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The objective of this study was to investigate the e!ects of capillary network anastomoses and
tortuosity on oxygen transport in skeletal muscle, as well as the importance of muscle "bers in
determining the arrangement of parallel capillaries. Countercurrent #ow and random capillary
blockage (e.g. by white blood cells) were also studied. A general computational model was
constructed to simulate oxygen transport from a network of blood vessels within a rectangular
volume of tissue. A geometric model of the capillary network structure, based on hexagonally
packed muscle "bers, was constructed to produce networks of straight unbranched capillaries,
capillaries with anastomoses, and capillaries with tortuosity, in order to examine the e!ects of
these geometric properties. Quantities examined included the tissue oxygen tension and the
capillary oxyhemoglobin saturation. The computational model included a two-phase simula-
tion of blood #ow. Appropriate parameters were chosen for working hamster cheek-pouch
retractor muscle. Our calculations showed that the muscle-"ber geometry was important in
reducing oxygen transport heterogeneity, as was countercurrent #ow. Tortuosity was found to
increase tissue oxygenation, especially when combined with anastomoses. In the absence of
tortuosity, anastomoses had little e!ect on oxygen transport under normal conditions, but
signi"cantly improved transport when vessel blockages were present.
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Introduction

Oxygen is one of the most important substances
that the circulation must deliver to living cells. In
skeletal muscle, demand for oxygen can increase
more than ten-fold during exercise, making oxy-
gen delivery particularly critical. Although oxy-
gen transport from arterioles and venules is more
signi"cant than once thought (Ellsworth et al.,
1994), capillaries are a major site of oxygen
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delivery. Many theoretical studies have been per-
formed of oxygen transport from capillaries in
skeletal muscle, starting with the work of August
Krogh (1919). The simple Krogh model of uni-
formly spaced and supplied parallel capillaries
leads to exact mathematical results that are valu-
able in the understanding of oxygen transport.
However, the geometry and hemodynamics of
capillary networks in skeletal muscle are actually
much more complicated than Krogh assumed
(Ellsworth et al., 1994; Pittman, 1995). The capil-
laries that run parallel to muscle "bers are not
perfectly straight or uniformly spaced, and there
( 2000 Academic Press
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are cross-connections or anastomoses between
them. This geometric complexity is compounded
by di!erences in blood supply amongst the paral-
lel vessels. Some of these #ow di!erences are due
to the capillary network structure itself, while
others are due to di!erences at the level of feeding
arterioles or draining venules. In addition, micro-
circulatory oxygen transport is complicated by
the fact that oxygen can di!use directly into or
out of both arterioles and venules. Thus, in real-
ity oxygen is supplied in a way that is spatially
complex and can lead to signi"cant heterogeneity
in the amount of oxygen available to individual
parenchymal cells. Oxygen delivery has similar
spatial complexity in other tissues, such as heart
and brain; striated muscle is studied as an impor-
tant "rst step.

Under resting conditions, most tissue regions
are convectively well supplied with oxygen, and
di!erences in oxyhemoglobin saturation (SO

2
)

between nearby capillaries are smoothed out by
di!usion (Ellsworth et al., 1988). During exercise,
oxygen delivery heterogeneities may not be com-
pensated for by di!usion, resulting in a higher
degree of heterogeneity of steady-state oxygen
tension in the tissue (Klitzman et al., 1983;
Ellsworth et al., 1988). This heterogeneity, which
can include regions of potentially damaging
hypoxia, and its relationship with structural
properties of the microcirculation are poorly
understood at the present time. The goal of the
work presented here is to investigate the role of
capillary network complexity in producing het-
erogeneity in the spatial distribution of tissue
oxygen tension (PO

2
), and for this purpose work-

ing striated muscle is the primary focus. Capillary
networks in striated muscle are known to be
organized into modules (Berg & Sarelius, 1995).
In the present work we concentrate on small
numbers of capillaries, which can be considered
to represent functional modules.

Previous computational models investigated
aspects of oxygen transport heterogeneity in skel-
etal muscle (Popel et al., 1986; Ellsworth et al.,
1988; Groebe, 1990; Secomb & Hsu, 1994;
Hoofd & Turek, 1996). Following this work, we
have constructed a biophysically detailed model
to study the e!ect of microvascular network
complexity on tissue oxygen delivery. In the
present study we focus on anastomoses between
&&parallel'' capillaries and capillary tortuosity, as
well as the arrangement of the parallel capillaries.
The model presented is su$ciently general to
allow the systematic investigation of various
other aspects of vascular and cellular heterogen-
eity in the future, in muscle and other tissues. In
particular, it will enable us to utilize the detailed
structural, hemodynamic, and oxygenation data
that emerging techniques of 3D space}time
video-image analysis of the microvasculature will
provide (Ellis et al., 1992; Japee, 1999).

