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Time-dependent statistical characteristics of load process and strength degradation process are critical to lifetime distribution
of series mechanical systems. Conventional rain-flow counting method for lifetime distribution estimation has limited practical
application due to its strict requirement for statistical properties of load process. Besides, dynamic interaction between load
process and strength degradation process results in strength degradation path dependence (SDPD). SDPD and failure dependence
of components jointly bring considerable difficulties in prediction of system lifetime distribution and system residual lifetime
distribution. To address these problems, reliability-based analytic models for estimation of whole lifetime distribution and residual
lifetime distribution of series mechanical systems under random load are developed in this paper, which take the time-dependent
statistical parameters of load process and strength degradation process as the input of the models. Furthermore, SDPD and failure
dependence of components are taken into account in the proposed models in an explicit mathematical expression. The results
show that SDPD, failure dependence of components, and initial strength dispersion have significant influences on system lifetime
distribution.

1. Introduction

With the function, structure, and working environment of
mechanical products becoming complicated, accurate assess-
ment of fatigue lifetime distribution ofmechanical systems in
their full lifetime cycles is encountered with new challenges
and has attracted extensive attention from researchers and
engineers [1–3]. Various random factors, such as randomness
in material, geometry, and manufacturing of components
and working load, make fatigue lifetime distribution analysis
more complex and difficult. In the field of mechanical
engineering, analytic methods for quantitative estimation of
a systematic fatigue lifetime distribution are mainly based
on lifetime distributions of components in the system and
the systematic structure function. Lifetime distributions of

mechanical components are obtained from fatigue tests,
which are usually performed under load with constant ampli-
tude. To consider the randomness of working load, rain-
flow counting (RFC) method is widely used in fatigue tests.
Current fatigue test methods provide an important founda-
tion for lifetime evaluation of mechanical products [4].

Some innovative research has been carried out for the
random lifetime distribution estimation with some specified
distribution types. For instance, Elperin and Gertsbakh
developed a method for estimating the exponential mean
lifetime in a random-censoringmodel with incomplete infor-
mation. In the proposed method, the maximum-likelihood
method and the Monte Carlo simulations are combined to
obtain the point and interval estimates of the mean value
of the lifetime [5]. Pan et al. suggested using a multivariate
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Figure 1: Different expressions of load PDFs.

Birnbaum-Saunders distribution and its marginal distribu-
tions for lifetime distribution analysis of systems that have
multiple dependent performance characteristics. In the pro-
posedmodels, the system degradation was assumed to follow
the gamma processes [6]. Asgharzadeh et al. presented a
method for two-parameter bathtub-shaped lifetime distribu-
tion estimation based on upper record values by constructing
exact confidence intervals and exact joint confidence regions
of parameters [7]. Furthermore, confidence intervals were
estimated via the asymptotic normality of the maximum-
likelihood estimators. Kayid and Izadkhah analyzed the
random lifetime distribution by using the order statistics
theory and assuming that the residual lifetime followed
the exponential distribution [8]. Gong et al. proposed a
method for fatigue life estimation of the screw blade in
the screw sand washing machine. The random load was
assumed to follow the Gauss distribution [9]. Moreover, in
the statistics of random load, the Markov chain method,
Monte Carlo simulations, and the finite elementmethodwere
combined for the purpose of reducing research cost.Then, the
rain-flow counting method, the Goodman stress correction
method, andMiner’s rules were jointly used to assess lifetime
distribution of the screw blade.

In some circumstances, difficulties could be encountered
in the process of systematic lifetime distribution modeling,
which are listed as follows, and there needs an extension of
current modeling methods to overcome these difficulties.(1) For mechanical components, fatigue tests under load
with constant amplitude are aimed at obtaining lifetime dis-
tributions resulting from the randomness of material param-
eters. The RFC method is used to deal with the randomness
of load. Material parameters, such as strength, could exhibit
a dynamic stochastic degradation process which is governed
by the time-dependent statistical properties of load [10, 11].
According to the stochastic process theory, the randomness
of load can be expressed by two methods: (a) the probability
density function (PDF) at each moment or at each load
application, which is always mathematically expressed via
a stochastic process and is referred to as instantaneous pdf
(IPDF) in this paper; (b) the PDF obtained directly from a
load history sample, which is referred to as the process PDF
(PPDF) in this paper. The schematic illustration of IPDF and
PPDFof load is shown in Figure 1. It can be learnt that the load
PDF obtained by using the RFCmethod is essentially a PPDF.

