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This paper studies the modified function projective synchronization of uncertain complex dynamic network model with multiple
time-delay couplings and external disturbances. Based on Lyapunov stability theory, the positive definite function is designed and
the sufficient conditions of synchronization are given. Both the uncertain parameters and the unknown bounded disturbances
are estimated in accordance with the adaptive laws. With the adaptive feedback controller, the complex dynamic network can
synchronize with reference node by a scaling function matrix. The reference node can be periodic orbit, equilibrium point, or a
chaotic attractor. Finally, two numerical simulations are offered to illustrate the effectiveness of the proposed method.

1. Introduction

Complex networks widely exist in various fields of science
and engineering, ranging from biology, physics, and chem-
istry to social networks and technological applications. In
recent years, complex dynamics networks have been an active
research topic and have been developed and systematically
studied [1–4] to extendnonlinear system [5]. Synchronization
is a fundamental phenomenon in nature which enables the
networks to achieve coherent behavior due to interaction.The
research of complex network synchronization is one of the
most important research directions on complex networks [6–
8]. Up to now, many types of synchronization phenomena
on complex networks have been reported, such as complete
synchronization [9, 10], projective synchronization [11, 12],
lag synchronization [13], lag projective synchronization [14],
bounded synchronization [3], projective cluster synchroniza-
tion [15], and global synchronization [16].

Modified function projective synchronization (MFPS)
is a more general definition of synchronization method
which indicates that the drive and response system could be
synchronized up to a scaling function matrix. The definition
of MFPS contains complete synchronization, projective syn-
chronization, and function projective synchronization. The

unpredictability of the scaling function factors in MFPS can
additionally enhance the security of communication. MFPS
has drawn considerable attentionwith a lot of research results.
Reference [17] studied theMFPS of uncertain chaotic (hyper-
chaotic) systems based on a novel observer-based finite-time
control method. Reference [18] investigated the MFPS of Liu
chaotic system and its application to secure communication.
References [19–21] extended the MFPS to complex domain
and studied the MFPS of complex chaotic system with
parameter perturbations and external perturbations.

However, the existing researches related to MFPS are
mainly concerned with two chaotic systems and there are
few theoretical achievements related to MFPS in a general
complex network. Recently, some research results on function
projective synchronization of complex dynamics networks
have been achieved. Based on the adaptive open-plus-closed-
loop method, [22] investigated function projective synchro-
nization of complex dynamical networks with or without
external disturbances using error feedback control scheme.
Based on Barbalat’s lemma, [23] designed some sufficient
synchronization criteria by applying the nonlinear feedback
control to realize the generalized function projective synchro-
nization between two different complex networks. Although
[22, 23] studied the function projective synchronization of
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two complex networks, the network models are conservative
for they did not take the influence of time-delay coupling
into consideration. It is well known that, due to the finite
speed of information transmission and processing speed
among the units, the connection delays in realistic modeling
of many large networks must be taken into account. What
is more, there always exist some unknown factors in most
real systems, covering the uncertain parameters and external
disturbances which can result in network instability or poor
performance.Therefore, it is significant to study the effects of
time-delay coupling, uncertain parameters, and external dis-
turbances in synchronization of complex dynamics networks.
Reference [24] proposed an adaptive controller to investigate
the problem of function projective synchronization in com-
plex dynamical networks with constant time-delay coupling,
uncertain parameters, and disturbance. Reference [25] inves-
tigated the modified function projective lag synchronization
of dynamical complex networks with disturbance, unknown
parameters, and coupling delay based on error feedback
control scheme. However, the absolute constant coupling
delaymay be scarce in the practical networks. In [26],Du et al.
achieved the function projective synchronization for general
complex dynamical networks with constant or time-varying
time-delay coupling by a hybrid feedback control method,
but the model uncertain and external disturbances were not
taken into account.

Multiple time-delay coupling complex networks indi-
cate that there are more than one coupling delay between
two nodes of complex networks. The multiple time-delay
coupling complex networks widely exist in the real world
such as relationship network, communication network, and
transportation network. The multiple time-delay coupling
complex networks can be divided into some subnetworks
by different time delays [27]. The relationship network is
given as an example in Figure 1. In accordance with different
coupling delays, the relationship network is divided into three
subnetworks. The corresponding topological structures are
displayed in Figure 1.The single time-delay coupling network
as a special case of multiple time-delay couplings complex
networks has been studied widely [28, 29]. However, the
synchronization research of complex networks with multiple
time-delay couplings is more realistic and representative,
which still receives little attention.