Mathematical Model

BLOOD FLOW AND OXYGEN TRANSPORT

A computational model was used to calculate
blood #ow and oxygen transport in the capillary
network/tissue geometries studied. A two-phase
continuum #ow model was used to calculate
the distribution of total blood #ow (Q) and dis-
charge (#ow-averaged) hematocrit (H

D
) through-

out each capillary network. The #ow model was
based on the in vivo rheological model of Pries
et al. (1994) and involves the following conserva-
tion equations for blood and erythrocyte volume
#ow into each node j :

+
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"0, (1)
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H
Dij

Q
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where each vessel segment ij is labeled by its end
nodes and the sums are over all nodes i connected
to node j. Since bifurcations are the only type of
vessel branching considered, each node is con-
nected to at most three other nodes. The #ow in
segment ij is given by the pressure di!erence
across the segment divided by the hydrodynamic
resistance of the segment, Q
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"(p
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Blood vessels are assumed to have circular
cross-sections, and since both Reynolds and
Womersley numbers are very low in the micro-
circulation, #ow resistance can be expressed in
the form of Poiseuille's Law
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where ¸ and R are the length and radius of the
vessel segment being considered and g is the
apparent viscosity of blood, which is known to
vary with hematocrit and vessel diameter (the
Fahraeus}Lindqvist e!ect).

Pries et al. (1994) have obtained an empirical
expression for the apparent viscosity of blood
in vivo, g"f

1
(D, H

D
) where D is the vessel dia-

meter, based on experiments in rat mesentery.
Since equations were presented in terms of hu-
man blood parameters, for the current study
values of D were rescaled using the hamster and
human erythrocyte volumes, approximately 69.3
and 92 #, respectively. Thus, D"(<

human
/<

hamster
)1@3

D
hamster

, where D
hamster

is the vessel diameter in
the present simulations.

The Fahraeus}Lindqvist e!ect is one result of
the fact that blood is a complex #uid. Another is
the phenomenon known as plasma skimming,
where erythrocyte #ow at vessel bifurcations is
distributed more unevenly than overall blood
#ow. To describe this e!ect, we used the
expression of Pries et al. (1990) at diverging
bifurcations, in addition to erythrocyte volume
#ow conservation: H
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where H
0

and Q
0

are the hematocrit and #ow
in the parent vessel, H

1
and Q

1
are the hematocrit

and #ow in the "rst of the two daughter vessels,
and D

0
, D

1
, D

2
are the diameters of the

parent vessel and the "rst and second daughter
vessels.

The required boundary conditions for the
#ow calculations are the pressure at all exterior
nodes and the discharge hematocrit in all
in#ow segments. Solutions are obtained iter-
atively, due to the nonlinearity introduced by
the Fahraeus}Lindqvist and plasma-skimming
e!ects.

The oxygen transport model used was similar
to that described by Popel (1989), but also
included myoglobin-facilitated di!usion in the
tissue and dissolved oxygen in the blood. The
muscle tissue was taken to be continuous with
constant material properties, while blood was
taken to be a mixture of erythrocytes and plasma.
Intracapillary transport resistance, as well as
that due to the capillary wall and interstitium,
was included using mass transfer coe$cients.
Transport in the tissue was described by the
following equation for the steady-state oxygen
tension, P(x, y, z):
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where a and D are the tissue oxygen solubility
and di!usivity, respectively, M(P) is the oxygen
consumption, and c

Mb
, D

Mb
, and S

Mb
are the

myoglobin (Mb) concentration, di!usivity, and
oxygen saturation.

Oxygen transport in the blood vessels was
described by a steady-state equation for the capil-
lary SO

2
, S (m):
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where v
b

is the mean blood velocity, m is the
curvilinear coordinate along the axis of a given
capillary, h is the circumferential coordinate
about the local capillary axis, R is the capillary
radius, and P

b
is the blood oxygen tension.

Equation (5) is derived from a pair of equations
for plasma and erythrocyte oxygen content by
assuming that plasma PO

2
is equal to intraeryth-

rocyte PO
2

(see the appendix). In general, plasma
PO

2
is lower; however, this assumption introd-

uces only a very small error and allows plasma-
dissolved oxygen to be considered, which was not
the case in previous models (e.g. Ellsworth et al.,
1988; Secomb & Hsu, 1994).

The blood oxygen solubility, which describes
dissolved oxygen in both the erythrocytes and
plasma, is given by (Klitzman et al., 1983)
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where a
cell

and a
pl

are the oxygen solubilities
inside the erythrocyte and in the plasma. The
oxygen binding capacity of blood is H

D
C

Hb
,

where C
Hb

is the binding capacity of hemoglobin.
The oxygen #ux at a point (m, h) on the capillary/
tissue interface is

j"k(P
b
!P

w
), (7)



TABLE 1
Biophysical parameters used in oxygen transport model. See text for descriptions

Parameter Value Units References

a 3.89]10~5 ml O
2

ml~1mmHg~1 Mahler et al. (1985)
D 2.41]10~5 cm2 s~1 Bentley et al. (1993)
M

0
1.57]10~4 ml O

2
ml~1 s~1 Sullivan & Pittman (1984)

P
c

0.5 mmHg Honig & Gayeski (1982)
c
Mb

1.02]10~2 ml Mb ml~1 Meng et al. (1993)
D

Mb
1.73]10~7 cm2 s~1 Jurgens et al. (1994)

a
pl

2.82]10~5 ml O
2

ml~1 mmHg~1 Christoforides et al. (1969)
a
cell

3.38]10~5 ml O
2

ml~1 mmHg~1 Altman & Dittmer (1971)
P
50

29.3 mmHg Ellsworth et al. (1988)
n 2.2 * Ellsworth et al. (1988)
C

Hb
0.52 ml O

2
ml~1 Clark et al. (1985)

P
50,Mb

5.3 mmHg Jurgens et al. (1994)
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where P
w

is the tissue PO
2

at the capillary surface
and k is the mass transfer coe$cient.