Unless the assumption that the load process is ergodic and
stationary is strictly satisfied, IPDFs cannot be approximated
to PPDF. When the random load, characterized by PPDF
from RFC method, is applied on the specimen in the fatigue
tests, it infers that the IPDF is approximated by PPDF and
the information about the time dependence characteristics of
IPDFof the stochastic load processmight be lost, which could
result in the error in the assessment of lifetime distribution
and will be explained in detail in Section 2. Therefore, it
is of considerable importance to establish analytical models
for lifetime distribution assessment of mechanical systems
with the load process and strength degradation process taken
as the input of the models and considering the dynamic
interaction between the two processes.(2) As mentioned above, fatigue tests are mainly aimed
at lifetime distributions of components. Systematic lifetime
distributions are calculated according to the system failure
criterion or structure function. However, lifetime distribu-
tions of components in a mechanical system are always
mutually statistically correlative in the process of transferring
load or motion. Therefore, it is difficult to provide an
explicit expression of the system structure function. Further-
more, the implicit structure function is time-dependent due
to the time-dependent load process. The assumption that
component lifetime distributions are mutually statistically
independent could lead to an error in the systematic lifetime
distribution estimation.(3) For mechanical systems, residual lifetime analysis is
quite vital to their fault diagnosis and maintenance. When
considering the statistical dependence of component lifetime
distributions and the complexity of the stochastic load pro-
cess, it is necessary to improve the conventional methods for
residual lifetime analysis which are always performed based
on independent component lifetime distributions.

To address the aforementioned problems, analyticmodels
for fatigue lifetime distribution estimation of mechanical
systems under random load are developed in this paper,
which can take the time-dependent statistical characteristics
of load and the failure dependence of components into con-
sideration and provide an explicit expression of the PDF of
systematic lifetime that characterized the systematic lifetime
distributions. Moreover, residual lifetime models of depen-
dent mechanical systems are established. Besides, numerical
examples are given to validate the proposed models and
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illustrate key factors that have great influences on system
lifetime distributions.

2. Randomness and Dependence of Fatigue
Lifetime Distributions of Components

For electronic elements, lifetime always follows the exponen-
tial distribution, which is represented by the parameter of
constant failure rate [12]. The assumption of constant failure
rate about the electronic elements facilitates the regular
lifetime tests or the accelerated lifetime tests. However, for
mechanical components, time-dependent random vibration
load, random impact load, and randomness in the material
parameters caused by manufacturing are always encountered
in practice [13–15]. Moreover, the time-dependent stochas-
tic load process and the corresponding time-dependent
degradation process of the material parameters are mutually
statistical correlative.Meanwhile, the lifetime distributions of
mechanical components are quite sensitive to these random
factors in the working load and the material parameters.
Therefore, sometimes, it is impractical to analyze the impacts
of these random factors on the lifetime distributions of
mechanical components and the systems only via fatigue
tests. It is important to develop analytical models of lifetime
distributions of mechanical components and mechanical
systems, which takes these random factors as their input
parameters and could be used to provider further informa-
tion for improvement of design and manufacturing.

2.1. Influence Factors of Component Lifetime Distributions. As
a matter of fact, a PPDF is a comprehensive embodiment of
all the IPDFswithin the time periodwhen PPDF ismeasured.
Only when the assumption that the load is ergodic and
stationary is strictly satisfied, PPDF steadily approximate to
IPDF. Otherwise, the PPDF mathematically have no direct
functional relationship with IPDFs and the IPDF cannot be
approximated by PPDF. RCF method is used to acquire a
PPDF of load. When the load is not ergodic or stationary,
fatigue tests based on a PPDF by using the RFCmethod could
lead to error in fatigue lifetime distributions. Furthermore,
the statistical characteristics of strength degradation process
are determined by the stochastic load process. The two
correlative stochastic processes both contribute to the lifetime
distribution of components. The error in component lifetime
distribution mentioned above due to the incorrect usage of
RFC method could be magnified by the complex interaction
between the two correlative stochastic processes.

For instance, suppose that the residual strength (MPa)
of the components under load application for 𝑛 times is
expressed as follows:

𝑟 (𝑛) = 𝑟(1 − 𝑛∑
𝑖=1

𝑥2𝑖109) , (1)

where 𝑥𝑖 is the magnitude of load at the 𝑖th load application
and 𝑟 is the initial strength that is equal to 450MPa. In the
load process, the magnitude of load at each load application
follows the normal distribution with the standard deviation

of 30MPa and the mean value of 𝜇𝑠(𝑛) (MPa) expressed as
follows:

𝜇𝑠 (𝑛) = 200 (1 + 0.001𝑛) . (2)

The actual working process is simulated by the Monte Carlo
simulations (MCS) with the flow chart shown in Figure 2.
In Figure 2, the load process is generated according to the
given load IPDF and the PDF of the component lifetime is
shown in Figure 3. Besides, the PPDF of load is obtained via
the statistics of the simulated IPDF of load in Figure 2. Then,
with the PPDF taken as the approximate IPDF, the PDF of the
component lifetime according to the flow chart in Figure 2 is
shown in Figure 3.

From Figure 3, it can be seen that it could result in large
error in lifetime distribution estimation to approximate the
IPDF by PPDF due to neglecting the information of time-
dependent statistical characteristics of load. Thus, attention
should be paid to the stochastic characteristics of load
process when using the RCF method for lifetime assessment
of mechanical components. Furthermore, it is necessary to
develop models for lifetime distribution estimation with the
time-dependent statistical characteristics of load considered,
taken as the input of the models.

