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The symbol error rate (SER) performance of a multipulse pulse-position modulation (MPPM) free space optical
(FSO) system under the combined effect of turbulence-induced fading modeled by exponentiated Weibull (EW)
distribution and pointing errors with a soft-decision detector is investigated systematically. Particularly, the
theoretical conditional SER (CSER) of soft-decision decoded MPPM is derived. The corresponding closed-form
CSER is obtained via curve fitting with the Levenberg–Marquardt method. The analytical SER expression over
the aggregated fading channels is then achieved in terms of Laguerre integration. Monte Carlo simulation results
are also offered to corroborate the validity of the proposed SER model.
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In recent years, free space optical (FSO) communication
draws an enormous amount of attention because of
its large capacity, low cost, secure transmission, and
license-free spectrum[1,2]. It is regarded as an alternative
approach to the radio-frequency (RF) technology and
widely accepted to solve the “last mile” problem where
fiber optic links are not practical[2,3]. However, FSO links
suffer a lot from atmospheric turbulence-induced fading
caused by random refractive-index fluctuations, which
will result in the system performance degradation[4,5].
In order to predict the reliability of FSO channels under

different strengths of turbulence, some mathematical
models describing the probability density function (PDF)
of the received optical scintillation have been proposed
over the years, such as lognormal (LN), gamma-gamma
(G-G), and exponentiated Weibull (EW) distributions.
Among them, EW distribution is a novel one, which is
proposed and experimentally verified by Barrios and Dios
in Refs. [6,7]. Their study revealed that this distribution
could model the PDF of irradiance in weak-to-strong tur-
bulence regimes under all aperture-averaging conditions.
Most importantly, apart from the perfect fit to right tail
of the PDF, the left tail of EW distribution is much better
than G-G and LN distributions, which is essential in assess-
ing the outage and error performances[7]. Due to this advan-
tage, some works concerning the performance of an FSO
communication system over EW fading channels have been
reported in these years[8–12].

Currently, intensity modulation with direct detection
(IM/DD) is a feasible transmission scheme and popularly
used in practical FSO systems, where the transmitters and
receivers only modulate and detect the intensity of the
carrier without its phase[13]. Among the realizations of
IM/DD, on-off keying (OOK), pulse-position modula-
tion (PPM), and multipulse PPM (MPPM) are three rep-
resentative schemes. As is known, OOK is a binary level
modulation type and has been extensively used in many
existing works because of its simplicity and easy
implementation[14]. However, OOK has lower energy effi-
ciency so as to satisfy the requirement of the dynamic
threshold at the receiver[2,15]. In order to overcome this
drawback, PPM has been proposed, which is an orthogo-
nal modulation scheme that provides a reduction in aver-
age power consumption compared to OOK, but at the
expense of an increased bandwidth requirement[13,16]. This
is due to the fact that the time slot when an optical pulse
takes place is narrowed to increase the amount of informa-
tion transmitted per signal block[17]. Although it is cer-
tainly true that a large bandwidth is easy to achieve in
the optical band, spectral efficiency, from a practical
perspective, is also a crucial design consideration because
it is directly related to the required speed of electronic cir-
cuitry in FSO systems[2]. MPPM, proposed by Sugiyama
and Nosu in Ref. [17], can substantially improve the
band-utilization efficiency of optical PPM, and it could
be a tradeoff between OOK and PPM. Therefore, it is
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necessary to quantify the performances of MPPM-based
FSO systems. So far, some works have been reported on
the average bit error rate (ABER) or symbol error rate
(SER) performances of the FSO system with the MPPM
scheme[12,14,15,18–20]. However, only Ref. [12] is performed
over EW distribution. In that work, the SER perfor-
mances of the MPPM-based FSO system have been inves-
tigated with three different hard-decision thresholds: fixed
decision threshold (FDT), optimized decision threshold
(ODT), and dynamic decision threshold (DDT). It is dem-
onstrated that the performance of DDT is better than
those of both FDT and ODT. However, the threshold
of DDT is decided with the assistance of channel state infor-
mation (CSI), which will increase the complexity of the
FSO system design. Besides, the impact of misalignment
between the transmitter and receiver (also called pointing
errors) is not considered, which is usually caused by build-
ing sway from wind loads, thermal expansion, and weak
earthquakes, resulting in intensity variations of the laser
beam over the receiving aperture and system performance
degradation[5].
Motivated by the above analysis, the SER performance