Comparedwith previouswork, there are three advantages
which can make our research attractive and interesting.
Firstly, our paper considers the multiple time-delay coupling
complex networks which widely exist in the real world. The
single time-delay coupling network is just a special case of
multiple time-delay couplings complex networks. Secondly,
MFPS is a more general synchronization method which con-
tains complete synchronization, projective synchronization,
and function projective synchronization. The unpredictabil-
ity of the scaling function factors in MFPS can additionally
improve the reliability of secure communication.Thirdly, our
paper considers the MFPS between a complex network and
a reference node. The reference node can be periodic orbit,
equilibrium point, or a chaotic attractor. When the reference
node is periodic orbit or equilibrium point, the idea men-
tioned in this paper can control complex network to a stable
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 = 2

Figure 1: Relationship network and its division. According to
different coupling delays, the relationship network is split into three
subnetworks.

state. When the reference node is a chaotic attractor, the idea
mentioned in this paper can synchronize complex network
with a chaotic state, which can be applied in engineering fields
such as secure communication and information processing.

The rest of this paper is organized as follows: the network
model and some preliminaries are given in Section 2; the
MFPS for uncertain complex dynamic networks with mul-
tiple time-delay couplings and disturbances is discussed in
Section 3; numerical simulations are offered in Section 4;
finally, the conclusive remarks are given in Section 5.

2. Model Description and Preliminaries

Consider a multiple time-delay coupling complex dynamical
network model with unknown parameters and external
disturbances as follows:�̇�𝑖 (𝑡) = 𝑓𝑖 (𝑥𝑖 (𝑡)) + 𝐹𝑖 (𝑥𝑖 (𝑡)) 𝜃𝑖+ 𝑐𝑚−1∑

𝑙=0

𝑁∑
𝑗=1

𝑎𝑙𝑖𝑗Γ𝑙𝑥𝑗 (𝑡 − 𝜏𝑙 (𝑡)) + Δ 𝑖 (𝑡) + 𝑢𝑖 (𝑡)= 𝑓 (𝑥𝑖 (𝑡)) + 𝐹 (𝑥𝑖 (𝑡)) 𝜃𝑖+ 𝑐 𝑁∑
𝑗=1

𝑎0𝑖𝑗Γ0𝑥𝑗 (𝑡 − 𝜏0 (𝑡))
+ 𝑐 𝑁∑
𝑗=1

𝑎1𝑖𝑗Γ1𝑥𝑗 (𝑡 − 𝜏1 (𝑡)) + ⋅ ⋅ ⋅
+ 𝑐 𝑁∑
𝑗=1

𝑎𝑚−1𝑖𝑗Γ𝑚−1𝑥𝑗 (𝑡 − 𝜏𝑚−1 (𝑡)) + Δ 𝑖 (𝑡)+ 𝑢𝑖 (𝑡) , (𝑖 = 1, 2, . . . , 𝑁) ,

(1)
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where 𝑥𝑖(𝑡) = (𝑥𝑖1(𝑡), 𝑥𝑖2(𝑡), . . . , 𝑥𝑖𝑛(𝑡))𝑇 ∈ 𝑅𝑛 is the state
vector of the 𝑖th node; 𝑓𝑖(⋅) : 𝑅𝑛 → 𝑅𝑛 and 𝐹𝑖(⋅) : 𝑅𝑛 → 𝑅𝑛×𝑟𝑖
are the known continuous nonlinear function matrices; 𝜃𝑖 ∈𝑅𝑟𝑖 is a 𝑟𝑖 dimension unknown constant parameter vector.The
complex network is divided into m subnetworks by different
coupling delays. 𝜏𝑙(𝑡) ≥ 0, (𝑙 = 0, 1, 2, . . . , 𝑚 − 1) denotes
different coupling delays which can be constant time delays
or time-varying delays, and especially 𝜏0(𝑡) = 0 means that
the coupling delay is 0. Δ 𝑖 ∈ 𝑅𝑛 is the disturbance; 𝑢𝑖(𝑡) ∈ 𝑅𝑛
is the control input; 𝑐 is the coupling strength; Γ𝑙 is the inner-
coupling matrices which describes the individual couplings
between nodes 𝑖 and 𝑗; 𝐴 𝑙 = (𝑎𝑙𝑖𝑗)𝑁×𝑁, 𝑙 = 0, 1, 2, . . . , 𝑚 −1 is the weight configuration matrices, representing the
topological structure of the network. If nodes 𝑖 and 𝑗 have
a connection, then 𝑎𝑙𝑖𝑗 = 𝑎𝑙𝑗𝑖 ̸= 0, (𝑖 ̸= 𝑗), otherwise,𝑎𝑙𝑖𝑗 = 𝑎𝑙𝑗𝑖 = 0, (𝑖 ̸= 𝑗), and the diagonal elements of matrix𝐴 𝑙 are defined as

