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We investigate a novel approach formulticriteria decisionmaking (MCDM)with hesitant intuitionistic fuzzy linguistic information.
To compare the hesitant intuitionistic fuzzy linguistic term sets (HIFLTSs), we propose a comparisonmethod of HIFLTSs. A family
of distance measures of HIFLTSs is developed. After that, we propose the grey relational bidirectional projection method based on
the proposed comparisonmethod anddistancemeasures of IVHFLNs for dealingwithMCDMproblems. Furthermore, we establish
a nonlinear optimization model to obtain the weight vector of criteria. Finally, an illustrative example is given to demonstrate the
effectiveness and flexibility of the proposed approach.

1. Introduction

Since 1975, Zadeh [1] first proposed the fuzzy linguistic term
set which can depict the qualitative fuzzy information. It
has become the beginning of qualitative decision making
research. Qualitative decision making has been widely con-
cerned by scholars and successfully applied tomany areas [2–
10]. However, in many practical qualitative decision making
cases, it is often difficult for decision makers to express
preferences by using a single linguistic term. The hesitant
fuzzy linguistic term set (HFLTS)was proposed by Rodriguez
et al. [11], which permits decision makers to use several
possible linguistic terms to express preferences. Because the
hesitant fuzzy linguistic term set can adequately express
vague and imprecise information, more close to the decision
maker’s qualitative thinking cognition, which is regarded as
a powerful tool for dealing with qualitative decision making
problems, scholars had an in-depth study of hesitant fuzzy
linguistic term sets and made some improvements.

In the aspect of the comparison method, Rodriguez et
al. [11] first proposed the possibility degree for comparing
HFLTSs; the definition of the possibility degree is based
on the interval value which is constructed by the HFLTSs’
envelopes. Wei et al. [12] pointed out that Rodriguez et

al.’s method may not accord with common sense, and they
constructed the new suitable possibility degree formula of
HFLTSs by using the possibility degree theory. Lee and
Chen [13] noted that the Rodriguez et al.’s and Wei et al.’s
methods were defined by using the maximum and minimum
operators, which can not rank the preference orders in some
cases. Thus, they proposed a novel comparison method of
HFLTSs based on the likelihood. Tian et al. [14] also from the
perspective of the likelihood proposed a qualitative flexible
multiple criteria method, which can measure the consistency
and inconsistency of the preference order under the hesitant
fuzzy linguistic environment.

As to the distancemeasure, Liao et al. [15] defined a family
of basic distance measures of HFLTs, then they proposed the
distance measures between two collections of HFLTs in con-
tinuous and discrete cases and applied the measure method
to the evaluation of the quality of movies. Liao and Xu [16]
proposed a series of cosine distance measures of HFLTs from
the geometric point of view, then the proposed measures
were applied to the selection of ERP systems. Wang et al.
[17] presented the hesitant fuzzy linguisticHausdorff distance
measure, which is not necessary to add and rearrange any
linguistic terms inHFLTs and applied the distancemeasure to
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the TOPSIS and TODIMmethods. Wang et al. [18] proposed
the Euclidean distance measure based on the function of the
position index for HFLTSs. Meng and Chen [19] considered
the ordered positions and the internal interactions, developed
the generalized hesitant fuzzy linguistic 2-additive Choquet
weighted distancemeasure and the generalized hesitant fuzzy
linguistic 2-additive Shapley Choquet weighted distance
measure, and then applied the proposed measure to evaluate
investment.

There are also some extensions of classical MCDM
methods. Liao and Xu [16] explored the TOPSIS and VIKOR
methods based on the cosine distance measure for solving
the hesitant fuzzy linguistic multicriteria decision making.
Liao et al. [20] used the VIKOR method for solving the
hesitant fuzzy linguistic multicriteria decision making in
which the criteria conflict with each other. Wei et al. [21]
considered the decision maker’s psychological behavior in
the MCDM and proposed a hesitant fuzzy linguistic TODIM
method. They applied the proposed method to evaluate
the telecommunications service providers. Wang et al. [18]
proposed the ELECTRE I method to deal with the MCDM
problems based on the distance measure for HFLTSs. Liao et
al. [22] defined the correlation coefficient ofHFLTSs, then the
traditional Chinese medical diagnosis was given to illustrate
the applicability of the proposed method. Lin et al. [23]
derived a family of hesitant fuzzy linguistic aggregation oper-
ators and applied the proposed operators to multiattribute
decision making. Farhadinia [24] solved the hesitant fuzzy
linguistic multiple criteria decision making problems with
completely unknown weights by entropy measure; Gou et al.
[25] proposed a hesitant fuzzy linguistic alternative queuing
method based on the entropy and cross-entropy measures
for the hesitant fuzzy linguistic term sets and applied the
proposed measure to the tertiary hospital management.

However, while using the hesitant fuzzy linguistic term
sets, only the linguistic terms in the membership function
are used to express the degree of certainty of the property,
and the importance of the uncertainty is ignored. In this case,
Beg andRashid [26] proposed the hesitant intuitionistic fuzzy
linguistic term sets (HIFLTSs) which take into account both
membership and nonmembership.The hesitant intuitionistic
fuzzy linguistic term sets can depict the hesitationmore com-
prehensively when faced with qualitative decision making
problems. They used the TOPSIS method to deal with the
hesitant intuitionistic fuzzy linguistic multicriteria decision
making problem. Liu et al. [27] extended the WA and OWA
operators to the hesitant intuitionistic fuzzy linguistic envi-
ronment and developed some hesitant intuitionistic fuzzy
linguistic aggregation operators and applied the HIFLWA
operator to the MCDM. Rashid et al. [28] constructed an
ELECTRE-based outranking method to deal with MCDM.
Faizi et al. [29] proposed an outranking method for hesitant
intuitionistic fuzzy linguistic group decision making based
on the support function, the risk function, and the credibility
function.