The blood #ow calculations give v
b
and H

D
in

each capillary segment, and the boundary condi-
tion for eqn (5) is given by specifying S in each
inlet segment. The boundary condition on P at
the capillary surface is

!Da
LP

w
Ln

"j (8)

and no-#ux boundary conditions are speci"ed
at the outer tissue surfaces. In all calculations
Michaelis}Menten consumption kinetics was as-
sumed, M(P)"M

0
P/(P#P

c
), and the Hill equa-

tion was used for the oxyhemoglobin saturation
curve, S(P)"Pn/(Pn#Pn

50
). Myoglobin oxygen

saturation was given by S (P)"P/(P#P
50,Mb

).
The biophysical parameters used in transport

calculations, shown in Table 1, follow those of
Ellsworth et al. (1988), except where more accu-
rate values have become available (see Roy &
Popel, 1996). The value used for myoglobin dif-
fusivity is lower than the rotational value of
Wang et al. (1997) but is consistent with the latest
results of Papadopoulos et al. (2000) for transla-
tion in both radial and longitudinal "ber direc-
tions. Capillary wall mass transfer coe$cients
come from recently calculated, hematocrit-
dependent values from this laboratory (A. R.
Vadapalli, pers. comm.). Mass transfer coe$-
cients were obtained as a function of the tube
(volume-averaged) hematocrit, H

T
, and the
empirical formula of Pries et al. (1990), H
T
"f

3
(D, H

D
), was used to express k in terms of HD for

our #ow calculations:

k(H
D
)"(17.7H2

D
!1.07H

D
#0.672)

]10~6 ml O
2
s~1 cm~2 mmHg~1.

(9)

For H
D
"0.47 (H

T
"0.43) the above expression

gives k"4.0]10~6, in agreement with
k+3.5]10~6 obtained by converting the value
of k from Eggleton et al. (1998), where k was
normalized per unit capillary length. Mass
transfer coe$cients are known to be velocity-
dependent (Groebe & Thews, 1989); however,
Eggleton et al. showed that this dependence is
weak in the working (high blood velocity) cases
considered here.

NETWORK CONSTRUCTION AND FLOW CONDITIONS

The capillary network model used is based on
the physiological structure of striated muscle and
on measured geometric parameters, mainly those
obtained for hamster cheek-pouch retractor
muscle. Cylindrical muscle "bers of 40 lm dia-
meter (Bennett et al., 1991) and 400 lm length
(Ellsworth et al., 1988; Dong, 1997) are packed
hexagonally, and straight parallel capillaries of
1.8 lm radius (Ellsworth et al., 1988) are placed in
the spaces between them (Fig. 1). After the con-
struction of the capillary network, the width and



FIG. 1. Construction of capillary networks using hexa-
gonally packed muscle "bers. After parallel vessels are
placed between the "bers, anastomoses (shown) and tortuo-
sity may be added.
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height of the tissue cross-section are set to the
minimum needed to enclose all geometrically
related networks, and all points inside the three-
dimensional domain but outside the capillaries
are treated as muscle tissue. Muscle "ber bound-
aries are not considered in transport calculations
in the present work. The network construction
is random, but in keeping with a measured
capillary density of approximately 1400/mm2
(Ellsworth et al., 1988; Dong, 1997), 11 parallel
capillaries are used for the four muscle "bers
considered. This network size is consistent with
the average number of capillaries (&12) found
experimentally by Berg & Sarelius (1995) for
modules supplied by single arterioles. In addi-
tion, each network has, on average, 5.25 capil-
laries bordering each muscle "ber, based on
measurements for the muscle modeled (Bennett
et al., 1991). The networks just described, de-
noted as SU (straight unbranched), are consi-
dered the reference case. To investigate the e!ect
of the muscle-"ber construction, we also placed
parallel capillaries randomly in the tissue volume
without regard for the muscle "bers. These net-
works are denoted as R (random).

To study the e!ect of anastomoses, cross-con-
nections were added to the networks of parallel
vessels produced with the muscle-"ber construc-
tion. Each of these networks, denoted as SA
(straight anastomosed), had a speci"ed number
of anastomoses inserted between neighboring
parallel vessels, with the cross-connections con-
strained to not intersect and have endpoints
between 12.5 and 50 lm apart in the z-direction;
the anastomoses were also constrained to wrap
around the muscle "bers. The number of anas-
tomoses was either equal to (SA

1
and SA

2
) or

twice (SA
3
) the number of parallel capillaries,

both of which add a physiologically reasonable
amount of non-parallel capillary length or
tortuosity, 9 and 18%, respectively (Mathieu-
Costello, 1987).

