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Abstract—This paper develops a quasi-analytical and self-con-
sistent model to compute the polarizabilities of split ring resonators
(SRRs). An experimental setup is also proposed for measuring
the magnetic polarizability of these structures. Experimental data
are provided and compared with theoretical results computed
following the proposed model. By using a local field approach, the
model is applied to the obtaining of the dispersion characteristics
of discrete negative magnetic permeability and left-handed
metamaterials. Two types of SRRs, namely, the so-called edge
coupled- and broadside coupled- SRRs, have been considered. A
comparative analysis of these two structures has been carried out
in connection with their suitability for the design of metamaterials.
Advantages and disadvantages of both structures are discussed.

Index Terms—Left-handed media (LHM), metamaterials, neg-
ative magnetic permeability, negative refractive index, split ring
resonators (SRRs).

I. INTRODUCTION

T HE term metamaterial is presently applied to artifi-
cial discrete media showing “exotic” electromagnetic

properties at microwave frequencies. These media include
artificial plasmas [1]–[3] (which exhibits negative dielectric
permittivity below their plasma frequency), negative magnetic
permeability media (NMPM) [4] and left-handed media (LHM)
[5], [6] (these are media with simultaneously negative electric
permittivity and magnetic permeability). Artificial plasmas
are well-known materials that can be built up, for instance, by
using a regular array or mesh of wires and/or metallic plates
[1]. The electromagnetic behavior of these wire/plate-made
artificial plasmas is well understood, their electromagnetic
models leading to accurate predictions in most cases [1]–[3]. In
practice, an artificial NMPM has been recently demonstrated
making use of small resonant particles , the so-called split ring
resonators (SRRs) introduced in [4], arranged in a convenient
way. Discrete LHM, in turn, have been developed by combining
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an artificial NMPM with an artificial plasma working below its
plasma frequency [6]–[9].

Up to date, most of the electromagnetic analysis of NMPM
and LHM have involved electromagnetic full-wave simulations
[6], [10], [11]. However, as far as these media are expected to
be properly described by a continuous-medium approach, the
dimensions of their unit cell should be a small fraction of the
free space wavelength (otherwise the incident waves would be
diffracted rather than refracted by the metamaterial). This sug-
gests and allows for the use of an alternative treatment starting
from the analysis of the polarizabilities of the elementary con-
stituents of the metamaterial followed by an appropriate homog-
enization procedure [12]. This local field approach has been suc-
cesfully applied in the past to the analysis of artificial dielectrics
[13], artificial diamagnetics [14], [15], artificial chiral media
[16]–[18] and artificial bianisotropic media [19]. Thislocal field
approach has other advantages over the full-wave simulations
than the obvious simplicity. First of all, it may provide an ad-
ditional physical insight on the electromagnetic behavior of the
medium, which cannot be easily extracted from the ratherblind
numerical simulations. On the other hand, it is expected that the
convenient size reduction in the discrete components and unit
cells employed in the design of new metamaterials makes the
full-wave simulation more and more involved or unappropriate
whereas the aforementionedlocal field theories would become
more and more accurate.

A local field approach for the analysis of LHM and NMPM
implies a model for the behavior of the constituent particles
in a quasiuniform incident field. In [20] some of the authors
presented a first approach to such analysis for the SRRs [4],
which made it possible to detect cross polarization effects in
the edge-coupled SRR (EC-SRR) particle proposed by Pendry
[4]. A modified SRR particle was proposed in [20] to avoid the
above bianisotropy. Since the rings are broadside-coupled in this
latter particle, it will be called in the following broadside-cou-
pled SRR (BC-SRR). The feasibility of this new particle for the
design of two-dimensional isotropic LHM was numerically and
experimentally shown in [9]. Nevertheless, the physical models
underlying the aforementioned computations have never been
presented in a closed and self-consisten way, nor properly val-
idated by direct measurements of the main properties of both
particles.