As mentioned previously, since HIFLTS was proposed
in 2014, the study of MCDM methods based on hesitant
intuitionistic fuzzy linguistic information is still at the initial
stage, only a few studies are involved, and there is still much

work we need to do for improving the research. First of all,
the possibility degree for comparing HIFLTSs has not been
studied. With respect to the shortcomings of the existing
possibility degree ofHFLTSs [11–13], we propose an improved
probability degree of HFLTSs, then on the basis of the above,
we define the possibility degree of HIFLTSs. This is the
first motivation of our work. Then, on the study of distance
measure, Beg and Rashid [26] defined the distance measure
of HIFLTSs; however, the proposed distance measure was
based on the envelope of HIFLTSs. If two HIFLTSs have the
same envelope, they will obtain the same distance, which
is unreasonable. Rashid et al. [28] only considered the case
that the number of elements in the membership degree
and nonmembership degree is equal. The distance measure
should be improved to overcome the drawback of the existing
distancemeasures.This is the secondmotivation of our work.
In addition, there are many famous methods for solving the
MCDM problems with hesitant fuzzy linguistic information
or hesitant intuitionistic fuzzy linguistic information, but
none of studies have used grey relational projection method
to handle the MCDM problems with hesitant fuzzy linguistic
information or hesitant intuitionistic fuzzy linguistic infor-
mation. Grey relational projection technology is one of the
effective methods to deal withMCDM problems [30–32]. We
improved the traditional grey relational projection method
and proposed the grey relational bidirectional projection
method to deal with theMCDMproblems under the hesitant
intuitionistic fuzzy linguistic environment. This is the third
motivation of our study.

The rest of this paper is organized as follows: In Section 2,
we present some definitions of the LTSs, HFLTSs, and
HIFLTSs. In Section 3, we propose the comparison method
and the distance measures of HFLTSs. Section 4 denotes
studying the hesitant intuitionistic fuzzy linguistic MCDM
based on the grey relational bidirectional projection. In
Section 5, we present a numerical example to demonstrate
the effectiveness and practicality of the proposed method
and also discuss the advantages of the proposed method. In
Section 6, we briefly conclude the paper.

2. Preliminaries

2.1. Linguistic Term Sets. Let 𝑆 = {𝑠𝑖 | 𝑖 = 0, 1, . . . , 𝑔}
be a finite linguistic term set with odd cardinality, where 𝑠𝑖
represents a possible value for a linguistic variable, and the
following characteristics should be satisfied [33]:

(1) The set is ordered: 𝑠𝛼 ≥ 𝑠𝛽 ⇔ 𝛼 ≥ 𝛽.
(2) There is a negation operator: neg(𝑠𝛼) = 𝑠𝑔−𝛼.
(3) If 𝑠𝛼 > 𝑠𝛽, then max{𝑠𝛼, 𝑠𝛽} = 𝑠𝛼, min{𝑠𝛼, 𝑠𝛽} = 𝑠𝛽.

2.2. Hesitant Fuzzy Linguistic Term Sets

Definition 1 (see [11]). Let 𝑆 = {𝑠0, 𝑠1, . . . , 𝑠𝑔} be a linguistic
term set; let𝐻𝑆 be anHFLTSwhich is an ordered finite subset
of the consecutive linguistic terms of 𝑆.
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Definition 2 (see [11]). Let 𝑆 = {𝑠0, 𝑠1, . . . , 𝑠𝑔} be a linguistic
term set, let 𝐻𝑆 be an HFLTS, and the operational laws are
defined as

(1) the upper bound: 𝐻𝑆+ = max(𝑠𝑖) = 𝑠𝑗, 𝑠𝑖 ∈ 𝐻𝑆 and𝑠𝑖 ≤ 𝑠𝑗 ∀𝑖;
(2) the lower bound: 𝐻𝑆− = min(𝑠𝑖) = 𝑠𝑗, 𝑠𝑖 ∈ 𝐻𝑆 and𝑠𝑖 ≤ 𝑠𝑗 ∀𝑖;
(3) the envelope: env(𝐻𝑆) = [𝐻𝑆− , 𝐻𝑆+];
(4) the complement: 𝐻𝑐𝑆 = 𝑆 − 𝐻𝑆 = {𝑠𝑖, 𝑠𝑖 ∈ 𝑆 and 𝑠𝑖 ∉𝐻𝑆}.

2.3. Hesitant Intuitionistic Fuzzy Linguistic Term Sets

Definition 3 (see [26]). Let 𝑋 be fixed; HIFLTSs on 𝑋 are
functions 𝐻(𝑥) and 𝐺(𝑥) that when applied to 𝑋 return
ordered finite subsets of the consecutive linguistic term set,𝑆 = {𝑠0, 𝑠1, . . . , 𝑠𝑔}; the mathematical symbol is defined as

𝐸𝑆 = {(𝑥,𝐻𝑆 (𝑥) , 𝐺𝑆 (𝑥)) | 𝑥 ∈ 𝑋} , (1)

where 𝐻(𝑥) and 𝐺(𝑥) are the subsets of the consecutive
linguistic terms of 𝑆, denoting the possible membership
degrees and nonmembership degrees of the element 𝑥 ∈ 𝑋
to the set 𝐸𝑆, respectively, with the conditions: max(𝐻𝑆(𝑥)) +
min(𝐺𝑆(𝑥)) ≤ 𝑠𝑔; min(𝐻𝑆(𝑥)) +max(𝐺𝑆(𝑥)) ≤ 𝑠𝑔.