To study the e!ect of tortuosity of the parallel
vessels, sinusoidal variations (50 lm wavelength,
8 lm amplitude) were superimposed on the
muscle-"ber-based networks. This added 19%
tortuosity, which is approximately the amount
observed in moderately contracted skeletal
muscle (Mathieu-Costello et al., 1989). Networks
with tortuosity were constructed both without
anastomoses (TU, tortuous unbranched) and
with anastomoses (TA, tortuous anastomosed).

In all the network types described above, the
overall blood #ow in each parallel capillary was
in the positive z-direction (concurrent), due to
a uniform pressure di!erence between the arterial
and venous ends. To study the e!ect of counter-
current #ow, the pressure gradient was reversed
in two of the 11 parallel vessels in each of the SU
networks, yielding networks denoted as SU-
counter (straight unbranched countercurrent).

For each type of network geometry three
realizations were studied. The discharge hema-
tocrit and SO

2
were set to 0.43 and 0.63, respec-

tively, at the inlets of all parallel vessels in all
networks studied. The length of the tissue block
was "xed at 400 lm, but to minimize edge e!ects
the tissue cross-sectional area was adjusted
depending on the realization (9803, 8003, or
9436 lm2). Therefore, in order to maintain con-
stant total blood #ow per unit tissue volume, the
#ow through each network was rescaled in pro-
portion to the tissue cross-section. In the net-
works with tortuosity (TU, TA), the increased
vessel length resulted in increased hydrodynamic
resistance and hence decreased blood #ow.
Therefore, the arterio-venous pressure di!erence
was increased by approximately 18% in these
networks to maintain constant blood #ow.
Since the nonlinearities in the #ow model do not
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depend on the magnitude of the blood velocity,
adjusting the total #ow (either directly or via the
pressure gradient) does not change the #ow
distribution in the network.

METABOLIC STATE

Although working muscle was of primary
interest, the arterio-venous pressure di!erence
was set (at 10 mmHg) to match observed resting
conditions, taken to be an average longitudinal
velocity of approximately 100 lms~1 (Ellsworth
et al., 1988; Dong, 1997). With the exception of
one resting case (TA

1
-rest), calculated #ow rates

were increased "ve-fold (to an average of 500 lm
s~1) and consumption was set at ten times resting
(10M

0
"1.57]10~3 ml O

2
ml~1 s~1) in all oxy-

gen transport calculations.

NUMERICAL METHOD

The transport equations were solved by adding
time derivatives of P and S to the right-hand side
of eqns (4) and (5), respectively, and advancing
the solution until a steady state was reached. The
tissue volume was discretized into a uniform rec-
tangular grid and the capillaries were divided
into short cylindrical segments. A "nite-
di!erence method was used with interpolation
between the tissue grid and the capillary seg-
ments. A similar method was used in earlier
studies (Popel et al., 1986; Ellsworth et al., 1988);
however, in these cases all capillary segments
were aligned with the z-axis and capillary bifur-
cations were not considered. In the present case,
these restrictions were relaxed, making the geo-
metric calculations much more complicated. In
particular, in order to apply the boundary condi-
tions for eqn (4) and calculate the wall #ux for
eqn (5), it was necessary to "nd the intersection of
the tissue grid lines with the capillary cylinders
and compute the normal vectors at each inter-
section point.

To solve the transport equations, an explicit
time-stepping scheme was used, with central
di!erencing for spatial derivatives and upwinding
for the convective term in eqn (5). Before begin-
ning the present study, the spatial accuracy of the
numerical method was veri"ed for several cases
by re"ning the tissue and capillary discretiz-
ations. In addition, the simulation code was
validated by comparing results directly to the
Krogh}Erlang analytical solution for the case of
a single straight capillary with constant O

2
con-

sumption and no axial di!usion in the tissue. For
the calculations discussed, the grid spacing in the
tissue was approximately 1.5 lm in all directions
and capillary segments were approximately
12.5 lm in length.

Blood Flow Heterogeneity

The objective of this study was to investigate
the e!ect of the geometric complexity of micro-
vascular networks on oxygen transport. One
important aspect of this is the e!ect vessel bifur-
cations have on blood #ow and hematocrit distri-
butions in the network. As part of our oxygen
transport simulations, Q and H

D
were calculated

in all the capillary networks studied, using the
blood #ow model. Examples of the geometries
used can be seen in Fig. 2, which shows networks
SA

1
, SA

2
, SA

3
, and TA

3
. In Table 2, we present

results for the minimum, mean, and coe$cient of
variation (CV, S.D./mean) of Q and the eryth-
rocyte volume #ow F"QH

D
in the SU, SA, and

TA network types. Here Q has not been adjusted
for variations between realizations in tissue
cross-sectional area. Only results for SU net-
works are shown because #ow parameters are the
same in all capillaries of all unbranched cases
(SU, R, SU-counter, and TU). Figure 3 contains
the normalized histograms of v

b
obtained for the

networks shown in Fig. 2. It can be seen that
anastomoses change the uniform #ow patterns in
the unbranched networks into fairly wide #ow
distributions, qualitatively similar to those found
experimentally (Klitzman & Johnson, 1982;
Ellsworth et al., 1988).

