 1)c− (p− µ− 1)(p− µ− 2)a]

(p− µ)b− (p− µ− 1)a

− (p− µ− 1)(p− µ− 2)(p− µ− 3)a

(p− µ)b− (p− µ− 1)a

− 3(p− µ− 1)(p− µ− 2) + 6(p− µ− 1)2.

Thus, the admissibility condition for φ ∈ Φ∆,1[Ω, q] in the Definition 2.2 to
the admissibility condition for ψ given in Definition 1.4. Hence, ψ ∈ Ψ[Ω, q]

and Lemma 1.1, g(z) ≺ q(z), (z ∈ U). or equivalently
∆λ,µ,ν
z,p f(z)
zp−1 ≺ q(z),

(z ∈ U). Proceeding similarly as in Theorem 2.2, the following result is an
immediate consequence of the above Theorem
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Theorem 2.5. Let φ ∈ Φ∆,1[h, q]. If f ∈ Ap and q ∈ H[0, p]∩Q0, with

<
(
ζq′′(ζ)

q′(ζ)

)
≥ 0,

∣∣∣∣(p−µ)
∆λ+1,µ+1,ν+1
z,p f(z)

zp−1
+(µ−p−1)

∆λ,µ,ν
z,p f(z)

zp−1

∣∣∣∣ ≤ n∣∣∣∣q′(ζ)

∣∣∣∣,
(0 ≤ λ < 1, µ /∈ {p, p− 1}, p ∈ N; z ∈ U ; ζ ∈ ∂U/E(q), n ≥ p and n ≥ 2). If

φ

(
∆λ,µ,ν
z,p f(z)

zp−1
,
∆λ+1,µ+1,ν+1
z,p f(z)

zp−1
,
∆λ+2,µ+2,ν+2
z,p f(z)

zp−1
,
∆λ+3,µ+3,ν+3
z,p f(z)

zp−1
; z

)
is analytic in U , then

φ

(
∆λ,µ,ν
z,p f(z)

zp−1
,
∆λ+1,µ+1,ν+1
z,p f(z)

zp−1
,
∆λ+2,µ+2,ν+2
z,p f(z)

zp−1
,
∆λ+3,µ+3,ν+3
z,p f(z)

zp−1
; z

)
≺ h(z),

implies
∆λ,µ,ν
z,p f(z)
zp−1 ≺ q(z), (z ∈ U).

3. Examples

Consider the following function

q(z) = M
Mz + α

M + ᾱz
, (z ∈ U,M ≥ 0),(3.1)

with |α| < M , q is univalent in Ū and satisfies q(U) = UM = {w : |w| < M},
q(0) = α, q ∈ Q(α) and E(q) = ∅.

Lemma 3.1 ([1]). Let q be given by (3.1) and p(z) = α + αnz
n +

αn+1z
n+1 + . . . be analytic in U with p(z) 6= α and n ≥ 2. If there exists

points z0 = r0e
iθ ∈ UM and w0 ∈ ∂U such that p(z0) = q(w0), p(Ur0) ⊂ UM

and

|zp′(z)||M + ᾱeiθ|2 ≤Mn[M2 − |α|2](3.2)

when z ∈ Ūr0 and θ ∈ [0, 2π], then

z0p
′(z0) = nq(w0)

|q(w0)− α|2

|q(w0)|2 − |α|2
, <z0p

′′(z0)

p′(z0)
+ 1 ≥ n |q(w0)− α|2

|q(w0)|2 − |α|2

and

<z
2
0p
′′′(z0)

p′(z0)
≥ 6n2< [ᾱq(w0)− |α|2]2

[|q(w0)|2 − |α|2]2
.
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By using Lemma 3.1, the conditions of admissibility given in Definition
2.1 changes as given by the following definition, φ ∈ Φ∆[Ω, q] is denoted by
φ ∈ Φ∆[Ω,M, α]. Since q(z) = Meiθ, with θ ∈ [0, 2π] when |z| = 1.