For convenience, the pair (𝐻𝑆(𝑥), 𝐺𝑆(𝑥)) is called the hes-
itant intuitionistic fuzzy linguistic term element (HIFLTE),
denoted as (𝐻𝑆, 𝐺𝑆).
Definition 4 (see [26]). Let 𝐸𝑆 = (𝐻𝑆, 𝐺𝑆) be an HIFLTS; the
upper bound and lower bound are defined as

𝐻𝑆+ = max (𝑠𝑖) = 𝑠𝑗, 𝑠𝑖 ∈ 𝐻𝑆, 𝑠𝑖 ≤ 𝑠𝑗 ∀𝑖;
𝐻𝑆− = min (𝑠𝑖) = 𝑠𝑗, 𝑠𝑖 ∈ 𝐻𝑆, 𝑠𝑖 ≥ 𝑠𝑗 ∀𝑖;
𝐺𝑆+ = max (𝑠𝑖) = 𝑠𝑗, 𝑠𝑖 ∈ 𝐺𝑆, 𝑠𝑖 ≤ 𝑠𝑗 ∀𝑖;
𝐺𝑆− = min (𝑠𝑖) = 𝑠𝑗, 𝑠𝑖 ∈ 𝐺𝑆, 𝑠𝑖 ≥ 𝑠𝑗 ∀𝑖.

(2)

Definition 5 (see [26]). The envelope of the HIFLTS, env(𝐸𝑆),
is defined as

env (𝐸𝑆) = {[𝐻𝑆− , 𝐻𝑆+] , [𝐺𝑆− , 𝐺𝑆+]} . (3)

Definition 6. The complement of HIFLTS, 𝐸𝑆, is defined as

𝐸𝑐𝑆 = {(𝑆 − 𝐻𝑆) , (𝑆 − 𝐺𝑆)}
= {(𝑠𝑖, 𝑠𝑖 ∈ 𝑆, 𝑠𝑖 ∉ 𝐻𝑆) , (𝑠𝑖, 𝑠𝑖 ∈ 𝑆, 𝑠𝑖 ∉ 𝐺𝑆)} . (4)

3. A Comparison Method and Distance
Measures of HIFLTSs

3.1. A Comparison Method of HIFLTSs. Possibility degree
is one of the most appropriate comparison methods to
rank the preference order of different arguments. We have
already pointed out in Introduction that some scholars have

studied the possibility formula of HFLTSs; however, they
have the drawback that they cannot compare HFLTSs in
some cases. For instance, when the hesitant fuzzy linguistic
term sets reduce to only one element, the possibility formula
denominator is zero by using Lee and Chen’s method [13];
obviously, that is unreasonable. Wei et al.’s method [12] may
be a complex formula, but they gave us a good inspiration to
develop the possibility degree of HIFLTSs.

In this paper, we combine the ideas of methods in [12, 13]
and propose the improved possibility formula of HFLTSs,
which can rank the preference order more efficiently. The
possibility degree formula of HFLTSs is given as

𝑃 (𝐻1𝑆 ≥ 𝐻2𝑆) = max{1
−max( Ind (𝐻2+𝑆 ) − Ind (𝐻1−𝑆 ) + 1

#𝐻1𝑆 + #𝐻2𝑆 , 0) , 0} ,
(5)

where #𝐻1𝑆 , #𝐻2𝑆 are the number of elements in 𝐻1𝑆 , 𝐻2𝑆 .
Ind(𝑠𝑖) = 𝑖 (it provides the index associated with the label).

As with the possibility degree axiom of the interval
number, the possibility degree of 𝑝(𝐻1𝑆 ≥ 𝐻2𝑆 ) satisfies the
following properties:

(1) 0 ≤ 𝑝(𝐻1𝑆 ≥ 𝐻2𝑆 ) ≤ 1;
(2) 𝑝(𝐻1𝑆 ≥ 𝐻1𝑆 ) = 0.5;
(3) if𝐻1𝑆 ≥ 𝐻2𝑆 , then 𝑝(𝐻1𝑆 ≥ 𝐻2𝑆 ) = 1;

if𝐻1𝑆 ≤ 𝐻2𝑆 , then 𝑝(𝐻1𝑆 ≥ 𝐻2𝑆 ) = 0;
(4) 𝑝(𝐻1𝑆 ≥ 𝐻2𝑆 ) + 𝑝(𝐻2𝑆 ≥ 𝐻1𝑆 ) = 1;
(5) if𝐻1𝑆 = 𝐻2𝑆 , then 𝑝(𝐻1𝑆 ≥ 𝐻2𝑆 ) = 𝑝(𝐻2𝑆 ≥ 𝐻1𝑆 ) = 0.5.
Similar to the definition of the possibility degree for

HFLTS, we give the definition for HIFFLSs.

Definition 7. Let 𝑆 = {𝑠0, 𝑠1, . . . , 𝑠𝑔} be a linguistic term set, let𝐸1𝑆 = (𝐻1𝑆 , 𝐺1𝑆) and 𝐸2𝑆 = (𝐻2𝑆 , 𝐺2𝑆) be two HIFLTSs on 𝑆, and
the possibility degree of 𝑝(𝐸1𝑆 ≥ 𝐸2𝑆) is denoted as

𝑝 (𝐸1𝑆 ≥ 𝐸2𝑆) = 12 (𝑝 (𝐻1𝑆 ≥ 𝐻2𝑆) + 𝑝 (𝐺2𝑆 ≥ 𝐺1𝑆))
= 12 (max{1
−max( Ind (𝐻2+𝑆 ) − Ind (𝐻1−𝑆 ) + 1

#𝐻1𝑆 + #𝐻2𝑆 , 0) , 0}
+max{1
−max( Ind (𝐺1+𝑆 ) − Ind (𝐺2−𝑆 ) + 1

#𝐺1𝑆 + #𝐺2𝑆 , 0) , 0}) ,

(6)
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where #𝐻1𝑆 , #𝐻2𝑆 are the number of elements in 𝐻1𝑆 , 𝐻2𝑆 and
#𝐺1𝑆, #𝐺2𝑆 are the number of elements in 𝐺1𝑆, 𝐺2𝑆, respectively.
Ind(𝑠𝑖) = 𝑖 (it provides the index associated with the label).