In this way, the present paper will present a complete and
metamaterial design-oriented model for both the EC- and
BC-SRRs, together with a proper experimental validation of
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the model. Further, the advantages and disadvantages of both
types of particles will be discussed. The paper is organized as
follows: Section II thoroughly develops the proposed model
for the EC-SRR and the BC-SRR. The analysis in this section
follows and completes the previous analysis in [20] and [9],
which results in a self-consistent and quasi-analytical method
for computing the frequency of resonance and the polariz-
abilities of the analyzed particles. Next, Section III presents
a new method to obtain experimentally the above parameters.
Specifically, the proposed method provides the frequency of
resonance and the magnetic polarizability of the SRRs, which
are the most relevant parameters for metamaterial design. In
Section IV, the theoretical results are compared with our exper-
imental data and previously published results. Once the model
has been successfully validated by the above comparisons, it is
used to evaluate the potential of both EC-SRRs and BC-SRRs
for metamaterial design.

II. THEORY

This section will describe the models for the polarizabilities
of both types of SRRs and for the composite NMPM and
LHM metamaterials based on those particles. The EC-SRR
and BC-SRR to be analyzed are shown in Fig. 1(a) and (b). In
both cases two similar split rings are coupled by means of a
strong distributed capacitance in the region between the rings
(the slits are meaningfully wider than the distance between the
rings, and , respectively). When a time-harmonicexternal
(or local) magnetic field of angular frequency is applied
along the axis of these structures, an electromotive force
will appear around the SRRs. Provided that the electrical size
of the SRR can be considered small, a quasistatic behavior is
expected. With this quasistatic model in mind, it is not difficult
to see how the induced current lines will pass from one ring
to the other through the capacitive gaps between them in the
form of field displacement current lines (the current lines can
be viewed as tracing almost circular trips). Therefore, the total
current intensity flowing on both rings remains the same for
any cross section of the structure (i.e., it is independent of the
angular polar coordinate). The whole device then behaves as an

circuit driven by an external electromotive force. The total
capacitance of this circuit will be the series capacitance of
the upper and the lower halves (with respect the line containing
the ring gaps) of the SRR and the resonance frequencyis
given by

(1)

where is the per unit length (p.u.l.) capacitance between
the rings, is the total inductance of the SRR, and is the
average radius of the considered SRR.

The above result for the resonance frequency (1) is confirmed
by a more detailed electromagnetic analysis [20] that also pro-
vides the polarizabilities as a function of, and other geo-
metrical and constitutive parameters of the EC-SRR. This anal-
ysis can be extended to the BC-SRR by simply neglecting the

(a)

(b)

Fig. 1. Two types of SRR. (a) Edge coupled SRR (EC-SRR). (b) Broadside
coupled SRR (BC-SRR).

cross-polarization effects that were present in the EC-SRR par-
ticle [20]. The resulting equations can be summarized as fol-
lows:

• For the EC-SRR:

(2)

(3)

(4)

• For the BCSRR:

(5)

(6)

(7)
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where and are the magnetic and electric induced
dipoles, and the external fields and the po-
larizabilities, which are found to be [20]

(8)

(9)

(10)

(11)

with and being the p.u.l. capacitance
between the rings when the dielectric slab is removed. In
(5)–(11) subscripts stand for cartesian components and
superscripts for magnetic/magnetic ( ), electric/elec-
tric ( ) or electric/magnetic ( ) interaction between the
particle and the external field.

Ohmic losses can be approximately incorporated to the model
by means of an effective resistance of the ringsthat can be
introduced as an imaginary part of the total inductancethus,
giving the following complex inductance:

(12)

which substitutes to in the above expressions for the polariz-
abilities.