of a soft-decision decoded MPPM FSO system over
composite EW fading channels with pointing errors is in-
vestigated in this work without the help of CSI. The SER
performance is demonstrated systematically under differ-
ent turbulence conditions with the aperture-averaging
effect considered. What is more, the SER performance
is compared with that of a hard-decoder-based MPPM
FSO system. Monte Carlo (MC) simulation results are
also offered to confirm the correctness of the theoretical
results.
In this work, an IM/DD technique on the basis of

MPPM is considered. The investigated FSO system has
been depicted in Fig. 1. The data are directly modulated
onto the intensity of an optical beam at the transmitter,
which points toward a DD receiver. The laser beam prop-
agates along a horizontal path suffering from the turbu-
lence-induced fading. In order to mitigate such fading
on the optical power, the effect of placing a collecting aper-
ture, e.g., a lens, at the receiver end of the FSO link is
employed. This phenomenon is known as aperture averag-
ing. In this case, the received signal y at the detector can
be expressed as y ¼ Rhx þ n, whereR is the photodetector
responsivity. h ¼ hahphl represents the aggregated chan-
nel gain, where ha is the turbulence-induced fading mod-
eled by the EW distribution, hp is the pointing errors loss
factor, and hl is the path loss, which is a constant at a

given weather condition and link distance. Without the
loss of generality, hl is assumed to be unity throughout
this work. For the (N , M) MPPM scheme of this study,
the laser is pulsed in M slots in one block consisting of
N slots. Assuming Pt denotes the average transmitted
power, variable x is equal to NPt∕M for the signal time
slot and zero for the nonsignal time slot. The noise is
induced by the ambient light, which is much stronger than
the desired signal at the detector, and it is assumed to
include any front-end thermal noise and shot noise at
the receiver[21]. Thus, n can be accurately modeled as sig-
nal-independent additive white Gaussian noise (AWGN)
with zero mean and variance σ2n ¼ N 0∕2. The PDF of n
can be written as[4, Eq. (11.7)]

f nðxÞ ¼ ð1∕
������
2π

p
σnÞ expð−x2∕2σ2nÞ: (1)

As mentioned earlier, the EW distribution is adopted to
characterize the atmospheric fading. The corresponding
PDF and cumulative distribution function (CDF) of ha
can be expressed as[6]

f haðhÞ ¼
αβhβ−1
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(2)

FhaðhÞ ¼ f1− exp½−ðh∕ηÞβ�gα; (3)

where α > 0 and β > 0 are the shape parameters related to
the scintillation index (SI), and η > 0 is a scale parameter
related to the mean value of the irradiance. According to
Refs. [6, Eqs. (10)–(12)] and [7, Eqs. (20)–(22)], it is easy
to calculate those parameters. The PDF of hp is given in
Ref. [5, Eq. (11)], and the PDF and CDF of the aggregated
channel gain h can be written as[8]
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respectively, where Γða; zÞ is the upper incomplete
gamma function. T1 ¼ γ2∕β, T2ðjÞ ¼ ½ð−1ÞjΓðαÞ�∕
½j!Γðα− jÞð1þ jÞ1−T1 �, and T3ðjÞ ¼ ð1þ jÞ½h∕ðηA0Þ�β.
A0 ¼ ½erfðυÞ�2 is the fraction of the collected optical power
when the difference between the optical spot center and
the detector center is equal to zero. υ ¼ ð ���

π
p

aÞ∕ð ���
2

p
ωZ Þ

is the ratio between the aperture radius (a) and beam-
width (ωZ ) at the distance of Z , and erfð·Þ is the error
function. γ ¼ ωZeq

∕2σs is the ratio between the equivalent
beam radius and jitter standard deviation, where
ω2
Zeq ¼ ω2

Z
���
π

p
erfðυÞ∕½2υ expð−υ2Þ�.