Thepossibility degree of𝑝(𝐸1𝑆 ≥ 𝐸2𝑆) satisfies the following
properties:

(1) 0 ≤ 𝑝(𝐸1𝑆 ≥ 𝐸2𝑆) ≤ 1;
(2) 𝑝(𝐸1𝑆 ≥ 𝐸1𝑆) = 0.5;
(3) if 𝐸1𝑆 ≥ 𝐸2𝑆, then 𝑝(𝐸1𝑆 ≥ 𝐸2𝑆) = 1;

if 𝐸1𝑆 ≤ 𝐸2𝑆, then 𝑝(𝐸1𝑆 ≥ 𝐸2𝑆) = 0;
(4) 𝑝(𝐸1𝑆 ≥ 𝐸2𝑆) + 𝑝(𝐸2𝑆 ≥ 𝐸1𝑆) = 1;
(5) if 𝐸1𝑆 = 𝐸2𝑆, then 𝑝(𝐸1𝑆 ≥ 𝐸2𝑆) = 𝑝(𝐸2𝑆 ≥ 𝐸1𝑆) = 0.5.

3.2. Distance Measure of HIFLTSs. Xu [34] first proposed the
distance measure of the linguistic term sets as follows.

Definition 8 (see [34]). Let 𝑆 = {𝑠0, 𝑠1, . . . , 𝑠𝑔} be a linguistic
term set, let 𝑠𝛼, 𝑠𝛽 be two linguistic terms, and then the
deviation degree between 𝑠𝛼 and 𝑠𝛽 is

𝑑 (𝑠𝛼, 𝑠𝛽) = 𝛼 − 𝛽𝑔 + 1 , (7)

where 𝑔 + 1 is the number of linguistic terms in the set 𝑆.
Motivated by the definition of the distance measure for

LTSs, we define the distance measure of HIFLTSs 𝐸1𝑆 =(𝐻1𝑆 , 𝐺1𝑆) and 𝐸2𝑆 = (𝐻2𝑆 , 𝐺2𝑆).
𝐸1𝑆 = (𝐻1𝑆 , 𝐺1𝑆) = ( ⋃

𝜎1
𝑙
∈𝐻1
𝑆

{𝑠𝜎1
𝑙

| 𝑙 = 1, . . . , #𝐻1𝑆} ,

⋃
𝛿1
𝑘
∈𝐺1
𝑆

{𝑠𝛿1
𝑘

| 𝑘 = 1, . . . , #𝐺1𝑆}) ,

𝐸2𝑆 = (𝐻2𝑆 , 𝐺2𝑆) = ( ⋃
𝜎2
𝑙
∈𝐻2
𝑆

{𝑠𝜎2
𝑙

| 𝑙 = 1, . . . , #𝐻2𝑆} ,

⋃
𝛿2
𝑘
∈𝐺2
𝑆

{𝑠𝛿2
𝑘

| 𝑘 = 1, . . . , #𝐺2𝑆}) ,

(8)

where #𝐻1𝑆 , #𝐻2𝑆 are the number of linguistic terms in 𝐻1𝑆 ,𝐻2𝑆 and #𝐺1𝑆, #𝐺2𝑆 are the number of linguistic terms in 𝐺1𝑆,𝐺2𝑆, respectively. Where #𝐻1𝑆 = #𝐻2𝑆 = 𝐿 and #𝐺1𝑆 =
#𝐺2𝑆 = 𝐾, we need to make them equivalently by adding
some linguistic terms to the shorter HIFLTS, according to the
following principles: pessimistic principle, the lower bound
will be added; optimistic principle, the upper bound will be
added.

The distance measures for HIFLTSs 𝐸1𝑆 = (𝐻1𝑆 , 𝐺1𝑆), 𝐸2𝑆 =(𝐻2𝑆 , 𝐺2𝑆) are defined as follows.

The hesitant intuitionistic fuzzy linguistic Hamming dis-
tance is as follows:

𝑑hiflhd (𝐸1𝑆, 𝐸2𝑆)
= 12 (1𝐿

𝐿∑
𝑙=1

𝜎1𝑙 − 𝜎2𝑙 𝑔 + 1 + 1𝐾
𝐾∑
𝑘=1

𝛿1𝑘 − 𝛿2𝑘𝑔 + 1 ) . (9)

The hesitant intuitionistic fuzzy linguistic Euclidean dis-
tance is as follows:

𝑑hifled (𝐸1𝑆, 𝐸2𝑆) = (12 (1𝐿
𝐿∑
𝑙=1

(𝜎1𝑙 − 𝜎2𝑙 𝑔 + 1 )2

+ 1𝐾
𝐾∑
𝑘=1

(𝛿1𝑘 − 𝛿2𝑘𝑔 + 1 )2))
1/2

.
(10)

With the generalization of (9) and (10), the general-
ized hesitant intuitionistic fuzzy linguistic distance can be
obtained:

𝑑ghifld (𝐸1𝑆, 𝐸2𝑆) = (12 (1𝐿
𝐿∑
𝑙=1

(𝜎1𝑙 − 𝜎2𝑙 𝑔 + 1 )𝜆

+ 1𝐾
𝐾∑
𝑘=1

(𝛿1𝑘 − 𝛿2𝑘𝑔 + 1 )𝜆))
1/𝜆

.
(11)