The computation of the SRR polarizabilities using the above
expressions requires the evaluation of, and .
Assuming that the ring curvature has negligible effect, a
large number of methods for computing the p.u.l. capacitance
between the rings of both the EC-SRR and the BC-SRR can be
found in the literature (see, for instance, [21] and references
therein). For the present purposes it has been found that the
closed expressions given in [21, Tables 2.6 and 2.7] give
enough accuracy. These tables provide design formulas for
the phase constant and the impedance of a microstrip
transmission line and a pair of coupled metallic strips on
a dielectric substrate, respectively. The p.u.l. capacitance,

, of these structures are obtained from the well-known
expression: [21]. Once they are obtained, the
p.u.l. capacitance of the pair of coupled strips directly gives
the of the EC-SRR. For the BC-SRR it can be observed
that the p.u.l. capacitance of a pair of coupled metallic strips
separated by a dielectric sheet of thickness[see Fig. 1(b)] is
half the p.u.l. capacitance of a single microstrip transmission
line on a sheet made of the same dielectric and thickness

, which can be obtained from the formulas in [21, Table
2.6]. The proposed method of computation is fast and, as was
aforementioned, gives enough accuracy in the frame of the
present model. However, better results could be obtained by
using more specific methods which can take into account the
effects of curvature (see [22] for a deeper discussion on this
topic). Nevertheless, this improvement only would have sense
if other aspects of the model, such as the computation of the
ring inductance, are improved too.

The computation of the total inductanceof the SRRs is
not so straightforward, although an appropriate approximation

can provide a considerable simplification while keeping reason-
able accuracy. According to the previous assumptions on the be-
havior of the line currents along the SRRs, it can be assumed
that the total inductance of both SRRs can be approximated by
the inductance of asingleequivalent ring whose average radius
is the average radius of the considered SRR and width equal to
the width of each original ring (see Fig. 2). The inductance
can be then computed making use of the variational expression

, where is the magnetostatic energy for the
total current intensity supported by the ring. Solving for the
magnetostatic potential in the Fourier-Bessel domain, and after
some algebraic manipulations, it is finally obtained that (see Ap-
pendix )

(13)

where is the Fourier-Bessel transform of thecurrent func-
tion on the ring, defined by

(14)

with being the azimuthal surface current density on the
ring. For practical computations it has been assumed a constant
value for on the ring, that is,

for
otherwise.

(15)

This approximation, taking into account the variational nature
of (13), gives a reasonable approximation for. In this case,
the Fourier-Bessel transform, , is analytically obtained in
terms of the Struve and Bessel functions (see Appendix ) and
the integration in (13) is carried out numerically. A better ap-
proximation could be obtained if a more accurate description
for (multiple basis functions) had been employed. Never-
theless, this numerical improvement is not expected to enhance
substantially the quality of the approach since other approxima-
tions are already involved in the theory.

Finally, as aforementioned, ohmic losses are introduced in
the model by means of the effective resistance,, of the SRR.
This effective resistance is obtained by using the equivalent ring
model for the current distribution on the SRR. If a constant
is assumed on the ring of Fig. 2, the resistance can be approxi-
mated as

if
otherwise

(16)

where is the skin depth and and the thickness and conduc-
tivity of the metallization, respectively.

Once the EC-SRR and the BC-SRR polarizabilities have been
obtained in a self-consistent way, they can be used in a local
field theory in order to determine themacroscopicconstitutive
parameters of media consisting of a regular array of SRRs. This
local field theory makes use of the well-known Lorentz theory
[13], [12] and directly applies to any SRR-based NMPM. It can
be also applied to the analysis of discrete LHM made by the
superposition of an artificial plasma and a SRR-based NMPM.
In this latter application, it will be implicitly assumed that the
constitutive parameters of the LHM media are the superposi-
tion of those of the artificial plasma and the NMPM. Although
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Fig. 2. Equivalent single ring model for computingL of both SRRs. In both
casesc is the width of the original rings andr the average radius of the whole
structure (see also Fig. 1).

this assumption is not always justified (the general conditions
for the validity of this assumption are discussed in [23]), it has
been found to be in good agreement with experimental results
[6]–[9] and numerical simulations [6], [10], [11]. Subjected to
this restriction, the application of the proposed theory to dis-
crete LHM would account for the artificial plasma by simply
introducing an additional effective dielectric susceptibility,
(which may be tensorial for anisotropic artificial plasmas). For a
2-D artificial plasma made of a regular array of parallel metallic
plates separated a distance, and for electric field polarization
and wave propagation both parallel to the plates, is given
by [1]

(17)

where plays the role of an effectiveplasma frequency, which
coincides with the cutoff frequency of the parallel-plate waveg-
uides: . For 2- and 3-D arrays of wires, the
expressions for and may become more complicated [1],
[3], [4].