In addition, to consider the influences of the randomness
of strength degradation process on the component lifetime
distribution, suppose the initial strength 𝑟 follows the normal
distribution with the mean value of 450 (MPa). In the case
where the standard deviation of 𝑟 is 10MPa, 20MPa, and
30MPa, respectively, the PDF of the component lifetime
based on IPDF of load and that based on PPDF of load are
shown in Figures 4 and 5, respectively.

From Figures 4 and 5, it can be learnt that, besides
the statistical characteristics of load process, the statisti-
cal characteristics of material parameters have significant
influences on component lifetime distribution. Moreover,
the dynamic interaction between the load process and the
stochastic process of material parameters makes it more
difficult to acquire an accurate assessment of lifetime PDF.
Therefore, it is necessary to develop a method for system
lifetime distribution evaluation, which takes the stochastic
load process, the stochastic degradation process of material
parameters, and their interaction into consideration.

2.2. Dependence of Component Lifetime Distributions.
Besides the factors that significantly influence component
lifetime distributions mentioned in Section 2.1, the
dependence of component lifetime distributions has great
impacts on system lifetime distribution. Mechanical systems
are designed for transferring load and motion. In the
transferring process of load and motion, components in the
system always share the common load sources. The strength
degradation processes of different components in the
system are mutually statistically dependent because of their
interaction with the common load sources. Thus, the system
lifetime distribution cannot be calculated based on the
systematic failure criterion and the lifetime distributions of
components obtained from independent fatigue tests. To
illustrate the influences of the dependence of component
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Figure 2: Flow chart for component PDF fitting.

lifetime distributions on system lifetime distribution, a
numerical example is given as follows. The series mechanical
system is composed of two components with the statistical
properties of the load and the material parameters identical
with those listed in Section 2.1. The standard deviation of the
initial strength is 10MPa. The flow chart of the simulation
for lifetime PDF of an independent series system, in which

the two components are mutually independent, is shown in
Figure 6. Besides, when the two components share the same
load, which constitute a dependent series system, the flow
chart of simulation for lifetime PDF of the dependent system
is shown in Figure 7. The results from the two simulations
based on IPDF of load and the simulation results based on
PPDF of load are shown in Figures 8 and 9, respectively.
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Figure 3: Lifetime PDF of components.
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Figure 4: Lifetime PDF of components based on IPDF of load.

The failure dependence of components brings large dif-
ficulty in system lifetime distribution estimation due to the
implicit system structure function. From Figures 8 and 9, it
can be seen that the time-dependent statistical characteristics
of load process have great influences on system lifetime
distribution. Conventional RCF method for component and
system lifetime distribution analysis should be used with
caution. Compared with the component lifetime PDF, the
system lifetime PDF shifts towards the left direction and the
dispersion of the lifetime PDF decreases. Besides, the lifetime
of the dependent system is distributed in the interval of
longer lifetime comparedwith the lifetime of the independent
system.
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Figure 5: Lifetime PDF of components based on PPDF of load.

3. Reliability-Based Analytic Models for
Systematic Lifetime Distribution

3.1. Whole Lifetime Distribution Models of Mechanical Sys-
tems. To take into account the interaction between the load
process and strength degradation process and consider the
dependence of component lifetime distribution, reliability-
based analytic models for systematic lifetime distribution are
developed in this paper.The proposedmodels are established
according to the relationship between dynamic reliability and
the failure probability. According to the reliability theory, the
PDF of the system lifetime can be expressed as follows:

𝑓 (𝑡) = 𝜕𝜕𝑡 (1 − 𝑅 (𝑡)) = − 𝜕𝜕𝑡𝑅 (𝑡) , (3)

where 𝑅(𝑡) is the dynamic reliability of mechanical systems.
Thus, the lifetime distribution of mechanical systems, char-
acterized by the PDF, can be obtained from the dynamic
reliability function. Theoretically, the system reliability 𝑅(𝑡)
can be calculated based on the component reliability and
the system failure criterion. For instance, in a mechanical
system with 𝑘 components, the reliability of the components
are denoted by 𝑅𝑖(𝑡) (𝑖 = 1, 2, 3, . . . , 𝑘). Then, the PDF of a
series mechanical system can be expressed as follows:

𝑓series (𝑡) = − 𝜕𝜕𝑡𝑅series (𝑡) = − 𝑘∑
𝑖=1

𝜕𝜕𝑡𝑅𝑖 (𝑡)
𝑘∏
𝑗=1,𝑗 ̸=𝑖

𝑅𝑗 (𝑡) . (4)

The PDF of a parallel mechanical system can be given by

𝑓parallel (𝑡) = − 𝜕𝜕𝑡𝑅parallel (𝑡)
= − 𝑘∑
𝑖=1

𝜕𝜕𝑡𝑅𝑖 (𝑡)
𝑘∏
𝑗=1,𝑗 ̸=𝑖

[1 − 𝑅𝑗 (𝑡)] .
(5)
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Figure 9: Lifetime PDF of systems based on PPDF of load.