𝑎𝑙𝑖𝑖 = − 𝑁∑
𝑗=1,𝑗 ̸=𝑖

𝑎𝑙𝑖𝑗, 𝑖 = 1, 2, . . . , 𝑁. (2)

Definition 1 (MFPS). For the uncertain complex dynamic
networkmodel withmultiple time-delay couplings and exter-
nal disturbances, it is said that model (1) and reference node𝑠(𝑡) realize MFPS if there exists a continuously differentiable
scaling function matrix 𝐻(𝑡) = diag(ℎ1(𝑡), ℎ2(𝑡), . . . , ℎ𝑛(𝑡)),
such that

lim
𝑡→∞

e𝑖 (𝑡) = lim
𝑡→∞

𝑥𝑖 (𝑡) − 𝐻 (𝑡) 𝑠 (𝑡) = 0,𝑖 = 1, 2, . . . , 𝑁, (3)

where ‖ ⋅‖ denotes the Euclidean norm of a vector. 𝑠(𝑡) ∈ 𝑅𝑛 is
the state vector of an isolated node and satisfies ̇𝑠(𝑡) = 𝑔(𝑠(𝑡)).𝑠(𝑡) can be periodic orbit, equilibrium point, or a chaotic
attractor.

Assumption 2. The external disturbance Δ 𝑖(𝑡) is bounded,
and there exists a positive constant 𝑑𝑖 > 0, such that ‖Δ 𝑖‖ ≤𝑑𝑖, 𝑖 = 1, 2, . . . , 𝑁.

Assumption 3. 𝜏𝑙(𝑡), 𝑙 = 0, 1, . . . , 𝑚 − 1, is a differentiable
function with 0 ≤ ̇𝜏𝑙(𝑡) ≤ 𝜀 < 1. Clearly, this assumption
is satisfied if 𝜏𝑙(𝑡) is a constant.
Lemma 4 (see [25]). For any vectors𝑋,𝑌 ∈ 𝑅𝑛 and a positive
definite matrix 𝑄 ∈ 𝑅𝑛×𝑛, the following matrix inequality
holds: 2𝑋𝑇𝑄𝑌 ≤ 𝑋𝑇𝑄𝑄𝑇𝑋 + 𝑌𝑇𝑌.
3. MFPS Synchronization Scheme

Theorem 5. For a given synchronization scaling function
matrix 𝐻(𝑡) and any initial conditions 𝑥𝑖(0) and 𝑠(0), if
Assumptions 2 and 3 are satisfied, the uncertain complex

dynamic network model (1) and the isolated node 𝑠(𝑡) will
realize MFPS with the following adaptive control laws:𝑢𝑖 (𝑡) = −𝑓𝑖 (𝑥𝑖 (𝑡)) + �̇� (𝑡) 𝑠 (𝑡) + 𝐻 (𝑡) ̇𝑠 (𝑡)− 𝐹𝑖 (𝑥𝑖 (𝑡)) 𝜃𝑖 − 𝑑𝑖 sign (𝑒𝑖) − 𝑞𝑖𝑒𝑖 (𝑡) ,(𝑖 = 1, 2, . . . , 𝑁) , (4)

̇̂𝜃𝑖 = 𝑘1𝐹𝑖𝑇 (𝑥𝑖 (𝑡)) 𝑒𝑖, (5)̇̂𝑑𝑖 = 𝑘2𝑒𝑖𝑇sign (𝑒𝑖) , (6)̇̂𝑞𝑖 = 𝑘3𝑒𝑖𝑇𝑒𝑖, (7)

where 𝑘𝑖 > 0, 𝑖 = 1, 2, 3, are three positive constants; 𝜃𝑖 is the
estimated parameter for 𝜃𝑖; 𝑑𝑖 is the estimated parameter for 𝑑𝑖;𝑞𝑖 is adaptive feedback control gains; sign(⋅) is the sign function.
Proof. From Definition 1, we have the error term

e𝑖 (𝑡) = 𝑥𝑖 (𝑡) − 𝐻 (𝑡) 𝑠 (𝑡) (𝑖 = 1, 2, . . . , 𝑁) . (8)

The time derivative of (8) iṡ𝑒𝑖 (𝑡) = �̇�𝑖 (𝑡) − 𝐻 (𝑡) ̇𝑠 (𝑡) − �̇� (𝑡) 𝑠 (𝑡) (𝑖 = 1, 2, . . . , 𝑁) . (9)