Based on theHausdorff distancemeasure, the generalized
hesitant intuitionistic fuzzy linguistic Hausdorff distance is
expressed as

𝑑ghiglhd (𝐸1𝑆, 𝐸2𝑆) = (max
{{{max
𝑙

(𝜎1𝑙 − 𝜎2𝑙 𝑔 + 1 )𝜆 ,

max
𝑘

(𝛿1𝑘 − 𝛿2𝑘𝑔 + 1 )𝜆}}})
1/𝜆

.
(12)

With the combination of (11) and (12), we get the general-
ized hybrid hesitant intuitionistic fuzzy linguistic distance:

𝑑ghhigld (𝐸1𝑆, 𝐸2𝑆) = (12 (12 (1𝐿
𝐿∑
𝑙=1

(𝜎1𝑙 − 𝜎2𝑙 𝑔 + 1 )𝜆

+ 1𝐾
𝐾∑
𝑘=1

(𝛿1𝑘 − 𝛿2𝑘𝑔 + 1 )𝜆)

+max
{{{max
𝑙

(𝜎1𝑙 − 𝜎2𝑙 𝑔 + 1 )𝜆 ,max
𝑘

(𝛿1𝑘 − 𝛿2𝑘𝑔 + 1 )𝜆}}}))
1/𝜆

,

(13)

where 𝜎1𝑙 and 𝜎2𝑙 are the 𝑙th largest linguistic term in𝐻1𝑆 and𝐻2𝑆 and 𝛿1𝑘 and 𝛿2𝑘 are the 𝑘th largest linguistic term in𝐺1𝑆 and𝐺2𝑆.
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Definition 9. Thedistance measure 𝑑(𝐸1𝑆, 𝐸2𝑆) between 𝐸1𝑆 and𝐸2𝑆 satisfies the following properties:
(1) 0 ≤ 𝑑(𝐸1𝑆, 𝐸2𝑆) ≤ 1;
(2) 𝑑(𝐸1𝑆, 𝐸2𝑆) = 0 if and only if 𝐸1𝑆 = 𝐸2𝑆;
(3) 𝑑(𝐸1𝑆, 𝐸2𝑆) = 𝑑(𝐸2𝑆, 𝐸1𝑆).

4. Proposed Method for MCDM

The MCDM problem with hesitant intuitionistic fuzzy lin-
guistic information is shown as follows. Suppose that there
are 𝑚 alternatives 𝐴 = {𝐴1, 𝐴2, . . . , 𝐴𝑚} and 𝑛 criteria 𝐶 ={𝐶1, 𝐶2, . . . , 𝐶𝑛}; the weight vector of the criteria is 𝑊 =(𝑤1, 𝑤2, . . . , 𝑤𝑛), where 𝑤𝑗 ≥ 0, ∑𝑛𝑗=1 𝑤𝑗 = 1; assume that the
evaluation values are taken in the form of HIFLTSs, where𝐸𝑖𝑗
is the evaluation value of alternative𝐴 𝑖 respect to criteria 𝐶𝑗.
Hence, we construct the hesitant intuitionistic fuzzy linguistic
decision matrix 𝐸 = [𝐸𝑖𝑗]𝑚×𝑛.
Note. This paper omits the process of transforming the
linguistic information into HIFLTSs. The detailed process
was shown in [11].

4.1. Normalized Decision Matrix. We should translate the
decision matrix 𝐸 = [𝐸𝑖𝑗]𝑚×𝑛 into the normalized decision
matrix 𝐸 = [𝐸𝑖𝑗]𝑚×𝑛 before calculating the grey relational
bidirectional projection. In the MCDM system, there are
usually two types of criteria, the benefit criteria and the cost
criteria; the normalized 𝐸𝑖𝑗 is shown as

𝐸𝑖𝑗 = {{{
𝐸𝑖𝑗, 𝐶𝑗 ∈ benefit criteria

𝐸𝑐𝑖𝑗, 𝐶𝑗 ∈ cost criteria. (14)

4.2. Grey Relational Bidirectional Projection. Grey relational
projection method combines the advantages of the grey rela-
tional analysis [35–40] and the projection method [41–44],
which is an effective method to deal with MCDM problems.
However, the traditional projection method sometimes has
some shortcomings, for example, during the projection of two
vectors 𝑎 and 𝑐 onto the ideal solution 𝑏 at the same vertical
point, as shown in Figure 1. Their projection value is equal;
that is, the alternatives can not be compared.

Ye [45] proposed the bidirectional projection method,
which can overcome the shortcomings of the traditional
projection method; that is,

BP (𝑎, 𝑏) = 11 + |(𝑎 ⋅ 𝑏) / |𝑎| − (𝑎 ⋅ 𝑏) / |𝑏||
= |𝑎| ⋅ |𝑏||𝑎| ⋅ |𝑏| + ||𝑎| − |𝑏|| ⋅ 𝑎 ⋅ 𝑏 .

(15)

Motivated by Ye’s method, we combine the grey relational
analysis and the bidirectional projectionmethod and propose
the grey relational bidirectional projection method, which
can rank the preference order of alternatives efficiently.
Then, we present the grey relational bidirectional projection

a

b

c

Figure 1: The projection vector.

method and apply it to the hesitant intuitionistic fuzzy
linguistic MCDM.