III. EXPERIMENTAL SETUP

At the frequencies of interest for metamaterial design (i.e.,
near the first resonance) the dominant effect in both the EC-SRR
and BC-SRR particles turns out to be the magnetic polariz-
ability accounted for by the parameter. This polarizability
gives rise to a strong diamagnetic behavior near and above res-
onance [4], [20], thus playing an essential role in the design of
NMPM and LHM. Another relevant effect in the EC-SRR par-
ticle is cross-polarization, which results in a bianisotropic be-
havior of those NMPM and LHM designed using this particle.
Since the experimental evidence of this latter effect has been al-
ready discussed [20], this section will focus specifically on the
experimental determination of the magnetic polarizability of the
EC-SRR and BC-SRR (this latter particle does not exhibit mag-
netoelectric coupling). According to (8), the main parameters to
be determined are the resonance frequency,, and the nonres-
onant factor .

A simple way of determining the resonance frequency con-
sists in placing the resonator in a hollow waveguide at a loca-

Fig. 3. Scheme of the experimental setup for measuring the SRRs magnetic
polarizabilities. The SRR is placed inside a circular aperture made in a metallic
screen placed in the rectangular waveguide. For the reported experiments the
diameter of the aperture wasR = 6 mm.

Fig. 4. A typical plot of thejS j measured using the experimental setup of
Fig. 3. An EC-SRR was used in this particular experiment. EC-SRR dimensions
arer = 2.6 mm,c = 0.6 mm,d = 0.2 mm. Substrate of thicknesst = 0.49
mm and permittivity" = 2:43 " , with metallizations made of copper with
thicknessh = 35 �m and conductivity� = 6� 10 S/m.

tion where the electromagnetic field could excite it and to mea-
sure thedip in the transmission coefficient (or, alternatively, the
peakin the reflection coefficient) [24]. In fact, this method only
provides the resonance frequency of an infinite array of peri-
odically repeated particles, which is shifted over the resonance
frequency of a single particle. However, if the dimensions of the
waveguide cross section are several times those of the SRR, this
shift is not very important [24]. This technique, however, does
not provide any information about . In order to obtain a mea-
sure of , the experimental setup has been modified in the way
shown in Fig. 3. The SRR is placed inside a small circular aper-
ture practiced in a metallic screen located in the middle of the
rectangular waveguide. The input and the output are two com-
mercial coaxial to rectangular waveguide transitions. When the

for this structure is measured, typical plots as that shown
in Fig. 4 are obtained. Thepeakcorresponds to the resonance
frequency (1), for which the magnetic dipole of the particle be-
comes a maximum. Thedip in the can be explained by
using Bethe’s theory of diffraction through small apertures [25],
[26]. Following this theory, the aperture without the SRR will
radiate toward the output as an equivalent magnetic dipole of
strength

(18)

where is the radius of the aperture and the magnetic field
in the waveguide if the aperture was not present. Since the SRR
is paramagnetic below resonance [see (8)], there must be certain
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frequency at which the induced dipole in the SRR
cancels out the equivalent dipole of the aperture without the
SRR (18). At this frequency, the radiation from the SRR-loaded
aperture toward the output will be substantially reduced, thus
originating thedip observed in the plot. By equating the
magnitudes of the magnetic dipoles in (2), (5), and (18),
in (8) can be determined. It should be noted that the external
magnetic flux density at the center of the aperture is half the
external magnetic flux density that would be in the waveguide if
the aperture was not present [26]. Taking this fact into account,
the final result for is given by

(19)

thus, providing a method to obtain the experimental value of
from the measurement of the resonance frequencyand the
dip frequency .