Substituting (1) into (9), we havė𝑒𝑖 (𝑡) = 𝑓𝑖 (𝑥𝑖 (𝑡)) + 𝐹𝑖 (𝑥𝑖 (𝑡)) 𝜃𝑖+ 𝑐𝑚−1∑
𝑙=0

𝑁∑
𝑗=1

𝑎𝑙𝑖𝑗Γ𝑙𝑥𝑗 (𝑡 − 𝜏𝑙 (𝑡)) + Δ 𝑖 (𝑡) + 𝑢𝑖 (𝑡)− 𝐻 (𝑡) ̇𝑠 (𝑡) − �̇� (𝑡) 𝑠 (𝑡)= 𝑓𝑖 (𝑥𝑖 (𝑡)) + 𝐹𝑖 (𝑥𝑖 (𝑡)) 𝜃𝑖 + 𝑐 𝑁∑
𝑗=1

𝑎0𝑖𝑗Γ0𝑥𝑗 (𝑡)
+ 𝑐𝑚−1∑
𝑙=1

𝑁∑
𝑗=1

𝑎𝑙𝑖𝑗Γ𝑙𝑥𝑗 (𝑡 − 𝜏𝑙 (𝑡)) + Δ 𝑖 (𝑡) + 𝑢𝑖 (𝑡)− 𝐻 (𝑡) ̇𝑠 (𝑡) − �̇� (𝑡) 𝑠 (𝑡) .

(10)

Substituting (4) into (10), we have

̇𝑒𝑖 (𝑡) = 𝐹𝑖 (𝑥𝑖 (𝑡)) (𝜃𝑖 − 𝜃𝑖) + 𝑐 𝑁∑
𝑗=1

𝑎0𝑖𝑗Γ0𝑥𝑗 (𝑡)
+ 𝑐𝑚−1∑
𝑙=1

𝑁∑
𝑗=1

𝑎𝑙𝑖𝑗Γ𝑙𝑥𝑗 (𝑡 − 𝜏𝑙 (𝑡)) + Δ 𝑖 (𝑡)− 𝑑𝑖 sign (𝑒𝑖) − 𝑞𝑖𝑒𝑖 (𝑡) .
(11)
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Choose the following Lyapunov function:𝑉 (𝑡) = 12 𝑁∑
𝑖=1

𝑒𝑖 (𝑡)𝑇 𝑒𝑖 (𝑡)
+ 12 (1 − 𝜀) ∫𝑡𝑡−𝜏𝑙(𝑡) 𝑚−1∑𝑙=1 𝑁∑𝑖=1𝑒𝑖𝑇 (𝛿) 𝑒𝑖 (𝛿) 𝑑𝛿+ 12𝑘1 𝑁∑𝑖=1𝜃𝑇𝑖 𝜃𝑖 + 12𝑘2 𝑁∑𝑖=1𝑑2𝑖+ 12𝑘3 𝑁∑𝑖=1 (𝑞𝑖 − 𝑞∗)2 ,

(12)

where 𝜃𝑖 = 𝜃𝑖−𝜃𝑖, 𝑑𝑖 = 𝑑𝑖−𝑑𝑖, 0 < 𝜀 < 1, and 𝑞∗ is the positive
constants to be designed later.

The time derivative of 𝑉(𝑡) is�̇� (𝑡) = 𝑁∑
𝑖=1

𝑒𝑖𝑇 (𝑡) ̇𝑒𝑖 (𝑡) + 12 (1 − 𝜀)𝑚−1∑
𝑙=1

𝑁∑
𝑖=1

𝑒𝑖𝑇 (𝑡) 𝑒𝑖 (𝑡)
− 1 − ̇𝜏𝑙 (𝑡)2 (1 − 𝜀) 𝑚−1∑

𝑙=1

𝑁∑
𝑖=1

𝑒𝑖𝑇 (𝑡 − 𝜏𝑙 (𝑡)) 𝑒𝑖 (𝑡 − 𝜏𝑙 (𝑡))
+ 1𝑘1 𝑁∑𝑖=1 ̇̂𝜃𝑖𝑇𝜃𝑖 + 1𝑘2 𝑁∑𝑖=1 (𝑑𝑖 − 𝑑𝑖) ̇̂𝑑𝑖
+ 1𝑘3 𝑁∑𝑖=1 (𝑞𝑖 − 𝑞∗) ̇̂𝑞𝑖.