Firstly, determine the hesitant intuitionistic fuzzy linguis-
tic ideal solution. For a normalized hesitant intuitionistic
fuzzy linguistic decision making matrix, the hesitant intu-
itionistic fuzzy linguistic positive ideal solution (HIFLPIS)
and the hesitant intuitionistic fuzzy linguistic negative ideal
solution (HIFLNIS) are expressed as

𝐸+ = {𝐸+1 , 𝐸+2 , . . . , 𝐸+𝑛}
𝐸− = {𝐸−1 , 𝐸−2 , . . . , 𝐸−𝑛} . (16)

Then calculate the generalized hybrid hesitant intuition-
istic fuzzy linguistic distance between 𝐸𝑖𝑗 and 𝐸+, and that
between 𝐸𝑖𝑗 and 𝐸− is shown as

𝑑+𝑖𝑗 = (12 (12 (1𝐿
𝐿∑
𝑙=1

(𝜎𝑖𝑗𝑙 − 𝜎+𝑙 𝑔 + 1 )𝜆 + 1𝐾
𝐾∑
𝑘=1

(𝛿𝑖𝑗𝑘 − 𝛿+𝑘 𝑔 + 1 )𝜆)

+max
{{{max
𝑙

(𝜎𝑖𝑗𝑙 − 𝜎+𝑙 𝑔 + 1 )𝜆 ,max
𝑘

(𝛿𝑖𝑗𝑘 − 𝛿+𝑘 𝑔 + 1 )𝜆}}}))
1/𝜆

,

𝑑−𝑖𝑗 = (12 (12 (1𝐿
𝐿∑
𝑙=1

(𝜎𝑖𝑗𝑙 − 𝜎−𝑙 𝑔 + 1 )𝜆 + 1𝐾
𝐾∑
𝑘=1

(𝛿𝑖𝑗𝑘 − 𝛿−𝑘 𝑔 + 1 )𝜆)

+max
{{{max
𝑙

(𝜎𝑖𝑗𝑙 − 𝜎−𝑙 𝑔 + 1 )𝜆 ,max
𝑘

(𝛿𝑖𝑗𝑘 − 𝛿−𝑘 𝑔 + 1 )𝜆}}}))
1/𝜆

.

(17)

Thus, the grey relational coefficient of each alternative
from the HIFLPIS and HIFLNIS can be formulated as

𝑟+𝑖𝑗 = min𝑖min𝑗𝑑+𝑖𝑗 + 𝜃max𝑖max𝑗𝑑+𝑖𝑗𝑑+𝑖𝑗 + 𝜃max𝑖max𝑗𝑑+𝑖𝑗 ,
𝑟−𝑖𝑗 = min𝑖min𝑗𝑑−𝑖𝑗 + 𝜃max𝑖max𝑗𝑑−𝑖𝑗𝑑−𝑖𝑗 + 𝜃max𝑖max𝑗𝑑−𝑖𝑗 ,

(18)

where 𝜃 ∈ [0, 1] is the resolution coefficient which is
decided by the decisionmaker; thuswe can construct the grey
relational coefficient matrices 𝑟+ = [𝑟+𝑖𝑗]𝑚×𝑛 and 𝑟− = [𝑟−𝑖𝑗]𝑚×𝑛.
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The grey relational coefficient between HIFLPIS and
HIFLPIS and that between HIFLNIS and HIFLNIS are,
respectively, shown as

𝑟+0 = (𝑟+01, 𝑟+02, . . . , 𝑟+0𝑛) = 1, 1, . . . , 1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑛

,
𝑟−0 = (𝑟−01, 𝑟−02, . . . , 𝑟−0𝑛) = 1, 1, . . . , 1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑛

. (19)

We can get the weighted grey relational coefficient matri-
ces 𝑅+ = [𝑅+𝑖𝑗]𝑚×𝑛 = [𝑤𝑗𝑟+𝑖𝑗]𝑚×𝑛 and 𝑅− = [𝑅−𝑖𝑗]𝑚×𝑛 =[𝑤𝑗𝑟−𝑖𝑗]𝑚×𝑛.

Theweighted grey relational coefficient betweenHIFLPIS
and HIFLPIS and that between HIFLNIS and HIFLNIS are,
respectively, shown as

𝑅+0 = (𝑅+01, 𝑅+02, . . . , 𝑅+0𝑛) = (𝑤1, 𝑤2, . . . , 𝑤𝑛) ,𝑅−0 = (𝑅−01, 𝑅−02, . . . , 𝑅−0𝑛) = (𝑤1, 𝑤2, . . . , 𝑤𝑛) . (20)

Combining the weighted grey relational coefficient and
the bidirectional projectionmethod, we get the weighted grey
relational bidirectional projection between 𝑅+𝑖 and 𝑅+0 , and
that between 𝑅−𝑖 and 𝑅−0 is, respectively, shown as

BP+𝑖 = 11 + (𝑅+𝑖 ⋅ 𝑅+0 ) / 𝑅+𝑖  − (𝑅+𝑖 ⋅ 𝑅+0 ) / 𝑅+0  =
𝑅+𝑖  ⋅ 𝑅+0 𝑅+𝑖  ⋅ 𝑅+0  + 𝑅+𝑖  − 𝑅+0  ⋅ 𝑅+𝑖 ⋅ 𝑅+0

= √∑𝑛𝑗=1 (𝑅+𝑖𝑗)2 ⋅ √∑𝑛𝑗=1 𝑤2𝑗
√∑𝑛𝑗=1 (𝑅+𝑖𝑗)2 ⋅ √∑𝑛𝑗=1 𝑤2𝑗 + √∑𝑛𝑗=1 (𝑅+𝑖𝑗)