Equations (4) and (5) are derived from conventional reliabil-
ity theory. However, there exist some problems in the calcula-
tion of component reliability 𝑅𝑖(𝑡) and system reliability 𝑅(𝑡),
which are listed as follows.(1) As described above, in the case of complex stochastic
load process, it is difficult to propose an appropriate fatigue
test scheme to acquire the lifetime distribution of compo-
nents. Consequently, the component reliability 𝑅𝑖(𝑡) cannot
be calculated directly via the component lifetime distribution.(2) Dynamic reliability models of mechanical compo-
nents are mainly developed via extending the conventional
moment-based reliability methods, such as the first-order
second-moments (FOSM) method [16–20] and the second-
order second-moments (SOSM) method. In the conven-
tional moment-based reliability models, reliability is calcu-
lated according to the performance function, which can be

expressed as the difference between the strength 𝑟 and the
load 𝑠 as follows:

𝑧 = 𝑟 − 𝑠. (6)

It should be noted that, in (6), 𝑠 represents generalized load
including force, stress, and temperature which is determined
by the failure criterion of the components. When the static
strength and load are independent variables that follow the
normal distribution, reliability can be accurately computed
via the mean value and the standard deviation of 𝑧 as follows:

𝑅 = Φ(𝜇𝑧𝜎𝑧) , (7)

where Φ is standard normal distribution function. Provided
that the condition of independent normal variables is not
satisfied, a series of approximate reliability algorithm are pro-
posed such as the aforementioned FOSMmethod and SOSM
method. To calculate the dynamic reliability of components,
static variables of 𝑟 and 𝑠 in (6) are replacedwith the stochastic
strength degradation process 𝑟(𝑡) and the stochastic load
process 𝑠(𝑡) and (6) can be rewritten as

𝑧 (𝑡) = 𝑟 (𝑡) − 𝑠 (𝑡) . (8)

Then dynamic reliability is further calculated according
to 𝑧(𝑡). However, strength degradation path dependence
(SDPD) is neglected when using this method, which could
cause large calculation error as is described in the authors’
former research [21].

To illustrate the phenomenon of SDPD in reliability
calculation, two simulations are carried out. In the first
simulation,which are independent of any analytical reliability
models, practical operational processes of mechanical com-
ponents are simulated with the flow chart shown in Figure 2.
Besides, the distributions of residual strength at each load
application are obtained by recording the residual strength
in the first simulation, which is set as the input in the second
simulation with the flow chart shown in Figure 10. Thus, the
reliability obtained from the second simulation is based on
the residual strength distribution at each load application,
which is essentially the method expressed by (8). In the
simulations, the deterministic strength degradation law is
expressed by (1) and the initial strength follows the normal
distributionwith themean value of 450MPa and the standard
deviation of 20MPa.The load at each load application follows
the normal distribution with the mean value of 350MPa and
the standard deviation of 20MPa. The component reliability
with the two simulations is shown in Figure 11.

It can be seen that it could result in computational error
in reliability when directly using the strength distribution at
each load application in (8) due to neglecting SDPD. The
detailed explanation of the phenomenon of SDPD can be
referred to in [21].(3)Analogous to lifetime distribution ofmechanical com-
ponents, the component reliability is mutually statistically
correlative. It is difficult to provide an explicit expression
of the time-dependent system structure function for system
reliability computation.
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To address the problems above and take the load process
and the strength degradation process as the input of proposed
models, the lifetime distribution models of series mechanical
systems are established based on the dynamic reliability
models developed in the authors’ previous research [21]. For
a series mechanical system with 𝑘 components, the dynamic
reliability can be calculated by

𝑅 (𝑛) = ∫∞
0
𝑘 [1 − ∫𝑟0

0
𝑓𝑟0 (𝑟0) 𝑑𝑟0]

𝑘−1 𝑓𝑟0 (𝑟0)
⋅ {𝑛−1∏
𝑖=0

[∫𝑟0(1−𝑖 ∫
∞

0
𝑠𝑚𝑓𝑠(𝑠)𝑑𝑠/𝐶)

𝑎

0
𝑓𝑠 (𝑠) 𝑑𝑠]}𝑑𝑟0,

(9)

where 𝑓𝑟0(𝑟0) is the PDF of initial strength 𝑟0, 𝑛 represents
the load application times, and 𝑓𝑠(𝑠) is load PDF. 𝐶 and 𝑎 are
material parameters that describe the strength degradation
process and can be referred to in [21].