Definition 3.1. Let Ω be a set in C. Let q be given by (3.1) and
let n ≥ 2. The class of admissible functions φ ∈ Φ∆[Ω,M, α] consists
φ : C4 × U → C that satisfy the admissible condition φ(a, b, c, d; z) /∈ Ω
whenever

a = Meiθ, b =

[
n |M−ᾱe

iθ|2
M2−|α|2 − µ

]
Meiθ

(p− µ)
,

<
{

(p− µ)(p− µ− 1)c− µ(µ+ 1)a

(p− µ)b+ µa
+ 2µ+ 1

}
≥ n |M − ᾱe

iθ|2

M2 − |α|2
,

and

<
{

(p− µ)(p− µ− 1)(p− µ− 2)d+ 3µ(p− µ)(p− µ− 1)c− 2µ(µ2 − 1)a

(p− µ)b+ µa

+ 3µ(µ+ 1)

}
≥ 6n2

[M2 − |α|2]2
<[ᾱMeiθ − |α|2]2

(z ∈ U ; θ ∈ [0, 2π]; ζ ∈ ∂U\E(q);µ 6= p, p ∈ N, n ≥ p and n ≥ 2).

In the special case when α = 0, we obtain the following class of admissi-
ble functions in Φ∆[Ω,M ].

Definition 3.2. Let Ω be a set in C and M > 0. The class of admissible
functions φ ∈ Φ∆[Ω,M ] consists of those function φ : C4×U → C such that

φ

(
Meiθ,

n− µ
p− µ

Meiθ,
L+ (µ(µ+ 1)− 2µn)Meiθ)

(p− µ)(p− µ− 1)
,(3.3)

K − 3µL+ [3µ(µ+ 1)n− µ(µ2 + 3µ+ 2)]Meiθ

(p− µ)(p− µ− 1)(p− µ− 2)
; z

)
/∈ Ω

whenever z ∈ U, θ ∈ [0, 2π],<[Le−iθ] ≥ n(n−1)M,<[Ke−iθ] ≥ 0 and n ≥ 2.

We use Theorem 2.1, to obtain the following differential subordination

Theorem 3.1. Let q be given by (3.1) and let f ∈ Ap satisfy

|(p− µ)∆λ+1,µ+1,ν+1
z,p f(z) + µ∆λ,µ,ν

z,p f(z)||M + ᾱeiθ|2 ≤ nM [M2 − |α|2],
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(z ∈ U ; ζ ∈ ∂U\E(q);µ /∈ p, p ∈ N, n ≥ p and n ≥ 2). If Ω be a set in C and

φ∈Φ∆[Ω,M, α], then {φ(∆λ,µ,ν
z,p f(z), ∆λ+1,µ+1,ν+1

z,p f(z), ∆λ+2,µ+2,ν+2
z,p f(z),

∆λ+3,µ+3,ν+3
z,p f(z); z) : z ∈ U} ⊂ Ω, implies ∆λ,µ,ν

z,p f(z) ≺ q(z), (z ∈ U).

Corollary 3.1. Let φ ∈ Φ∆[Ω,M ], M ≥ 0. If f ∈ Ap with

|(p− µ)∆λ+1,µ+1,ν+1
z,p f(z) + µ∆λ,µ,ν

z,p f(z)| ≤ nM

satisfies (z∈U ;µ/∈p, p∈N, n≥p and n≥2), {φ(∆λ,µ,ν
z,p f(z), ∆λ+1,µ+1,ν+1

z,p f(z),

∆λ+2,µ+2,ν+2
z,p f(z),∆λ+3,µ+3,ν+3

z,p ; z)} ∈ Ω, then |∆λ,µ,ν
z,p f(z)| < M, (z ∈ U).

For the case Ω = q(U) = {w : |w| < M}, Φ∆[Ω,M ] is denoted by Φ∆[M ].