(13)

Substituting (11) into (13), we have�̇� (𝑡) = 𝑁∑
𝑖=1

𝑒𝑖𝑇 (𝑡) [[−𝐹𝑖 (𝑥𝑖 (𝑡)) 𝜃𝑖 + 𝑐 𝑁∑
𝑗=1

𝑎0𝑖𝑗Γ0𝑒𝑗 (𝑡)
+ 𝑐𝑚−1∑
𝑙=1

𝑁∑
𝑗=1

𝑎𝑙𝑖𝑗Γ𝑙𝑒𝑗 (𝑡 − 𝜏𝑙 (𝑡)) + Δ 𝑖 (𝑡) − 𝑑𝑖 sign (𝑒𝑖)
− 𝑞𝑖𝑒𝑖 (𝑡)]] + 12 (1 − 𝜀)𝑚−1∑

𝑙=1

𝑁∑
𝑖=1

𝑒𝑖𝑇 (𝑡) 𝑒𝑖 (𝑡)
− 1 − ̇𝜏𝑙 (𝑡)2 (1 − 𝜀) 𝑚−1∑

𝑙=1

𝑁∑
𝑖=1

𝑒𝑖𝑇 (𝑡 − 𝜏𝑙 (𝑡)) 𝑒𝑖 (𝑡 − 𝜏𝑙 (𝑡)) + 1𝑘1⋅ 𝑁∑
𝑖=1

̇̂𝜃𝑖𝑇𝜃𝑖 + 1𝑘2 𝑁∑𝑖=1 (𝑑𝑖 − 𝑑𝑖) ̇̂𝑑𝑖 + 1𝑘3 𝑁∑𝑖=1 (𝑞𝑖 − 𝑞∗) ̇̂𝑞𝑖.

(14)

Substituting (5), (6), and (7) into (14), we have�̇� (𝑡) = 𝑁∑
𝑖=1

𝑒𝑖𝑇 (𝑡) [[𝑐 𝑁∑𝑗=1𝑎0𝑖𝑗Γ0𝑒𝑗 (𝑡)+ 𝑐𝑚−1∑
𝑙=1

𝑁∑
𝑗=1

𝑎𝑙𝑖𝑗Γ𝑙𝑒𝑗 (𝑡 − 𝜏𝑙 (𝑡)) + Δ 𝑖 (𝑡)]] + 12 (1 − 𝜀)

⋅ 𝑚−1∑
𝑙=1

𝑁∑
𝑖=1

𝑒𝑖𝑇 (𝑡) 𝑒𝑖 (𝑡) − 1 − ̇𝜏𝑙 (𝑡)2 (1 − 𝜀)
⋅ 𝑚−1∑
𝑙=1

𝑁∑
𝑖=1

𝑒𝑖𝑇 (𝑡 − 𝜏𝑙 (𝑡)) 𝑒𝑖 (𝑡 − 𝜏𝑙 (𝑡))
− 𝑁∑
𝑖=1

𝑑𝑖𝑒𝑖𝑇sign (𝑒𝑖) − 𝑁∑
𝑖=1

𝑞∗𝑒𝑖𝑇𝑒𝑖.
(15)

Let 𝑒(𝑡) = (𝑒1𝑇(𝑡), 𝑒2𝑇(𝑡), . . . , 𝑒𝑁𝑇(𝑡))𝑇 ∈ 𝑅𝑛𝑁 and 𝑃0 = (𝐴0 ⊗Γ0), 𝑃1 = (𝐴1 ⊗ Γ1), . . . , 𝑃𝑙 = (𝐴 𝑙 ⊗ Γ𝑙), where ⊗ represents the
Kronecker product.�̇� (𝑡) = 𝑐𝑒𝑇 (𝑡) 𝑃0𝑒 (𝑡) + 𝑐𝑚−1∑

𝑙=1

𝑒𝑇 (𝑡) 𝑃𝑙𝑒 (𝑡 − 𝜏𝑙 (𝑡))
+ 12 (1 − 𝜀)𝑚−1∑

𝑙=1

𝑒𝑇 (𝑡) 𝑒 (𝑡)
− 1 − ̇𝜏𝑙 (𝑡)2 (1 − 𝜀) 𝑚−1∑

𝑙=1

𝑒𝑇 (𝑡 − 𝜏 (𝑡)) 𝑒 (𝑡 − 𝜏 (𝑡))
+ 𝑁∑
𝑖=1

𝑒𝑖𝑇 (𝑡) Δ 𝑖 (𝑡) − 𝑁∑
𝑖=1

𝑑𝑖𝑒𝑖𝑇sign (𝑒𝑖)− 𝑞∗𝑒𝑇 (𝑡) 𝑒 (𝑡) .