Fig. 1. Block diagram of an FSO system through the turbulent
atmosphere.
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For the (N , M) MPPM scheme, the transmission time
is divided into equal successive blocks. Each block, i.e., a
signal block, is further divided into N equal time slots.
At the transmitter, M optical pulses are transmitted in
multiple slots in a signal block. At the receiver, the re-
ceived signal is detected slot by slot. Thus, the output
of the sampler can be expressed as follows:

yout ¼
�
ξh þ n; signal time slot;
n; non-signal time slot;

(6)

where ξ ¼ RNPt∕M . In FSO systems, channel variations
are typically much slower than the signaling period. This
is because the channel coherence time is on the order of
milliseconds (ms), and the data rate is assumed to be
on the order of gigabits per second (Gbps)[22]. Therefore,
a slow fading channel is assumed, and the instantaneous
electrical signal-to-noise ratio (SNR) can be written as

μ ¼ ξ2h2∕N 0 ¼ μ̄h2; (7)

where μ̄ denotes the average electrical SNR.
It should be noted that, if there is no channel fading and

noise, the signal slots should be the largest ones in the re-
ceived (N , M) MPPM block. Thus, for the soft-decision
decoding technique, the decoder will select the largest
M slots from a received signal block (N slots), and then
make those M slots be the signal time slots transmitted
at the transmitter. In other words, if the transmitted sym-
bol can be decoded correctly, the minimum value of the
signal slots should be larger than the maximum value
of non-signal slots in the received MPPM block. Conse-
quently, the threshold and CSI are not required any more,
therefore reducing the complexity of the practical FSO
system.
In order to obtain the expression of the SER of soft-

decision decoded MPPM over aggregated fading channels,
the conditional SER (CSER) in absence of turbulence
and pointing errors should be achieved at first. Let
random variable X denote the largest value of non-
signal slots, that is X ¼ maxðx1; x2;…; xN−M Þ, where xi
(i ¼ 1; 2;…;N −M) is the value of the ith nonsignal slot
in the received signal block. Since the non-signal slots are
modeled by Gaussian distribution with zero mean and
variance σ2n ¼ N 0∕2, the PDF of xi can be given as

f xi ðxÞ ¼ f nðxÞ ¼ ð1∕
������
2π

p
σnÞ expð−x2∕2σ2nÞ: (8)

Therefore, the CDF of xi can be obtained as

Fxi ðxÞ ¼
Z

x

−∞
f xi ðxÞdt ¼ Qð−x∕σnÞ; (9)

where Qð·Þ is the Q-function. With the assistance of
Ref. [23, Eq. (6–55)], the CDF of X can be achieved as

FX ðxÞ ¼ ½Fxi ðxÞ�N−M ¼ ½Qð−x∕σnÞ�N−M : (10)

By differentiating Eq. (10) with respect to (w.r.t.) x, the
PDF of X can be written as

f X ðxÞ ¼
N −M������
2π

p
σn

exp
�
−

x2

2σ2n

��
Q
�
−

x
σn

��
N−M−1

: (11)

Let random variable Y represent the smallest value of
the signal slots. Therefore, Y ¼ minðy1; y2;…; yM Þ, where
yj (j ¼ 1; 2;…;M) is the value of the jth signal slot in the
received signal block. It should be noted that channel
fading should not be involved during the calculation of
the CSER. Therefore, yj equals ξþ n. The PDF of yj
can be obtained as

f yj ðyÞ ¼ ð1∕
������
2π

p
σnÞ exp½−ðy − ξÞ2∕2σ2n�: (12)

Furthermore, the CDF of yj can be expressed as

Fyj ðyÞ ¼ Q½ðξ− yÞ∕σn�: (13)