Capillaries in the anastomosed cases have
slightly lower mean Q (5.5 vs. 6.0 pl/s), H

D
(0.42

vs. 0.43), and F (2.3 vs. 2.6 pl/s). However, the
minimum values of F are signi"cantly lower for
the anastomosed cases (0.1 vs. 2.6 pl/s) and the
coe$cient of variation of F is &30%. Thus,
capillary anastomoses were found to increase
the spatial heterogeneity of erythrocyte supply,
suggesting an increase in oxygen distribution
heterogeneity. As will be discussed in the next
section, the addition of anastomoses to networks
without tortuosity (SA) increased transport



FIG. 2. Capillary networks SA
1
, SA

2
, SA

3
, and TA

3
, where the subscripts refer to the realization. Except for the random

(R) networks, all networks with the same subscript are geometrically related. For example, SU
3
, SA

3
, TU

3
, and SU

3
-counter

are based on the same parallel vessel arrangement as TA
3
, but di!er in the presence or absence of anastomoses, parallel vessel

tortuosity, or countercurrent #ow.

TABLE 2
Results of blood -ow simulations*

Blood #ow
(pl s~1)

Erythrocyte #ow
(pl s~1)

Geometry Min Mean CV Min Mean CV

SU 6.0 6.0 0 2.6 2.6 0
SA 0.8 5.5 0.30 0.1 2.3 0.29
TA 0.7 5.6 0.29 0.1 2.4 0.27

*Statistics shown are for all vessel segments in each net-
work and are calculated using all realizations for each net-
work type: SU, SA, and TA.
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heterogeneity. However, the e!ect was small and
was reversed when tortuosity was added (TA
networks). The amount of #ow heterogeneity
found here is smaller than that observed experi-
mentally when data from many capillary mod-
ules are pooled together (Klitzman & Johnson,
1982; Klitzman et al., 1983; Popel & Dawant,
1986; Duling & Damon, 1987; Ellsworth et al.,
1988). A more relevant study is that of Ellis et al.
(1994), who found as much as &47% spatial
heterogeneity in the erythrocyte supply rate for
modules supplied by a single arteriole in rat EDL
muscle. The di!erence of &17% from the present
results could be due to the branching structure
from the arteriole which supplies capillaries in
actual modules and the multiple, non-uniform
venular outlets. Incorporating experimentally
measured geometry of this type is an important
next step in understanding #ow-related transport
heterogeneity.

Geometric Factors in Oxygen Transport

We investigated the oxygen-transport signi"-
cance of four structural properties of capillary
networks: (1) the constraint on the location of
parallel capillaries due to the arrangement of
muscle "bers; (2) the existence of tortuosity in
parallel capillaries, especially in contracting stri-
ated muscle; (3) the existence of anastomotic
cross-connections between parallel capillaries;
(4) the existence of countercurrent #ow in any
group of &&parallel'' capillaries. An indication of
the e!ects of these properties on oxygen trans-
port can be seen in Fig. 4, which shows the spatial
oxygen distributions obtained for cases SU

3
, R

3
,

TA
3
, and SU

3
-counter.

A summary of our oxygen transport results is
given in Table 3. Results for tissue oxygen deliv-
ery are shown graphically in Fig. 5, where oxygen
transport statistics are shown relative to the
reference case of muscle "ber-structured parallel



FIG. 3. Histograms of blood velocity distribution in networks SA
1
, SA

2
, SA

3
, and TA

3
.
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capillaries (SU). The underlying muscle-"ber
geometry, vessel tortuosity and anastomoses, and
countercurrent #ow were all found to be impor-
tant determinants of the oxygen transport prop-
erties of capillary networks.

MUSCLE-FIBER GEOMETRY

The geometry of muscle "bers was seen to be of
considerable importance in oxygen transport. In
the absence of the muscle-"ber constraint (R net-
works), minimum tissue PO

2
decreased from 5.1

to 3.1 mmHg and the CV of tissue PO
2

increased
from 0.28 to 0.33. Thus, oxygen transport hetero-
geneity and the likelihood of localized tissue
hypoxia both increase when this underlying cap-
illary/"ber structure is neglected. The muscle-
"ber geometry is important because it produces
a more uniform distribution of parallel capillaries
(see below) and therefore more homogeneous
transport characteristics. A comparison of the
distribution functions for tissue PO

2
produced
by the SU and R networks is shown in Fig. 6. The
existence of larger regions of potential hypoxia in
the R networks can be seen in the spatial oxygen
distributions in Fig. 4.