(16)

By Assumptions 2 and 3, we have 1/2 ≤ (1 − ̇𝜏(𝑡))/2(1 − 𝜀),𝑒𝑖𝑇Δ 𝑖(𝑡) ≤ 𝑑𝑖𝑒𝑖𝑇sign(𝑒𝑖), so�̇� (𝑡) ≤ 𝑐𝑒𝑇 (𝑡) 𝑃0𝑒 (𝑡) + 𝑐𝑚−1∑
𝑙=1

𝑒𝑇 (𝑡) 𝑃𝑙𝑒 (𝑡 − 𝜏𝑙 (𝑡))
+ 12 (1 − 𝜀)𝑚−1∑

𝑙=1

𝑒𝑇 (𝑡) 𝑒 (𝑡)
− 12𝑚−1∑
𝑙=1

𝑒𝑇 (𝑡 − 𝜏 (𝑡)) 𝑒 (𝑡 − 𝜏 (𝑡))
− 𝑞∗𝑒𝑇 (𝑡) 𝑒 (𝑡) .

(17)

By Lemma 4, we have 𝑐𝑒𝑇(𝑡)𝑃𝑙𝑒(𝑡 − 𝜏𝑙(𝑡)) ≤ (1/2)𝑐2𝑒𝑇(𝑡)𝑃𝑙𝑃𝑙𝑇𝑒(𝑡) + (1/2)𝑒𝑇(𝑡 − 𝜏(𝑡))𝑒(𝑡 − 𝜏(𝑡)), so�̇� (𝑡) ≤ 𝑒𝑇 (𝑡) [𝑐𝑃0 + 12𝑐2𝑚−1∑
𝑙=1

𝑃𝑙𝑃𝑙𝑇] 𝑒 (𝑡)
+ 𝑚−1∑
𝑙=1

12 (1 − 𝜀)𝑒𝑇 (𝑡) 𝑒 (𝑡) − 𝑞∗𝑒𝑇 (𝑡) 𝑒 (𝑡)
≤ [𝜆max (𝑐𝑃0 + 12𝑚−1∑

𝑙=1

𝑐2𝑃𝑙𝑃𝑙𝑇) + 𝑚 − 12 (1 − 𝜀) − 𝑞∗]
⋅ 𝑒𝑇 (𝑡) 𝑒 (𝑡) ,

(18)
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where 𝜆max(𝑄) is the largest eigenvalue of Matrix 𝑄. There-
fore, by taking appropriate 𝑞∗such that𝑞∗ ≥ 𝜆max (𝑐𝑃0 + 12𝑚−1∑

𝑙=1

𝑐2𝑃𝑙𝑃𝑙𝑇) + 𝑚 − 12 (1 − 𝜀) , (19)

based on the LaSalle invariance principle, we can obtain�̇�(𝑡) ≤ 0. According to Lyapunov–Krasovskii stable theorem,
we can obtain 𝑒𝑖(𝑡) → 0 as 𝑡 → ∞, which means that
the MFPS between network (1) and reference node 𝑠(𝑡) is
achievedwith control input (4) andupdated laws (5)–(7).This
completes the proof.

Remark 6. In this paper, the multiple time-delay couplings𝜏𝑙(𝑡) > 0, (𝑙 = 0, 1, 2, . . . , 𝑚 − 1) can be constant time
delay or time-varying time delay. When the time delay 𝜏𝑙(𝑡)
is constant, that is, ̇𝜏𝑙(𝑡) = 0, it also satisfies Assumption 3, so
controller (4) and adaptive laws (5)–(7) are also practical.

Remark 7. If the parameter 𝜃𝑖, 𝑖 = 1, 2, . . . , 𝑛, is known, for
given scaling function matrix 𝐻(𝑡), the complex dynamics
networks (1) and reference node 𝑠(𝑡) can realize MFPS by the
following controller and adaptive laws:𝑢𝑖 (𝑡) = −𝑓𝑖 (𝑥𝑖 (𝑡)) + �̇� (𝑡) 𝑠 (𝑡) + 𝐻 (𝑡) ̇𝑠 (𝑡)− 𝐹𝑖 (𝑥𝑖 (𝑡)) 𝜃𝑖 − 𝑑𝑖 sign (𝑒𝑖) − 𝑞𝑖𝑒𝑖 (𝑡) ,̇̂𝑑𝑖 = 𝑘2𝑒𝑖𝑇sign (𝑒𝑖) ,̇̂𝑞𝑖 = 𝑘3𝑒𝑖𝑇𝑒𝑖 (𝑖 = 1, 2, . . . , 𝑁) .