On the basis of Ref. [23, Eqs. (6–57) and (6–58)], the CDF
of Y can be obtained as

FY ðyÞ ¼ 1− fQ½ðy − ξÞ∕σn�gM : (14)

Then, the PDF of Y can be achieved by differentiating
Eq. (14) w.r.t. y as follows:

f Y ðyÞ ¼
1������
2π

p
σn

exp
�
−
ðy − ξÞ2
2σ2n

�
M

�
Q
�
y − ξ

σn

��
M−1

:

(15)

According to the above analysis, when the minimum
value of the signal slots is greater than the maximum value
of the non-signal slots, that is Y > X , the symbol can be
decoded correctly. Let Ψ ¼ Y − X , which could be rewrit-
ten as Ψ ¼ Y þ ð−XÞ. The PDF of random variable −X
can be derived based on Eq. (11) and Ref. [23, Eq. (5–6)] as
follows:

f−XðxÞ ¼
N −M������
2π

p
σn

exp
�
−

x2

2σ2n

��
Q
�
x
σn

��
N−M−1

; (16)

then, the PDF of Ψ can be expressed as the convolution of
functions f Y ðyÞ [i.e., Eq. (15)] and f−X ðxÞ [i.e., Eq. (16)]

f ΨðψÞ¼ f Y ðψÞ� f−XðψÞ

¼ðN−MÞM
2πσ2n

Z þ∞

−∞

�
Q
�
φ−ξ

σn

��
M−1

×
�
Q
�
ψ−φ

σn

��
N−M−1

exp
�
−
ðφ−ξÞ2
2σ2n

−
ðψ−φÞ2
2σ2n

�
dφ;

(17)

Thus, the CSER expression of soft-decision decoded
MPPM can be gotten via the integral of f ΨðψÞ from neg-
ative infinity to zero (i.e., Y < X) as
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PCSERðσnÞ ¼
Z

0

−∞
fΨðψÞdψ : (18)

To obtain the tractable closed-form CSER expression,
the exponential fitting technique has been implemented
based on the results obtained from Eq. (18). With the help
of Eq. (7), the CSER w.r.t. the SNR can be written as

PCSERðμÞ ¼ b1 expðb2μÞ; (19)

where b1 and b2 are exponential fitting parameters
that could be obtained via the Levenberg–Marquardt
method[24]. According to Eq. (7), the PDF and CDF
w.r.t. μ [f μðμÞ and FμðμÞ] can be obtained through Eqs. (4)
and (5). Therefore, the SER expression of the soft-decision
decoded MPPM FSO system over the aggregated fading
channels can be expressed as

Pe ¼
Z

∞

0
CBERðμÞf μðμÞdμ ¼

Z
∞

0
CBERðμÞdFμðμÞ

¼ −

Z
∞

0
FμðμÞdCBERðμÞ

¼ −b1b2

Z
∞

0
expðb2μÞFμðμÞdμ: (20)

The Laguerre integration in Ref. [25] can be used to
efficiently and accurately approximate Eq. (20). Finally,
Eq. (20) can be rewritten as

Pe ¼ −b1b2
Xm
k¼1

δk exp½ð1þ b2Þεk �FμðεkÞ; (21)

where εk is the kth zero of Laguerre polynomials LmðxÞ,
and the weight δk can be calculated by

δk ¼ ðm!Þ2εk∕fðm þ 1Þ2½Lmþ1ðεkÞ�2g: (22)