Finally it should be mentioned that an accurate measurement
of and by means of the above procedure requires the
aperture diameter to be chosen in such a way that the resonance
frequency is not substantially affected by the SRR-aperture
coupling. Measurements of the resonance frequency, made
by placing the SRR in the waveguide without the metallic
screen, have shown that both measurements agree with an error
less than 1% for the chosen diameter of the screen (6 mm)
and for the particle sizes considered in the experiments (see
Section IV).

IV. NUMERICAL AND EXPERIMENTAL RESULTS

In order to verify the accuracy of the proposed theoretical
model, a set of EC- and BC-SRRs were printed on a commer-
cial metallized substrate with dielectric constant ,
thickness 0.49 mm and copper metallizations with thickness

m and conductivity S/m. The resonance
frequency and were measured using the technique reported
in Section III for each SRR. The theoretical results were com-
puted using the model reported in Section II. The computed the-
oretical results and the measured results are shown in Fig. 5(a)
to (d).

Different values of the external radius and strip width
of the SRRs were considered. An acceptable agreement can

be observed between the theoretical and experimental results.
This agreement shows that the proposed model, despite of its
simplicity, can account for the description of the main EC- and
BC-SRRs characteristics. Disagreements mainly occur for the
highest values of . This fact is somewhat expected since
the description of the ring response to an external excitation in
terms of the ring inductance is less accurate for these cases. The
behavior of the resonance frequency andwith respect to the
external radius is similar for both the EC- and the BC-SRR.
However, the dependence with the strip widthis quite dif-
ferent. The BC-SRR seems to be almost insensitive towhereas
the resonance frequency of the EC-SRR increases with. This
fact can be explained considering that the p.u.l. capacitance and
the inductance have opposite variations withfor the BC-SRR.
However, the p.u.l. capacitance is rather insensitive tofor the
EC-SRR.

(a)

(b)

(c)

Fig. 5. Measured (dots and diamonds) and computed (solid lines) values for
the resonance frequency,f = ! =2�, and� for some EC-SRR and BC-SRR
printed on a dielectric substrate with the same specifications as in Fig. 4.:t =
0.49 mm,d = 0.2 mm (for EC-SRR)," = 2:43 " , with metallizations made
of copper with a thicknessh = 35�m and conductivity� = 6 � 10 S=m.
The remaining EC-SRR and BC-SRR dimensions are given in each plot.

From the standpoint of metamaterials design, the most im-
portant parameter characterizing the SRRs is possibly the reso-
nance frequency. This parameter gives the electrical size of the
particle within the region of interest, which is the main limita-
tion for the accuracy of the continuous-medium description of
the metamaterial. The SRRs analyzed in Fig. 5(a) to (d) have an
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(d)

Fig. 5. (Continued.) Measured (dots and diamonds) and computed (solid lines)
values for the resonance frequency,f = ! =2�, and� for some EC-SRR
and BC-SRR printed on a dielectric substrate with the same specifications as
in Fig. 4.: t = 0.49 mm,d = 0.2 mm (for EC-SRR)," = 2:43 " , with
metallizations made of copper with a thicknessh = 35 �m and conductivity
� = 6� 10 S/m. The remaining EC-SRR and BC-SRR dimensions are given
in each plot.