In order to consider the relationship between the dynamic
reliability and time, the number of load application 𝑛 in the
time duration 𝑡 is expressed as

𝑛 = 𝑤 (𝑡) 𝑡, (10)

where 𝑤(𝑡) is the frequency function of load. Then the
dynamic reliability with respect to time can be further written
as

𝑅1 (𝑡) = ∫∞
0
𝑘 [1 − ∫𝑟0

0
𝑓𝑟0 (𝑟0) 𝑑𝑟0]

𝑘−1 𝑓𝑟0 (𝑟0)

⋅ {𝑤(𝑡)𝑡∏
𝑖=1

[∫𝑟0(1−𝑖 ∫
∞

0
𝑠𝑚𝑓𝑠(𝑠)𝑑𝑠/𝐶)

𝑎

0
𝑓𝑠 (𝑠) 𝑑𝑠]}𝑑𝑟0.

(11)

The PDF of the series system lifetime can be expressed as
follows:

𝑓1 (𝑡) = − 𝜕𝜕𝑡 ∫
∞

0
𝑘 [1 − ∫𝑟0

0
𝑓𝑟0 (𝑟0) 𝑑𝑟0]

𝑘−1 𝑓𝑟0 (𝑟0)

⋅ {𝑤(𝑡)𝑡∏
𝑖=1

[∫𝑟0(1−𝑖 ∫
∞

0
𝑠𝑚𝑓𝑠(𝑠)𝑑𝑠/𝐶)

𝑎

0
𝑓𝑠 (𝑠) 𝑑𝑠]}𝑑𝑟0.

(12)

In addition, when the components are assumed to be mutu-
ally independent, according to classic reliability theory, the
dynamic reliability of independent series system is given by
as follows:

𝑅2 (𝑡) = [∫∞
0
𝑓𝑟0 (𝑟0)

⋅ {𝑤(𝑡)𝑡∏
𝑖=1

[∫𝑟0(1−𝑖 ∫
∞

0
𝑠𝑚𝑓𝑠(𝑠)𝑑𝑠/𝐶)

𝑎

0
𝑓𝑠𝑖 (𝑠𝑖) 𝑑𝑠𝑖]}𝑑𝑟0]

𝑘

.
(13)

The life PDF of the independent series system can be
calculated by

𝑓2 (𝑡) = −𝑘[∫∞
0
𝑓𝑟0 (𝑟0)

⋅ {𝑤(𝑡)𝑡∏
𝑖=1

[∫𝑟0(1−𝑖 ∫
∞

0
𝑠𝑚𝑓𝑠(𝑠)𝑑𝑠/𝐶)

𝑎

0
𝑓𝑠𝑖 (𝑠𝑖) 𝑑𝑠𝑖]}𝑑𝑟0]

𝑘−1

× 𝜕𝜕𝑡 ∫
∞

0
𝑓𝑟0 (𝑟0)

⋅ {𝑤(𝑡)𝑡∏
𝑖=1

[∫𝑟0(1−𝑖 ∫
∞

0
𝑠𝑚𝑓𝑠(𝑠)𝑑𝑠/𝐶)

𝑎

0
𝑓𝑠𝑖 (𝑠𝑖) 𝑑𝑠𝑖]}𝑑𝑟0.

(14)

Provided that the distributions of residual strength at each
load application are adopted in the reliability calculation and
SDPD is neglected, (12) can be rewritten as

𝑅3 (𝑡) = [𝑤(𝑡)𝑡∏
𝑖=1

∫∞
0
𝑓𝑠𝑖 (𝑠𝑖) ∫

∞

𝑠𝑖
𝑓𝑟𝑖 (𝑟𝑖) 𝑑𝑟𝑖𝑑𝑠𝑖]

𝑘

, (15)

where 𝑓𝑟𝑖(𝑟𝑖) is the PDF of residual strength at the 𝑖th
load application. Correspondingly, the life PDF of the series
system can be calculated by

𝑓3 (𝑡) = −𝑘[𝑤(𝑡)𝑡∏
𝑖=1

∫∞
0
𝑓𝑠𝑖 (𝑠𝑖)

⋅ ∫∞
𝑠𝑖
𝑓𝑟𝑖 (𝑟𝑖) 𝑑𝑟𝑖𝑑𝑠𝑖]

𝑘−1 𝜕𝜕𝑡
𝑤(𝑡)𝑡∏
𝑖=1

∫∞
0
𝑓𝑠𝑖 (𝑠𝑖) ∫

∞

𝑠𝑖
𝑓𝑟𝑖 (𝑟𝑖) 𝑑𝑟𝑖𝑑𝑠𝑖.

(16)

3.2. Residual Lifetime Distribution Models of Mechanical
Systems. Provided that a mechanical system still operates
normally at the moment 𝑡, the survival operational time
from 𝑡 is defined as its residual lifetime denoted by 𝑇. When
the randomness of load and material parameters is taken
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into account, it is necessary to obtain the distribution of𝑇. The residual lifetime distribution prediction is of great
importance to the fault diagnosis, preventive maintenance,
and system health management of mechanical products. The
PDF of the residual lifetime is essentially the function of the
PDF of the whole lifetime of mechanical systems. Thus, the
problems of SDPD and failure dependence of components
in establishing analytical models for whole lifetime distri-
bution of mechanical systems also bring large difficulties in
modeling PDF of the residual lifetime. In this section, the
PDFs of residual lifetime of mechanical systems are derived
based on the models provided in Section 3.1, which can take

the stochastic load process, SDPD, and failure dependence of
components into consideration.