Corollary 3.2. Let φ∈Φ∆[M ]. If f∈Ap with |(p−µ)∆λ+1,µ+1,ν+1
z,p f(z)+

µ∆λ,µ,ν
z,p f(z)| ≤ nM satisfies (z ∈ U ; p ∈ N, µ /∈ {p, p− 1}n ≥ p and n ≥ 2),∣∣∣∣φ(∆λ,µ,ν
z,p f(z),∆λ+1,µ+1,ν+1

z,p f(z),∆λ+2,µ+2,ν+2
z,p f(z),∆λ+3,µ+3,ν+3

z,p f(z); z)

∣∣∣∣<M,

then |∆λ,µ,ν
z,p f(z)| < M, (z ∈ U).

Example 1. Let φ1(a, b, c, d; z) = (1− δ) ca + δb, (0 ≤ δ ≤ 1 and z ∈ U),
satisfy the admissibility condition (3.1) and hence the Corollary 3.2 yields∣∣∣∣(1− δ)∆λ+2,µ+2,ν+2

z,p f(z)

∆λ,µ,ν
z,p f(z)

+ δ∆λ+1,µ+1,ν+1
z,p f(z)

∣∣∣∣ < M, (M > 0),

implies |∆λ,µ,ν
z,p f(z)| < M, (M>0). When δ = 1, we have |∆λ+1,µ+1,ν+1

z,p f(z)|
< M, (M > 0), |∆λ,µ,ν

z,p f(z)| ≤ M, (M > 0). The above result was obtained

in [3, Corollary 2.10]. When δ = 0, we have |∆
λ+2,µ+2,ν+2
z,p f(z)

∆λ,µ,ν
z,p f(z)

| < M, (M > 0),

implies |∆λ,µ,ν
z,p f(z)| < M, (M > 0).

Example 2. Let φ2(a, b, c, d; z) = α(z)a + β(z)b, with <(α(z)) ≥ 1
and <(β(z)) ≥ 0 for (z ∈ U) satisfy the admissibility condition (3.1) and

hence Corollary 3.2 yields, |α(z)∆λ,µ,ν
z,p f(z) + β(z)∆λ+1,µ+1,ν+1

z,p f(z)| < M,

(M > 0), implies |∆λ,µ,ν
z,p f(z)| < M, (M > 0). Consider the case when

q(z) = Mz, M > 0 the class of admissible functions φ ∈ Φ∆,1[Ω, q] is
denoted by φ ∈ Φ∆,1[Ω,M ] is defined as follows:
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Definition 3.3. Let Ω be a set in C. The class of admissible functions
φ ∈ Φ∆,1[Ω,M ] consists of those functions φ : C4 × U → C such that

φ

(
Meiθ,

n+ (p− µ− 1)Meiθ

(p− µ)
,

L+ (p− µ− 1)[2n+ (p− µ− 2)]Meiθ

(p− µ)(p− µ− 1)
,(3.4)

K + (p− µ− 1)[3L+ (p− µ− 2)[n+ (p− µ− 3)]Meiθ]

(p− µ)(p− µ− 1)(p− µ− 2)
; z

)
/∈ Ω

whenever z ∈ U, θ ∈ [0, 2π],<(Le−iθ) ≥ n(n − 1)M,<(Ke−iθ) ≥ 0, p ∈ N
and n ≥ 2.

From the above Definition and Theorem 2.4, we have the following
Corollary.

Corollary 3.3. If φ ∈ Φ∆,1[Ω,M ]. If f ∈ Ap and∣∣∣∣(p− µ)
∆λ+1,µ+1,ν+1
z,p f(z)

zp−1
+ (µ− p− 1)

∆λ,µ,ν
z,p f(z)

zp−1

∣∣∣∣ ≤ nM,

(0 ≤ λ < 1, µ 6= p, p ∈ N, z ∈ U, n ≥ p and n ≥ 2). If

(3.5)

{
φ

(
∆λ,µ,ν
z,p f(z)

zp−1
,
∆λ+1,µ+1,ν+1
z,p f(z)

zp−1
,
∆λ+2,µ+2,ν+2
z,p f(z)

zp−1
,

∆λ+3,µ+3,ν+3
z,p f(z)

zp−1
; z

)}
∈ Ω,

then |∆
λ,µ,ν
z,p f(z)
zp−1 | < M, (z ∈ U).