To compare the heterogeneity of capillary
spacing in the R and SU networks, we estimated
sub-domain sizes using the closest-individual
method (Kayar et al., 1982). For each realization,
we covered the 2D tissue cross-section (excluding
a 5 lm border) with 104 uniformly spaced points
and computed the distance to the nearest capil-
lary, yielding a frequency distribution of domain
sizes (radii). The domain size for the R networks
was 12.0$6.1 lm (mean$S.D.), vs. 11.6$
5.5 lm for the SU case. Signi"cantly, besides hav-
ing lower means and being more narrow, the
distributions for the SU networks had lower
maximum sizes (29.1, 33.4, and 27.8 lm, respec-
tively, for the three realizations, vs. 35.1, 35.9, and
35.6 lm for the R case). Thus, the larger hetero-
geneity in domain sizes produced by the R
networks is the source of the observed increase in



FIG. 4. Spatial oxygen distributions produced by various network types. The "gure shows the same three isosurfaces of
tissue PO

2
(30, 23, and 12 mmHg; red, green, and blue, respectively), for networks SU

3
, R

3
, TA

3
, and SU

3
-counter. The

irregular pattern of isosurfaces seen for TA
3

occurs when the plotting routine attempts to follow the highly tortuous
capillaries.



TABLE 3
Results of oxygen transport simulations*

Tissue PO
2

(mmHg) End-capillary SO
2

Geometry Min Mean CV Min Mean CV

SU 5.1 20 0.28 0.22 0.31 0.12
R 3.1 19 0.33 0.20 0.31 0.17
SU-counter 5.6 19 0.24 0.22 0.31 0.13
SA 5.0 20 0.29 0.23 0.29 0.13
TU 5.0 21 0.27 0.21 0.30 0.13
TA 5.5 21 0.27 0.22 0.29 0.13
TA

1
-rest 25 31 0.10 0.45 0.46 0.013

TA
1

5.5 20 0.29 0.23 0.30 0.15

*Statistics are calculated using all realizations for each
network type: SU (straight unbranched), R (random),
SU-counter (straight unbranched countercurrent), SA
(straight anastomosed), TU (tortuous unbranched), and TA
(tortuous anastomosed). A single realization for resting
muscle is also shown (TA

1
-rest), along with the correspond-

ing working case (TA
1
).

FIG. 5. Results for tissue oxygen delivery. The minimum,
mean, and CV of tissue PO

2
for network types R, SA, TU,

TA, and SU-counter are shown relative to the reference case
SU. ( ) min; ( ) mean; (h) CV.

FIG. 6. Tissue PO
2

distribution functions for network
types SU, R, TA, and SU-counter.
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oxygen transport heterogeneity. A similar result
was obtained by Hoofd & Turek (1996), who
found that capillaries distributed randomly in 2D
produced much broader PO

2
histograms than

uniformly spaced capillaries.

TORTUOSITY

Vessel tortuosity was found to signi"cantly
improve oxygen transport when combined with
anastomoses. By itself, the addition of tortuosity
(TU networks) increased mean tissue PO

2
by 5%

and decreased CV(PO
2
) slightly, but also

decreased minimum PO
2
. Therefore, transport

heterogeneity decreased but the possibility of
hypoxia increased, so the e!ect of tortuosity
alone was ambiguous. In combination with anas-
tomoses, however, the addition of tortuosity (TA
networks) increased both minimum and mean
tissue PO

2
by more than 5%, and decreased

CV(PO
2
). Thus, the combined e!ect was in-

creased oxygen transport and decreased tissue
oxygen heterogeneity.

Tortuosity changes the capillary network
geometry and increases the surface area. The
greater surface area and erythrocyte residence
time in the networks with tortuosity allowed the
extraction of more oxygen from the capillaries, as
seen in the increased mean tissue PO

2
. However,

the PO
2
in the low-oxygen regions became slight-

ly lower, suggesting that more oxygen was re-
moved upstream. Combining anastomoses and
tortuosity improved all transport characteristics,
presumably due to favorable #ow redistribution
in addition to increased surface area and resi-
dence time. This improvement relative to the SU
networks can be seen in the oxygen distribution
function for the TA networks, shown in Fig. 6.

ANASTOMOSES

Anastomotic cross-connections, by them-
selves, did not signi"cantly a!ect transport



FIG. 7. Longitudinal variation of intracapillary oxygen
content. PO

2
in the parallel vessel segments is shown as

a function of z for (a) networks SU
2

and SU
2
-counter; (**)

SU
2
; () ) ) ) )) SU

2
-counter, and (b) networks TA

1
and TA

1
-

rest. Sharp changes in PO
2

indicate the presence of anas-
tomoses between parallel vessels.
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characteristics. Mean tissue PO
2

remained
almost unchanged in the SA networks, relative to
the SU networks, minimum PO

2
decreased

slightly, and CV(PO
2
) increased slightly. The

observed increase in transport heterogeneity is
somewhat surprising, since anastomoses might
be expected to decrease blood #ow heterogeneity
and therefore produce more homogeneous oxy-
gen distributions. The explanation for the present
results is the exact uniformity of hematocrit and
SO

2
inputs to the parallel vessels in our model,

which cannot be expected in the physiological
case. The fact that anastomoses were found to
have only a small e!ect is due to the relatively
small CVs of erythrocyte #ux produced by the
anastomoses.