electrical size of approximately a tenth of the free-space wave-
length at resonance. These values are of the same order than
those reported in previous designs [6]–[9], all of them being
close to the limit of applicability of the continuous-medium ap-
proach. Therefore, it is very convenient to explore the feasibility
of designing SRRs with smaller electrical sizes at resonance.
Assuming that the total size of the SRR remains approximately
constant ( ), (1) says that is governed by two pa-
rameters: the total inductanceand the p.u.l. capacitance .
Of these two quantities, the p.u.l. capacitance is more easily
tunable. Changes in for the BC-SRR can be achieved by
varying the strip width the substrate thicknessand the di-
electric constant of the substrate,. However, Fig. 5(d) shows
that variations of with are cancelled out by the associ-
ated variations of . Therefore, there remain two main param-
eters for tuning: and . For the EC-SRR, is mainly gov-
erned by the rings spacing,, and the permittivity, ; two pa-
rameters that do not affect. Fig. 6(a) and (b) shows the vari-
ation of the resonance frequency and the normalized electrical
size (defined as , with being the free space wave-
length at resonance) for the EC-SRR and the BC-SRR with re-
spect to the above parameters. In Fig. 6(a) the tuning parameter
is the spacing between the rings (with the substrate thickness
being constant, 0.4 mm) whereas the tuning parameter in
Fig. 6(b) is the substrate thickness. It can be seen that much
smaller electrical sizes can be achieved using BC-SRRs instead
of EC-SRRs: a particle diameter of about can be ob-
tained employing BC-SRRs printed on a commercial substrate
of of approximately m at 10 GHz. Even smaller
electrical sizes could be achieved with thinner substrates (such
as oxide layers) and/or higher dielectric permittivity substrates
(as ferroelectric substrates, for instance). Conversely, the elec-
trical size of the EC-SRRs remains almost constant for small
values of the spacing between the rings. Moreover, very intense
electric fields should appear at the ring edges in EC-SRRs with
very small spacing, which may cause high losses and/or dielec-
tric breakdown. Since the electric field distribution is smoother

in BC-SRRs, these effects are expected to be less important for
this particle.

In the following, the proposed local field theory is applied
to the computation of the dispersion curves of some NMPMs
and LHMs. Thus, the NMPM and the LHM analyzed in [6] are
newly analyzed using our model in Fig. 7. For comparison pur-
poses, the results obtained using the commercial electromag-
netic solver MAFIA reported in [6] are also shown. Notice that
there is a mismatch between the frequency passbands for the
LHM and the NMPM that appears both in numerical calcula-
tions and experiments. The experimental values for the LHM
passband and the above mismatch extracted from
[6, Fig. 3], are equally shown in the figure. (As is explained
in [20], the mismatch is closely related to the cross po-
larization effects appearing in the EC-SRR.) This plot illus-
trates the accuracy of the proposed simple theory: our results fr
the left-handed passband appear closer to the experiments than
those obtained in [6] by using a commercial full-wave solver.

As was mentioned, the use of BC-SRRs for building up meta-
materials allows for a significan reduction in the electrical size
of the unit cell. This fact will be illustrated in the following.
The dispersion characteristic of an isotropic 2-D LHM (see the
inset in the figure) made using small-size BC-SRRs is shown
in Fig. 8. The reported LHM is designed following the theory
reported in [9]. In this design, the artificial plasma is simu-
lated by an array of parallel metallic plates [1] although for
practical simulations only a pair of plates is needed. This array
simulates a lossless plasma for wave propagation and electric
field polarization both parallel to the plates [1]. For this wave
polarization, the effective dielectric susceptibility of the artifi-
cial plasma is given by (17). The discrete NMPM is made by
placing BC-SRRs symmetrically between the plates. Since the
BC-SRRs response is isotropic for external magnetization per-
pendicular to the BC-SRR plane, the electromagnetic response
of the device is then isotropic in this plane and for this specific
polarization of the incident wave [9]. As it was theoretically
and experimentally shown in [9], the proposed device behaves
as an LHM (for the appropriate wave polarization) in certain
frequency band that lies above the resonance frequency of the
BC-SRR. This fact has been advantageously used, along with
the data provided in Fig. 6(b), to design a LHM whose unit
cell has a very small electrical size. Thus, the results shown in
Fig. 8 have been computed for BC-SRRs with external radius

0.6 mm and ring width 0.2 mm printed on a di-
electric substrate of and thickness 0.01 mm. For
the chosen lattice parameter 1.5 mm the device shows an
LHM passband around 3.3 GHz. Notice that within this pass-
band the normalized electrical size of the unit cell ( , is
the free-space wavelength) is approximately 0.015. This elec-
trical size is one order of magnitude smaller than the previously
reported ones [6], [7], [9]. This fact proves the usefulness of
the proposed BC-SRRs for designing discrete LHM with small
size unit cells; namely, discrete LHM that can be accurately de-
scribed by a continuous medium approach.