In case Ω = q(U) = {w : |w| < M}, the class φ ∈ Φ∆,1[Ω,M ] is simply
denoted by φ ∈ Φ∆,1[M ], then the above Corollary takes the following form

Corollary 3.4. If φ ∈ Φ∆,1[M ]. If f ∈ Ap and∣∣∣∣(p− µ)
∆λ+1,µ+1,ν+1
z,p f(z)

zp−1
+ (µ− p− 1)

∆λ,µ,ν
z,p f(z)

zp−1

∣∣∣∣ ≤ nM,
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(0 ≤ λ < 1, µ 6= p, p ∈ N, z ∈ U, n ≥ p and n ≥ 2). If

(3.6)

∣∣∣∣{φ(∆λ,µ,ν
z,p f(z)

zp−1
,
∆λ+1,µ+1,ν+1
z,p f(z)

zp−1
,
∆λ+2,µ+2,ν+2
z,p f(z)

zp−1
,

∆λ+3,µ+3,ν+3
z,p f(z)

zp−1
; z

)}∣∣∣∣ < M,

then |∆
λ,µ,ν
z,p f(z)
zp−1 | < M.

Acknowledgments. The authors are greatly thankful to the referee
for the suggestions that helped improve the presentation of this paper.

REFERENCES

1. Antonino, J.A.; Miller, S.S. – Third-order differential inequalities and subordina-

tions in the complex plane, Complex Var. Elliptic Equ., 56 (2011), 439–454.

2. Choi, Jae Ho – On differential subordinations of multivalent functions involving a

certain fractional derivative operator, Int. J. Math. Math. Sci., 2010, Art. ID 952036,

10 pp.

3. Hanin, S. Al-Masri; Tariq, O. Salim – Differential subordination and superor-

dination of analytic functions defined by fractional derivative operator, Int. J. Open

Problems Compt. Math., 4 (2011), 88–113.

4. Jeyaraman, M.P.; Suresh, T.K. – Third order differential subordination of analytic

functions, Acta Universitatis Apulensis, 35 (2013), 187–202.

5. Miller, S.S.; Mocanu, P.T. – Differential Subordinations, Theory and applications,

Monographs and Textbooks in Pure and Applied Mathematics, 225, Marcel Dekker,

Inc., New York, 2000.

6. Ponnusamy, S.; Juneja, O.P. – Third-order differential inequalities in the complex

plane, Current topics in analytic function theory, 274–290, World Sci. Publ., River

Edge, NJ, 1992.

7. Samko, S.G.; Kilbas, A.A.; Marichev, O.I. – Fractional Integrals and Derivatives.

Theory and Applications, Gordon and Breach Science Publishers, Yverdon, 1993.

8. Srivastava, H.M.; Buschman, R.G. – Theory and Applications of Convolution In-

tegral Equations, Mathematics and its Applications, 79, Kluwer Academic Publishers

Group, Dordrecht, 1992.

9. Srivastava, H.M.; Aouf, M.K. – A certain fractional derivative operator and its

applications to a new class of analytic and multivalent functions with negative coeffi-

cients, J. Math. Anal. Appl., 171 (1992), 1–13.

Unauthentifiziert   | Heruntergeladen  30.08.19 14:32   UTC



16 H. AAISHA FARZANA, B. ADOLF STEPHEN and M.P. JEYARAMAN 16

10. Srivastava, H.M.; Aouf, M.K. – A certain fractional derivative operator and its

applications to a new class of analytic and multivalent functions with negative coeffi-

cients. II, J. Math. Anal. Appl., 192 (1995), 673–688.

Received: 23.VII.2012 Department of Mathematics,

Accepted: 10.X.2012 Madras Christian College,

Tambaram, Chennai 600 059, TamilNadu,

INDIA

h.aaisha@gmail.com

adolfmcc2003@yahoo.co.in

Department of Mathematics,

L.N. Government College, Ponneri,

Chennai 601 204, TamilNadu,

INDIA

jeyaraman mp@yahoo.co.in

Unauthentifiziert   | Heruntergeladen  30.08.19 14:32   UTC