The small e!ect of anastomoses observed here
is consistent with the results of Popel et al. (1986),
who found a signi"cant increase in spatial hetero-
geneity [CV(PO

2
)"0.58 for contracting muscle,

compared to a maximum of CV(PO
2
)"0.3 in

the present study] only for relatively large CVs of
erythrocyte #ux and inlet PO

2
(0.6 and 0.2, re-

spectively, compared to maximum values of 0.3
and 0 in the present study). As discussed above,
our results for #ow heterogeneity in a single cap-
illary module are in the range of experimental
values (0.3 vs. 0.47). The variation of inlet PO

2
,

taken here to be uniform, has not been measured
for individual modules but is expected to be
small. Without considering modules, Ellsworth
et al. (1988) measured a CV of inlet capillary SO

2
of 0.14.

The oxygen-transport role of anastomoses
given non-uniform inputs has not yet been
investigated, but it seems that the amount of
heterogeneity in tissue PO

2
distributions found

experimentally (Klitzman et al., 1983) and shown
in numerical simulations to require large supply
heterogeneity must have its origin above the level
of the capillary module. Whether the necessary
heterogeneity in capillary inlet SO

2
occurs at the

terminal arterioles or at a higher level remains to
be investigated.

COUNTERCURRENT FLOW

Figure 7(a) shows a typical pattern of intra-
capillary PO

2
for one of the countercurrent net-

works studied. Countercurrent #ow was found to
improve oxygen delivery, increasing minimum
tissue PO

2
from 5.1 to 5.6 mmHg and decreasing

CV(PO
2
) from 0.28 to 0.24 when 2 of 11 parallel

capillaries were given countercurrent #ows. As
Fig. 4 shows, the presence of countercurrent
#ow signi"cantly a!ects spatial oxygen distri-
butions. This e!ect can also be seen in the
PO

2
distribution function for the counter-

current networks, shown in Fig. 6. Thus, while
the degree of countercurrent #ow varies greatly
between di!erent tissues, its presence is seen
to have important consequences and must be
considered.



FIG. 8. Results for networks with blockages. The mini-
mum of erythrocyte volume #ux in parallel vessel segments
and the minimum, mean, and CV of tissue PO

2
are shown

for network types SA, SU-blocked, and SA-blocked relative
to the SU networks. ( ) min F; ( ) min P; ( ) mean P;
(h) CV(P).
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END-CAPILLARY SO
2

We have discussed the e!ect of four geometric
factors on tissue oxygen distribution. These fac-
tors also a!ect capillary oxygen content, and
additional understanding of oxygen delivery het-
erogeneity can be gained by examining SO

2
at

the venous ends of the parallel capillaries (S
ec
).

These results are shown in Table 3. It can be seen
that the absence of the muscle-"ber construction
in the R networks greatly increases CV(S

ec
) and

decreases minimum S
ec

, indicating a large
increase in delivery heterogeneity. By contrast, all
the network types based on the muscle-"ber geo-
metry, including SU-counter, have nearly the
same CV(S

ec
). This is another indication of the

importance of the underlying muscle-"ber geo-
metry in determining oxygen transport charac-
teristics of capillary networks. Note that mean
S
ec

varied slightly between cases with essentially
the same consumption due to the fact that #ow-
weighted averages were not used.

RESTING MUSCLE

The increased importance of oxygen delivery
heterogeneity in exercise can be seen by examin-
ing a case of resting muscle, TA

1
-rest. As Table 3

shows, compared to the exercise case, TA
1
, mini-

mum and mean values of both tissue PO
2

and
end-capillary SO

2
increased greatly, while

CV(PO
2
) and CV(S

ec
) decreased by factors of

3 and 11, respectively. The relative homogeneity
in the resting case, speci"cally the equilibration of
capillary PO

2
, can also be seen in longitudinal

plots of intracapillary PO
2
, shown in Fig. 7(b).

Vessel Blockages and Anastomoses

To examine one possible role of anastomoses,
2 of the 11 parallel vessels in the SU and SA
networks were partially blocked. This was done
by arti"cially increasing the resistance (by ap-
proximately a factor of 10) in several vessel seg-
ments of each SU network and removing the
analogous segments in the SA networks, giving
network types SU- and SA-blocked. The result-
ing blood #ows were then calculated and used in
oxygen transport simulations, after being correc-
ted to maintain constant #ow per unit tissue
volume. In the SU networks the blockages
decreased #ow in two parallel vessels, while in
the SA networks blockages caused #ow to be
redistributed to other parallel vessels, with #ow
possibly returning to a blocked parallel vessel
downstream of the blocked segments. A similar
study of #ow in capillary networks with anas-
tomoses was done by Hudetz (1993), who found
that blockages in these networks produced
a small increase in total #ow resistance up to
a critical blockage fraction of &30%. Beyond
this &&percolation limit'' #ow resistance increased
very sharply, which would not happen for purely
parallel capillaries and therefore indicates a pos-
sible drawback of capillary networks containing
anastomoses.