In this work, the (5, 2) MPPM is adopted to demon-
strate the SER performances of the above-mentioned
soft-decision decoding scheme, and the corresponding
exponential fitting parameters b1 and b2 are 0.836 and
−0.5231, respectively. The analytical SER results are ob-
tained from Eq. (21), and m is chosen to be 15 in comput-
ing the Laguerre integration. In the process of MC
simulation, a total of 1 × 108 blocks were run to reduce
the statistical uncertainties of the SER. It is assumed that
the receiver achieves perfect synchronization.
The SER values of (5, 2) MPPM under aggregated fad-

ing channels have been shown in Fig. 2. The EW param-
eters are extracted from Ref. [8]. The photodetector
responsivity (R) is set to be 0.5. The link distance Z equals
1 km. The Beam half-angle divergence θ is equal to 1 mrad.
Thus, the corresponding beam radius can be obtained as
ωZ ¼ θ × Z ¼ 1 m. The jitter standard deviation σs is set
to be 30 cm. The turbulence-only results (i.e., γ → ∞)
have also been presented here for comparison. As is seen,
the analytical SER curves match well with the MC

simulation results over both combined fading and
turbulence-only channels, verifying the correctness of
our SER model. It is clearly observed that pointing errors
would severely degrade the SER performance of a
soft-decision decoded MPPM FSO system in the same
turbulence regime and with the same aperture size. For
instance, with the aperture size D ¼ 100 mm, to reach
the SER of 1 × 10−5, the required electrical average
SNR is about 15 dB for the turbulence-only condition,
while it is 85 dB for the aggregated fading condition in
the weak turbulence regime. This is because the effect
of misalignment between the transmitter and receiver will
decrease the power collected at the receiving aperture.
However, the aperture averaging effect can mitigate
this problem and improve the SER performance of a
soft-decision decoded MPPM FSO system. For example,
with the effect of pointing errors taken into account, to
reach the SER of 1 × 10−5, the aperture size D ¼
200 mm offers a performance gain of about 11 dB com-
pared with the aperture size D ¼ 100 mm in terms of
the average electrical SNR under the weak turbulence con-
dition. This is because a larger aperture size can gather
more transmitting power and average the intensity
variations of the laser beam over the receiving aperture
caused by pointing errors, thus enhancing the system
performance.

Figure 3 shows the SER comparison between soft-
decision decoding and the DDT[12] of hard-decision decod-
ing schemes under moderate turbulence condition (Rytov
variances σ2R ¼ 1.35) with three different aperture sizes
(D ¼ 3, 25, and 60 mm). The EW parameters are obtained
from Ref. [6]. The analytical results of a soft-decision
decoding MPPM are aquired from Eq. (21). The photo-
detector responsivity (R) is set to be unity. As is seen,
the soft-decision decoding technique performs better than
the DDT with all aperture sizes. Specifically, to reach the

Fig. 2. Analytical SER and MC simulation results for (5, 2)
MPPM under weak (Rytov variances σ2R ¼ 0.32), moderate
(σ2R ¼ 2.22), and strong (σ2R ¼ 15.97) turbulence conditions.
Aperture sizes are D ¼ 100 and 200 mm.
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same SER for all three aperture sizes, the soft decoder of-
fers a performance gain of approximately 3.5 dB compared
with the hard decoder in terms of the required average
electrical SNR. Furthermore, it can be seen that the effect
of aperture averaging on the SER performance of soft-
decision decoding is nearly the same to that of the
DDT. For instance, to achieve the SER of 1 × 10−4, the
aperture-averaged receiver (i.e., D ¼ 25 mm) offers a per-
formance gain of about 14 dB compared with the point
receiver (i.e., D ¼ 3 mm) in terms of the average electrical
SNR for both soft-decision decoding and the DDT of hard-
decision decoding schemes.
In conclusion, the closed-form SER expression of

(N ;M) MPPM FSO with a soft decoder over composite
EW fading channels with pointing errors considered is
achieved in this work. The analytical results are verified
by MC simulation results. The studies show that pointing
errors severely deteriorate the soft-decision decoded
MPPM FSO system performance, while the aperture-
average technique can mitigate this problem. Further-
more, the soft-decision decoding technique has better
performance compared to the DDT, which is the best de-
coding method in Ref. [12]. The effect of aperture averag-
ing on the SER performance of soft-decision decoding is
similar to that of the DDT. This work is of good help
for designing the MPPM FSO system with a soft decoder.
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