2 − √∑𝑛𝑗=1 𝑤2𝑗  ⋅ ∑𝑛𝑗=1 𝑅+𝑖𝑗𝑤𝑗
,

BP−𝑖 = 11 + (𝑅−𝑖 ⋅ 𝑅−0 ) / 𝑅−𝑖  − (𝑅−𝑖 ⋅ 𝑅−0 ) / 𝑅−0  =
𝑅−𝑖  ⋅ 𝑅−0 𝑅−𝑖  ⋅ 𝑅−0  + 𝑅−𝑖  − 𝑅−0  ⋅ 𝑅−𝑖 ⋅ 𝑅−0

= √∑𝑛𝑗=1 (𝑅−𝑖𝑗)2 ⋅ √∑𝑛𝑗=1 𝑤2𝑗
√∑𝑛𝑗=1 (𝑅−𝑖𝑗)2 ⋅ √∑𝑛𝑗=1 𝑤2𝑗 + √∑𝑛𝑗=1 (𝑅−𝑖𝑗)

2 − √∑𝑛𝑗=1 𝑤2𝑗  ⋅ ∑𝑛𝑗=1 𝑅−𝑖𝑗𝑤𝑗
.

(21)

For the alternative 𝐴 𝑖, the closer the value of BP+𝑖 is to 1,
the closer it is to HIFLPIS, the closer the value of BP−𝑖 is to 1,
the closer it is to HIFLNIS, obviously, the larger the value of
BP+𝑖 is, the better 𝐴 𝑖 is, and the smaller the value of BP−𝑖 is,
the better 𝐴 𝑖 is and vice versa. Thus we construct the relative
closeness formula.

𝐶𝑖 = BP+𝑖
BP+𝑖 + BP−𝑖

. (22)

In general, the larger 𝐶𝑖 is, the better 𝐴 𝑖 is and vice versa.
4.3. Determine the Attribute Weight. In this paper we con-
sider the case where the criteria weight information is partly
known. As we know, there are many methods for deriving
criteria weights, such as the deviation-based method [46, 47]
and the entropy-based method [48, 49]. We combine the
advantages of the deviation-based method and the entropy-
based method and construct the combined optimization
model.

We first construct the optimization model𝑀1 according
to the minimum deviation method. The grey relational
coefficient deviation between the alternative𝐴 𝑖 and HIFLPIS
is (1−𝑟+𝑖𝑗), to eliminate the effects of symbols, we take the form
of the squared, and totally, we have

𝑀1: min 𝐶1 (𝑤) = 𝑚∑
𝑖=1

𝑛∑
𝑗=1

[(1 − 𝑟+𝑖𝑗)𝑤𝑗]2
s.t. 0 ≤ 𝑤𝐿𝑗 ≤ 𝑤𝑗 ≤ 𝑤𝑈𝑗 ≤ 1

𝑛∑
𝑗=1

𝑤𝑗 = 1.
(23)

The principle of information entropymethod is that, in all
feasible solutions or possible solutions, themaximumentropy
is chosen. The maximum entropy means that the amount
of information obtained is the smallest. In the process of
solving, the amount of information added is the least, so the
entropy-based method is reasonable when the criteria weight
information is partly known. We construct the optimization
model𝑀2 as follows:

𝑀2: max 𝐶2 (𝑤) = − 𝑛∑
𝑗=1

𝑤𝑗 ln𝑤𝑗
s.t. 0 ≤ 𝑤𝐿𝑗 ≤ 𝑤𝑗 ≤ 𝑤𝑈𝑗 ≤ 1

𝑛∑
𝑗=1

𝑤𝑗 = 1.
(24)
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Combine𝑀1 and𝑀2, then we have optimization model𝑀3:
𝑀3: min 𝐶 (𝑤)

= 𝛼 𝑚∑
𝑖=1

𝑛∑
𝑗=1

[(1 − 𝑟+𝑖𝑗)𝑤𝑗]2

− (1 − 𝛼) 𝑛∑
𝑗=1

𝑤𝑗 ln𝑤𝑗
s.t. 0 ≤ 𝑤𝐿𝑗 ≤ 𝑤𝑗 ≤ 𝑤𝑈𝑗 ≤ 1

𝑛∑
𝑗=1

𝑤𝑗 = 1,

(25)

where𝛼 represents the equilibrium coefficient; without losing
generality, we let 𝛼 = 0.5.The criteria weights can be obtained
by Matlab software.

4.4. The Procedure of the MCDM Method. The algorithm for
the proposed method is shown as follows.

Step 1. Construct the decision matrix 𝐸 = [𝐸𝑖𝑗]𝑚×𝑛, then
translate the decision matrix into the normalized decision
matrix 𝐸 = [𝐸𝑖𝑗]𝑚×𝑛.
Step 2. Determine the hesitant intuitionistic fuzzy linguistic
positive ideal solution (HIFLPIS) 𝐸+and the hesitant intu-
itionistic fuzzy linguistic negative ideal solution (HIFLNIS)𝐸−, according to Definition 7.

Step 3. Calculate the generalized hybrid hesitant intuition-
istic fuzzy linguistic distance between 𝐸𝑖𝑗 and 𝐸+ and that
between 𝐸𝑖𝑗 and 𝐸−, shown in (17), based on the distance
measure. We get the grey relational coefficient of each
alternative from the HIFLPIS and HIFLNIS, according to
(18), then the grey relational coefficientmatrices 𝑟+ = [𝑟+𝑖𝑗]𝑚×𝑛
and 𝑟− = [𝑟−𝑖𝑗]𝑚×𝑛 are constructed.
Step 4. Obtain the criteria weight by solving the optimization
model𝑀3.
Step 5. Calculate the grey relational bidirectional projection
between each alternative and the HIFLPIS and that between
each alternative and the HIFLNIS, according to (21); thus, the
relative closeness can be constructed in (22).

Step 6. Rank all alternatives according to the relative close-
ness.