According to the conditional probability formula, the
PDF of 𝑇 can be expressed by

𝑓𝑇 (𝑇) = 𝜕𝜕𝑇
∫𝑡+𝑇𝑡 𝑓 (𝑡) 𝑑𝑡
1 − ∫𝑡0 𝑓 (𝑡) 𝑑𝑡

, (17)

where 𝑓(𝑡) is the PDF of the system. Therefore, according to
(12), the residual lifetime PDF of the dependent series system
can be expressed as follows:

𝑓7 (𝑇) = 𝜕𝜕𝑇
−∫𝑡+𝑇𝑡 (𝜕/𝜕𝑡) ∫∞0 𝑘 [1 − ∫𝑟00 𝑓𝑟0 (𝑟0) 𝑑𝑟0]𝑘−1 𝑓𝑟0 (𝑟0) {∏𝑤(𝑡)𝑡𝑖=1 [∫𝑟0{1−Φ(𝑖)}𝑎0 𝑓𝑠𝑖 (𝑠𝑖) 𝑑𝑠𝑖]} 𝑑𝑟0𝑑𝑡
1 + ∫𝑡0 (𝜕/𝜕𝑡) ∫∞0 𝑘 [1 − ∫𝑟00 𝑓𝑟0 (𝑟0) 𝑑𝑟0]𝑘−1 𝑓𝑟0 (𝑟0) {∏𝑤(𝑡)𝑡𝑖=1 [∫𝑟0{1−Φ(𝑖)}𝑎0 𝑓𝑠𝑖 (𝑠𝑖) 𝑑𝑠𝑖]} 𝑑𝑟0𝑑𝑡

. (18)

From (14), the residual lifetime PDF of the independent
series system considering SDPD can be given by

𝑓8 (𝑇) = 𝜕𝜕𝑇
{−∫𝑡+𝑇𝑡 𝑘 [∫∞0 𝑓𝑟0 (𝑟0) {∏𝑤(𝑡)𝑡𝑖=1 [∫𝑟0(1−𝑖 ∫∞0 𝑠𝑚𝑓𝑠(𝑠)𝑑𝑠/𝐶)𝑎0 𝑓𝑠𝑖 (𝑠𝑖) 𝑑𝑠𝑖]} 𝑑𝑟0]

𝑘−1 × (𝜕/𝜕𝑡) ∫∞0 𝑓𝑟0 (𝑟0) {∏𝑤(𝑡)𝑡𝑖=1 [∫𝑟0(1−𝑖 ∫∞0 𝑠𝑚𝑓𝑠(𝑠)𝑑𝑠/𝐶)𝑎0 𝑓𝑠𝑖 (𝑠𝑖) 𝑑𝑠𝑖]} 𝑑𝑟0𝑑𝑡}
{1 + ∫𝑡0 𝑘 [∫∞0 𝑓𝑟0 (𝑟0) {∏𝑤(𝑡)𝑡𝑖=1 [∫𝑟0(1−𝑖 ∫∞0 𝑠𝑚𝑓𝑠(𝑠)𝑑𝑠/𝐶)𝑎0 𝑓𝑠𝑖 (𝑠𝑖) 𝑑𝑠𝑖]} 𝑑𝑟0]

𝑘−1 × (𝜕/𝜕𝑡) ∫∞0 𝑓𝑟0 (𝑟0) {∏𝑤(𝑡)𝑡𝑖=1 [∫𝑟0(1−𝑖 ∫∞0 𝑠𝑚𝑓𝑠(𝑠)𝑑𝑠/𝐶)𝑎0 𝑓𝑠𝑖 (𝑠𝑖) 𝑑𝑠𝑖]} 𝑑𝑟0𝑑𝑡}
. (19)

The residual lifetime PDF of the independent series system
without SDPD taken into account can be written from (16)
as follows:

𝑓9 (𝑇) = 𝜕𝜕𝑇
−∫𝑡+𝑇𝑡 𝑘 [∏𝑤(𝑡)𝑡𝑖=1 ∫∞0 𝑓𝑠𝑖 (𝑠𝑖) ∫∞𝑠𝑖 𝑓𝑟𝑖 (𝑟𝑖) 𝑑𝑟𝑖𝑑𝑠𝑖]

𝑘−1 (𝜕/𝜕𝑡)∏𝑤(𝑡)𝑡𝑖=1 ∫∞0 𝑓𝑠𝑖 (𝑠𝑖) ∫∞𝑠𝑖 𝑓𝑟𝑖 (𝑟𝑖) 𝑑𝑟𝑖𝑑𝑠𝑖𝑑𝑡
1 + ∫𝑡0 𝑘 [∏𝑤(𝑡)𝑡𝑖=1 ∫∞0 𝑓𝑠𝑖 (𝑠𝑖) ∫∞𝑠𝑖 𝑓𝑟𝑖 (𝑟𝑖) 𝑑𝑟𝑖𝑑𝑠𝑖]