(20)

Remark 8. If 𝑚1(𝑡) = 𝑚2(𝑡) = ⋅ ⋅ ⋅ = 𝑚𝑛(𝑡) = 𝑚(𝑡) or 𝑚1(𝑡) =𝑚2(𝑡) = ⋅ ⋅ ⋅ = 𝑚𝑛(𝑡) = 𝑚, the MFPS scheme in this paper
can also extend to solve function projective synchronization
or projective synchronization problems of complex networks
with multiple time-delay couplings.

Remark 9. In a lot of literature about complex network
synchronization, the controller always includes the time
delay 𝜏(𝑡). However, it is difficult to measure the delay and
implement the delay term, especially the time-varying delay
term in the real control system. In our work, the controller
does not include 𝜏(𝑡), so the proposedmethod ismore general
and realistic.

4. Illustrative Examples

In this section, we will study theMFPS of the uncertain com-
plex dynamical networks with multiple time-delay couplings
and disturbances. We take the Lü chaotic system as reference
node to verify the effectiveness of the proposed method. The
Lü system is described as follows:̇𝑠1 = 𝑎 (𝑠2 − 𝑠1) ,̇𝑠2 = 𝑏𝑠2 − 𝑠1𝑠3,̇𝑠3 = 𝑠1𝑠2 − 𝑐𝑠3, (21)

where 𝑠1, 𝑠2, 𝑠3 are the state variables and 𝑎, 𝑏, 𝑐 are real
constants. When 𝛼 = 36, 𝑏 = 20, 𝑐 = 3, the system is chaotic
attractor, which is shown in Figure 2.

Example 1. Consider a coupled complex dynamical network
consisting of six Lorenz chaotic systems and two different
constant time-delay couplings, that is, 𝑁 = 6, 𝑚 = 3. The
topological structure matrices 𝐴0, 𝐴1, 𝐴2 are as follows:

𝐴0 = (((((
(

−3 1 0 1 1 01 −2 0 0 1 10 0 −3 0 0 11 0 0 −2 0 01 1 0 0 −4 10 1 1 0 1 −1
)))))
)

,

𝐴1 = (((((
(

−1 1 0 0 0 11 −2 1 0 0 00 1 −1 0 1 00 0 0 −3 1 10 0 1 1 −2 11 0 0 1 1 −2
)))))
)

,

𝐴2 = (((((
(

−3 0 0 1 1 00 −1 1 0 1 10 1 −2 0 0 01 0 0 −3 0 01 1 0 0 −1 10 1 0 0 1 −2
)))))
)

,

(22)

where matrix 𝐴0 has no time delay and matrices 𝐴1 and 𝐴2
have different kinds of constant time delays.

Through the above analysis, the network model can be
written as

[[[
𝑥𝑖1 (𝑡)𝑥𝑖2 (𝑡)𝑥𝑖3 (𝑡)]]] = [[[

0−𝑥𝑖1 (𝑡) 𝑥𝑖3 (𝑡) − 𝑥𝑖2 (𝑡)𝑥𝑖1 (𝑡) 𝑥𝑖2 (𝑡) ]]]
+ [[[

𝑥𝑖2 (𝑡) − 𝑥𝑖1 (𝑡) 0 00 𝑥𝑖1 (𝑡) 00 0 −𝑥𝑖3]]][[[
𝜃𝑖1𝜃𝑖2𝜃𝑖3]]]+ 𝑐 6∑

𝑗=1

𝑎0𝑖𝑗Γ0𝑥𝑗 (𝑡) + 𝑐 6∑
𝑗=1

𝑎1𝑖𝑗Γ1𝑥𝑗 (𝑡 − 𝜏1)
+ 𝑐 6∑
𝑗=1

𝑎2𝑖𝑗Γ2𝑥𝑗 (𝑡 − 𝜏2) + Δ 𝑖 (𝑡) + 𝑢𝑖 (𝑡) ,
(23)

where 𝑖 = 1, 2, . . . , 5, 6, and the true value for each parameter
is 𝜃𝑖 = (𝜃𝑖1, 𝜃𝑖2, 𝜃𝑖2)𝑇 = (10, 28, 8/3)𝑇.
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Figure 2: 2D and 3D projections of chaotic attractor of the Lü system.