V. CONCLUSION

A self-consistent quasi-analytical model for the polarizabili-
ties of EC-SRR and BC-SRR has been presented. The accuracy
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(a)

(b)

Fig. 6. Resonance frequency and normalized electrical size for several (a) EC-SRR and (b) BC-SRR with the same external radiusr = 0.6 mm and ring width
c = 0.2 mm, printed on several substrates.

of this model has been validated by experiments. In particular,
an experimental setup for measuring the resonance frequency
and the magnetic polarizabilities of both types of SRRs has been
proposed and realized. Since the SRR polarizabilities have not
been previously measured, the proposed experimental method
for the characterization of SRRs is one of the most relevant con-
tributions of this work. The obtained experimental results have
been satisfactorily compared with theoretical results computed
following the proposed model.

Starting from the proposed model, and making use of the
well-known Lorentz theory, a local field model for SRR-based

NMPM has been developed. This model is also useful for com-
puting the dispersion characteristics of LHM made by a super-
position of the aforementioned SRR-based NMPM and wire- or
parallel plate-made artificial plasmas. This local field model has
been tested by computing the dispersion characteristics of some
previously reported LHM, which show an acceptable agreement
with previously reported theoretical and experimental data. The
simplicity and small numerical effort involved in the proposed
local field model makes this approach to be a useful and effi-
cient alternative for the analysis and design of discrete NMPM
and LHM. As an additional advantage of this approach, it may
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Fig. 7. Dispersion curves for the LHM and NMPM media reported in [6]. The results reported in [6, Fig. 2(a) and (c)] are also shown for comparison purposes.
The experimental values for the LHM passband,�! , and for the mismatch between the LHM and the NMPM passbands,�! , obtained from [6, Fig. 3] are
indicated in the right axis of the figure.

Fig. 8. Dispersion curves for the 2-D isotropic LHM and NMPM shown in the inset. The lattice parameter isa = 1.5 mm and the BC-SRR dimensions arer =

0.6 mm andc = 0.2 mm. The BC-SRR are printed on a substrate of thicknesst = 0.01 mm and" = 10" .

provide further physical insight on some characteristics of these
metamaterials (for instance, in the analysis of bianisotropic ef-
fects in EC-SRR made LHM).

Once the accuracy of the proposed model has been checked, a
comparative analysis of both EC- and BC-SRR has been carried
out. It has been found that this latter particle has two main ad-
vantages over the EC-SRR: isotropy in the plane of the structure
(for normally incident magnetic field) and a potentially much

smaller electrical size. The first property can be useful in de-
signing isotropic LHM and NMPM for experimentation in neg-
ative refractive index and related phenomena. The second prop-
erty is useful for designing discrete metamaterials with electri-
cally small unit cells. Since the suitability of the continuous-
medium approach critically depends on the electrical size of the
unit cell, this property may result in substantial improvements
in the design of new continuous-like metamaterials.
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APPENDIX

COMPUTATION OF THETOTAL INDUCTANCE

Let us assume a currenton the ring of Fig. 2. Since there is
no field and/or current dependence on the azimuthal coordinate

the magnetostatic energy can be computed as

(20)

where is the azimuthal component of the vector
magnetic potential. Integrating by parts and using that

, where is the component of the
magnetostatic field and the partial derivative with respect
to , it is found that

(21)

where is defined by (14) and (15). Since the currents
are restricted to the plane, can be derived from
a scalar magnetic potential .
This scalar magnetic potential must satisfy Laplace’s
equation , subjected to the fol-
lowing boundary conditions: ;

and .
Taking the Fourier-Bessel transform, which is defined as

(22)

the above problem is analytically solved for , which is
found to be

(23)

where the upper (lower) sign stands for ( ). Equa-
tion (13) is obtained after introducing into (21),
using (22) and (23) and making use of the Parseval theorem and
the relation .

Finally, if is assumed to be given by (14)–(15), after
some algebraic manipulations, the ring inductance can be ob-
tained as the following integral:

(24)

where , , and function is defined
as

(25)

with and being the th order Struve and Bessel functions,
respectively.
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