𝑘−1 (𝜕/𝜕𝑡)∏𝑤(𝑡)𝑡𝑖=1 ∫∞0 𝑓𝑠𝑖 (𝑠𝑖) ∫∞𝑠𝑖 𝑓𝑟𝑖 (𝑟𝑖) 𝑑𝑟𝑖𝑑𝑠𝑖𝑑𝑡
. (20)

4. Numerical Examples

In this section, numerical examples for series mechanical
systems are provided to analyze the following problems:

(1) Validation of the proposedmodels for system lifetime
distribution estimation via Monte Carlo simulation
(MCS).

(2) The influences of failure dependence of components,
SDPD, and initial strength dispersion on whole life-
time distribution of mechanical systems.

(3) The effects of failure dependence of components,
SDPD, and initial strength dispersion on residual
lifetime distribution of mechanical systems.

4.1. Monte Carlo Simulation Validation. Owing to the oper-
ational mechanism of mechanical products, mechanical

components in mechanical systems are always logically
connected in series configuration. The practical examples
of series mechanical systems and parallel systems can be
referred to in [21]. In this section, for illustrative convenience,
it is assumed that the components are identical in the
series system shown in Figure 12. The statistical parameters
of load and material parameters in [21] are adopted for
the components in the two systems, which are listed in
Table 1. To validate the lifetime distributionmodels,MCSs are
performedwith the flow chart shown in Figure 7. In theMCS,
the deterministic residual strength under deterministic load
is calculated according to the strength degradation rule in
physical experiment with respect to component cumulative
damage𝐷(𝑛) as follows [21]:

𝑟 (𝑛) = 𝑟 [1 − 𝐷 (𝑛)]𝑎 . (21)
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Component 1 Component 2

Component 1 Component 2

Common load Dependent system

Load 1 Load 2Independent system

Figure 12: Series mechanical systems.

Table 1: Stress parameters and material parameters of explosive
bolts.

𝜇(𝑟0)
[MPa]

𝜎(𝑟0)
[MPa]

𝜇(𝑠)
[MPa]

𝜎(𝑠)
[MPa] 𝑚 𝑎 𝑤(𝑡)

[h−1]
𝐶

[MPa2]
400 30 300 20 2 1 0.5 108

Hence, the MCS, independent of any analytical model, is
essentially identical with physical experiment. The results
from the Monte Carlo simulation and the system lifetime
PDF calculated by using the proposed models are shown in
Figure 13.

From Figure 13, it can be seen that the lifetime PDF
obtained from the proposed model shows good agreement
with the lifetime PDF from MCS. The model developed in
this paper provides a theory basis for analytical method
to quantitative lifetime distribution assessment. In addition,
unlike the normal distribution curve, short system lifetime
accounts for a certain proportion of the lifetime distribution,
which is analogous to the situation in the infant mortality
period of the bathtub curve.

In addition, in order to illustrate the error in lifetime
distribution estimation by using conventional RCFmethod in
the case of nonergodic and nonstationary stress process, the
time-dependent mean value of the stress process is assumed
to obey the following form:

𝜇𝑠 (𝑡) = 300 (1 + 0.0005𝑡) . (22)

Then, the comparison between the lifetime distribution of the
dependent system by means of the proposed method and the
lifetime distribution based on conventional RCFmethodwith
the PPDF of stress obtained via the statistics of the MCSs in
this section is shown in Figure 14.

From Figure 14, it can be seen that large calculation
error in system lifetime distribution estimation could be
caused due to the usage of conventional RCF method when
the stress is nonergodic or nonstationary. The incorrect
usage of the conventional RCF method could result in the
underestimation of the system lifetime distribution in the
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Figure 13: LifetimePDF fromMCSand lifetimePDF fromproposed
models.

0.0000

0.0025

0.0050

0.0075

0.0100

0.0125

0.0150

Distribution based on IPDF of stress
Distribution based on PPDF of stress

Sy
ste

m
 li

fe
tim

e P
D

F
f
(t
)

(h
−
1
)

0 50 100 150 200 250 300 350 400
Time t (h)

Figure 14: System lifetime PDF based on different PDF of stress.

long lifespan regions. Furthermore, the increase in the mean
value of the stress substantially reduces the system lifetime.

4.2. The Effects of SDPD and Failure Dependence of Compo-
nents on System Whole Lifetime Distribution. For the series
system in Section 4.1, when the components are assumed to
be mutually independent, the system lifetime PDF is shown
in Figure 15. Besides, provided that the strength distribution
at each load application is used for lifetime distribution
assessment without SDPD taken into account, the system
lifetime PDF is also shown in Figure 15. In addition, when
the series system is composed of four components, the system
lifetime PDFs are shown in Figure 16. Moreover, in the cases
of different initial strength dispersion, the lifetime PDFs
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Figure 15: System lifetime PDF with two components.
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Figure 16: System lifetime PDF with four components.

of the dependent system considering SDPD are shown in
Figure 17.