In the numerical simulations, we set 𝑐 = 3, 𝜏1 =0.05 s, 𝜏2 = 0.1 s and network inner-coupling matrix Γ0 =Γ1 = Γ2 = 𝐼3×3. Choose the disturbance Δ 𝑑 = [0.3 cos(𝑡),0.2 sin(𝑡), 0.5 sin(𝑡)], the scaling function matrix 𝐻(𝑡) =
diag(2+sin(𝜋𝑡/5), 3−cos(𝜋𝑡), 3+sin(2𝜋𝑡/10)), 𝑘1 = 4, 𝑘2 = 8,𝑘3 = 5. The simulation results are showed in Figures 3–6.
Figure 3 displays the time evolution of the synchronization
errors. Figure 4 displays the estimated parameters 𝜃𝑖1, 𝜃𝑖2,𝜃𝑖3. The estimated parameter for external disturbances 𝑑𝑖 is
depicted in Figure 5.The adaptive feedback gain 𝑞𝑖 is depicted
in Figure 6. These results show that the MFPS takes place
between the complex dynamical networks and the reference
note 𝑠(𝑡). What is more, all the uncertain parameters are
identified successfully by the parameter adaptive laws.

Example 2. Consider a coupled complex dynamical network
consisting of four nodes with two time-delay couplings, that
is,𝑁 = 4,𝑚 = 3. The network model can be written as[[[

𝑥𝑖1 (𝑡)𝑥𝑖2 (𝑡)𝑥𝑖3 (𝑡)]]] = [[[
0−𝑥𝑖1 (𝑡) 𝑥𝑖3 (𝑡) − 𝑥𝑖2 (𝑡)𝑥𝑖1 (𝑡) 𝑥𝑖2 (𝑡) ]]]+ [[[

𝑥𝑖2 (𝑡) − 𝑥𝑖1 (𝑡) 0 00 𝑥𝑖1 (𝑡) 00 0 −𝑥𝑖3]]][[[
𝜃𝑖1𝜃𝑖2𝜃𝑖3]]]

+ 𝑐 6∑
𝑗=1

𝑎0𝑖𝑗Γ0𝑥𝑗 (𝑡) + 𝑐 6∑
𝑗=1

𝑎1𝑖𝑗Γ1𝑥𝑗 (𝑡 − 𝜏1)
+ 𝑐 6∑
𝑗=1

𝑎2𝑖𝑗Γ2𝑥𝑗 (𝑡 − 𝜏2) + Δ 𝑖 (𝑡) + 𝑢𝑖 (𝑡) ,
(24)

where 𝑖 = 1, 2, 3, 4 and 𝜏1(𝑡) = 0.6 s is a constant time delay.𝜏2(𝑡) = 𝑒𝑡/(2 + 𝑒𝑡) is a time-varying delay and then ̇𝜏2(𝑡) =2𝑒𝑡/(2 + 𝑒𝑡)2 ∈ (0, 1/2]. The topological structure matrices𝐴0, 𝐴1, 𝐴2 are as follows:
𝐴0 = (−1 1 0 01 0 1 00 1 −1 00 0 0 −2),
𝐴1 = (−2 1 1 01 −3 1 01 1 −4 10 0 1 −1),
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Figure 3: The time evolution of synchronization errors 𝑒𝑖1, 𝑒𝑖2, 𝑒𝑖3 with constant time delay (𝑁 = 6,𝑚 = 3).
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Figure 5: The time evolution of the disturbance parameters 𝑑𝑖 with constant time delay (𝑁 = 6,𝑚 = 3).

5 10 15 20 25 30 35 40 45 500
t (s)

0

50

100

150

200

250

q
i

i = 1, 2, 3, 4, 5, 6

Figure 6: The time evolution of feedback gains 𝑞𝑖 with constant time delay (𝑁 = 6,𝑚 = 3).

𝐴2 = (−2 0 0 00 −3 1 10 1 0 00 1 0 −2).
(25)

Similar to Example 1, the simulation results are given in
Figures 7–10, and the numerical results are given to show
that the theoretical results are also effective to the complex
dynamical networks with multiple time-varying delay coupl-
ings.

5. Conclusion

This paper studied the MFPS of uncertain complex dynamic
network with multiple time-delay couplings and external
disturbances. The complex networks can be divided into

some subnetworks by different coupling delays. Through
the adaptive feedback controller, the complex network can
synchronize with reference node according to the expected
scaling function matrix. The uncertain parameters, feedback
gains, and bounds of the external disturbances are all esti-
mated by the adaptive laws. The controller does not include
the delay term, so the proposed method is more general and
realistic.The corresponding theoretical proofs and numerical
simulations are given to demonstrate the validity and fea-
sibility of the proposed control technique. The idea may be
applied in engineering fields such as secure communication
and information processing. How to realize MFPS of uncer-
tain complex dynamical networks with multiple time-delay
couplings in actual practice is our next research topic.
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