Our results for networks with blockages are
given in Fig. 8. Both hemodynamic and oxygen
transport consequences of vessel blockage were
found to be large for the unbranched networks,
and were greatly reduced by the presence of anas-
tomoses. For the SU-blocked networks, mini-
mum erythrocyte #ux dropped from 2.6 to 0 pl s~1
and CV(F) rose from 0 to 0.47, and there was a
corresponding decrease in minimum tissue PO

2
and increase in CV(PO

2
). By comparison,

the SA-blocked networks showed relatively
small increases in hemodynamic and transport
heterogeneity. These results demonstrate the
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importance of anastomoses in maintaining
oxygen delivery when parallel vessels become
blocked, for example by white blood cells or due
to vessel injury. This steady-state "nding also
applies to transient capillary blockages having
time scales longer than a few seconds, which
occur often under normal conditions.

Summary

Using our computational model, we have
studied oxygen transport under physiological
conditions and obtained results on the import-
ance of several structural properties of capillary
networks in striated muscle. We found that capil-
lary tortuosity enhances oxygen transport. We
also found that capillary anastomoses do not
have a signi"cant e!ect under normal conditions,
but decrease transport heterogeneity when vessel
blockages are present. In addition, we found that
the network structure produced by muscle "bers
is an important factor in oxygen transport and
that countercurrent #ow can greatly increase the
e$ciency of oxygen delivery.

The results presented here are for relatively
small capillary networks, and do not include
arterioles or venules. Thus, signi"cant sources of
oxygen delivery heterogeneity, including most of
those due to #ow e!ects, have been omitted.
However, the results obtained indicate the role of
several aspects of microvascular structure that
have not been systematically investigated. To
con"rm and extend these results, studies of
larger, more complete networks, including those
obtained by three-dimensional reconstruction
from in vivo experiments, are needed.

This work was supported by NIH grants HL-18292
and HL-09595.
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APPENDIX

Derivation of Intravascular Transport Equation

If we consider the plasma and erythrocyte
spaces separately, we can write the following two
steady-state convective transport equations:

plasma v
b
(1!H

D
)

L
Lm

(a
pl
P
pl
)

#

1
nR Q j dh!

1
nR2

J"0,
(A.1)

erythrocyte v
b
H

D

L
Lm

(a
cell

P
cell

#C
Hb

S (P
cell

))

#

1
nR2

J"0, (A.2)

where P
pl

, P
cell

, and S are volume-averaged
plasma PO

2
, erythrocyte PO

2
, and erythrocyte

SO
2
, respectively. The parameters in the above

two-compartment model are the blood velocity,
v
b
, the discharge hematocrit, H

D
, the plasma and

erythrocyte oxygen solubilities, a
pl

and a
cell

, the
oxygen-binding capacity of hemoglobin, C

Hb
,

and the vessel radius, R. The capillary}tissue
oxygen #ux, j, is computed using the mass trans-
fer coe$cient k as shown in eqn (7). Note that
calculations of k included a detailed description
of Hb}O

2
kinetics inside the erythrocyte as well

as O
2

transport in the plasma, as described pre-
viously (Popel, 1989; Eggleton et al., 1998). J is
the erythrocyte}plasma oxygen #ux per unit cap-
illary length for an average PO

2
di!erence of

(P
cell

!P
pl
). J will depend on the local hematocrit

and can be expressed in terms of an erythrocyte}
plasma mass transfer coe$cient:

J"k
2
(P

cell
!P

pl
). (A.3)

To derive eqn (5), we add eqns (A.1) and (A.2).
The J terms cancel, and letting P

pl
"P

cell
"P

b
,

we obtain

v
b
H

D

L
Lm

(a
cell

P
b
#C

Hb
S(P

b
))

#v
b
(1!H

D
)

L
Lm

(a
pl

P
b
)#

1
nR Q j dh"0.

(A.4)
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If we now de"ne a
b
as in eqn (6) and let P

b
(S) be

the inverse of the oxyhemogoblin dissociation
function, we obtain

v
b

L
Lm

(H
D
C

Hb
S#a

b
P
b
(S))#

1
nR Q j dh"0.

(A.5)

Using the chain rule, the above derivative term
becomes v

b
(H

D
C

Hb
#a

b
dP

b
/dS) LS/Lm. Dividing
eqn (A.5) by (H
D
C

Hb
#a

b
dP

b
/dS) then gives

eqn (5) for intravascular oxygen transport. For
the current case, where the oxygen-carrying capa-
city of plasma is relatively small, the approxima-
tion P

pl
"P

cell
leads to minimal errors and allows

plasma-dissolved oxygen to be included despite
the absence of experimental or theoretical results
for k

2
. Alternatively, one could assume a small

"xed di!erence P
pl
"P

cell
!DP, in which case an

equation identical to eqn (5) would be obtained
but with P

b
"P

cell
!(1!H

T
) DP.
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