From Figures 15–17, it can be seen that the lifetime of
dependent series systems is distributed in the interval of
longer lifetime compared with the lifetime of independent
systems. The proposed system lifetime distribution models
provide the analytical methods for system lifetime distribu-
tion assessment considering the failure dependence of com-
ponents in an explicit form.The conventional system lifetime
distribution models, in which components are assumed to be
mutually independent, could lead to error in system lifetime
distribution evaluation. Moreover, most mechanical systems
are in the series configuration, such as the drive systems
and the mechanisms for motion transmission. The series
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Figure 17: System lifetime in cases of different strength dispersion.

systemsmight be composed of a large amount of components.
From Figures 15 and 17, it can be learnt that the increase
in the number of components in the series systems results
in the enhancement of the effects of failure dependence on
system lifetime distribution. Thus, more attention should be
paid to system lifetime distribution in the case where series
systems comprise a larger amount of components. Further-
more, SDPD has much more significant influences on system
lifetime distribution than failure dependence of components.
The mean value and dispersion of system lifetime could
be underestimated due to neglecting the phenomenon of
SDPD. In addition, the dispersion of initial strength also
has great impacts on system lifetime distribution. In general,
the decrease in the dispersion of initial strength makes the
system lifetime distribution more concentrated and causes
the increase in the mean value of system lifetime.

4.3. The Impacts of SDPD and Failure Dependence of Com-
ponents on System Residual Lifetime Distribution. For the
dependent series system in Section 4.1, the system residual
lifetime PDFs from different time instant 𝑡 are shown in
Figure 18. Besides, in the cases of different initial strength
dispersion, the residual lifetime PDFs of the dependent
system from 𝑡 = 100 are shown in Figure 19. In addition, the
residual lifetime PDFs of independent system from 𝑡 = 100
considering SDPDand that without SDPD taken into account
are shown in Figure 20.

It is difficult to quantitatively assess system residual
lifetime distribution via an explicit mathematical expression
with the failure dependence of components, SDPD, and the
statistical characteristics of both load process and material
parameters into consideration. To address these difficulties,
analytical models for system residual lifetime distribution are
proposed in this paper. From Figures 18–20, it can be learnt
that the failure dependence, SDPD, and statistical charac-
teristics of material parameters have considerable impacts
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Figure 18: System residual lifetime PDF at different moment.
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Figure 19: System residual lifetimePDF in cases of different strength
dispersion.
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Figure 20: System residual lifetime PDF.

on system residual lifetime distribution. The shape of the
residual lifetime PDF varies with the increase in the working
time. Generally, the peak value of the residual lifetime PDF
increases and moves towards the left direction with the
increase in the working time. After working for a certain
period of time, the local extremum of residual lifetime PDF
in the interval of short residual lifetime disappears. Besides,
compared with the failure dependence of components, SDPD
have more significant influences on residual lifetime distri-
bution.The system lifetime could be underestimated without
SDPD taken into consideration. In addition, the increase in
the initial strength dispersion results in larger dispersion and
smaller mean value of system residual lifetime.

5. Conclusions

For components in the seriesmechanical systems, the lifetime
distribution is determined by both the load process and
strength degradation process. When the load process is not
ergodic or stationary, conventional RCF method should be
used with caution, which could lead to error in lifetime dis-
tribution estimation of components and systems. Moreover,
SDPD results from the dynamic interaction between the load
process and strength degradation process. It could cause large
error in lifetime distribution assessment of components and
systems to neglect the phenomenon of SDPD. In addition,
SDPD and failure dependence of components jointly bring
considerable difficulties in prediction of system lifetime
distributions and system residual lifetime distributions.

To deal with these problems, reliability-based analytic
models for estimation of whole lifetime distribution and
residual lifetime distribution of series mechanical systems
under random load are developed in this paper, which take
the time-dependent statistical parameters of load process and
strength degradation process as the input of the models and
consider the dynamic interaction between load process and
strength degradation process. Moreover, SDPD and failure
dependence of components are taken into account in the
proposed models in an explicit mathematical expression.
The results show that SDPD has significant influences on
system lifetime distribution. The mean value and dispersion
of system lifetime could be underestimated due to neglecting
the phenomenon of SDPD. Furthermore, increase in the
number of components in the series systems results in the
enhancement of the effects of failure dependence on system
lifetime distribution. Compared with the failure dependence
of components, SDPD have more significant influences on
system lifetime distribution. Besides, decrease in the disper-
sion of initial strength makes the system lifetime distribution
more concentrated and causes the increase in the mean value
of system lifetime. In addition, the shape of the residual
lifetime PDF varies with the increase in the working time.
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