5. Illustrative Example
5.1. Example. In this section, an illustrative example about
courses evaluation for a MCDM problem adopted from [28]
is given to show themethod proposed in this paper.There are
three courses we need to evaluate, 𝐴1, 𝐴2, and 𝐴3, and four
criteria,𝐶1,𝐶2,𝐶3, and𝐶4.The criteriaweights information is
partly known, assuming 0.38 ≤ 𝑤1 ≤ 0.42, 0.30 ≤ 𝑤2 ≤ 0.35,0.18 ≤ 𝑤3 ≤ 0.21, and 0.07 ≤ 𝑤4 ≤ 0.09. The linguistic
term set 𝑆 = {𝑠0, 𝑠1, 𝑠2, 𝑠3, 𝑠4, 𝑠5, 𝑠6} = {𝑠0 = very poor,𝑠1 = poor, 𝑠2 = medium, 𝑠3 = fair, 𝑠4 = medium good,𝑠5 = good, 𝑠6 = very good}, the linguistic information. The
evaluation information takes the form of HIFLTSs, where 𝐸𝑖𝑗
is the evaluation value of the alternative𝐴 𝑖 on the criteria𝐶𝑗,
and then the decision matrix is as follows:

𝐸 = [[[[
{(𝑠2, 𝑠3) , (𝑠0)} , {(𝑠4, 𝑠5, 𝑠6) , (𝑠0)} , {(𝑠0, 𝑠1, 𝑠2) , (𝑠4)} , {(𝑠4, 𝑠5) , (𝑠0, 𝑠1)}{(𝑠3) , (𝑠2, 𝑠3)} , {(𝑠2, 𝑠3, 𝑠4) , (𝑠0, 𝑠1)} , {(𝑠2, 𝑠3) , (𝑠3, 𝑠4)} , {(𝑠6) , (𝑠0)}{(𝑠3, 𝑠4) , (𝑠0, 𝑠1)} , {(𝑠3, 𝑠4) , (𝑠0, 𝑠2)} , {(𝑠4) , (𝑠0, 𝑠2)} , {(𝑠0, 𝑠1, 𝑠2, 𝑠3) , (𝑠3)}

]]]]
. (26)

The procedure to obtain the most desirable alternative is
as follows.

Step 1. Transform the decision matrix 𝐸 = [𝐸𝑖𝑗]3×4 into the
normalized decision matrix 𝐸 = [𝐸𝑖𝑗]3×4. We get

𝐸 = [[[[
{(𝑠2, 𝑠3) , (𝑠0, 𝑠0)} , {(𝑠4, 𝑠5, 𝑠6) , (𝑠0, 𝑠0)} , {(𝑠0, 𝑠1, 𝑠2) , (𝑠4, 𝑠4)} , {(𝑠4, 𝑠4, 𝑠4, 𝑠5) , (𝑠0, 𝑠1)}{(𝑠3, 𝑠3) , (𝑠2, 𝑠3)} , {(𝑠2, 𝑠3, 𝑠4) , (𝑠0, 𝑠1)} , {(𝑠2, 𝑠2, 𝑠3) , (𝑠3, 𝑠4)} , {(𝑠6, 𝑠6, 𝑠6, 𝑠6) , (𝑠0, 𝑠0)}{(𝑠3, 𝑠4) , (𝑠0, 𝑠1)} , {(𝑠3, 𝑠3, 𝑠4) , (𝑠0, 𝑠2)} , {(𝑠4, 𝑠4, 𝑠4) , (𝑠0, 𝑠2)} , {(𝑠0, 𝑠1, 𝑠2, 𝑠3) , (𝑠3, 𝑠3)}

]]]]
. (27)

Step 2. According to Definition 7, we determine HIFLPIS
and HIFLNIS and have

𝐸+ = {{(𝑠3, 𝑠4) , (𝑠0, 𝑠1)} , {(𝑠4, 𝑠5, 𝑠6) , (𝑠0, 𝑠0)} , {(𝑠4, 𝑠4, 𝑠4) , (𝑠0, 𝑠2)} , {(𝑠6, 𝑠6, 𝑠6, 𝑠6) , (𝑠0, 𝑠0)}} ,
𝐸− = {{(𝑠3, 𝑠3) , (𝑠2, 𝑠3)} , {(𝑠2, 𝑠3, 𝑠4) , (𝑠0, 𝑠1)} , {(𝑠0, 𝑠1, 𝑠2) , (𝑠4, 𝑠4)} , {(𝑠0, 𝑠1, 𝑠2, 𝑠3) , (𝑠3, 𝑠3)}} . (28)
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Step 3. Calculate the generalized hybrid hesitant intuition-
istic fuzzy linguistic distances 𝑑+𝑖𝑗 and 𝑑−𝑖𝑗, based on (17), let𝜆 = 2, and then we construct the distance matrix as follows:

𝐷+ = [[[
0.1336 0.0000 0.5273 0.27200.2525 0.2673 0.3712 0.00000.0000 0.2525 0.0000 0.7660

]]]
,

𝐷− = [[[
0.3571 0.2673 0.0000 0.49740.0000 0.0000 0.2422 0.76600.2525 0.1129 0.5273 0.0000

]]]
.

(29)

According to (18), we calculate the grey relational coeffi-
cient of each alternative fromHIFLPIS andHIFLNIS,without
losing generality; let 𝜃 = 0.5. We have

𝑟+ = [[[
0.7413 1.0000 0.4207 0.58470.6026 0.5890 0.5079 1.00001.0000 0.6026 1.0000 0.3333

]]]
,

𝑟− = [[[
0.5175 0.5890 1.0000 0.43501.0000 1.0000 0.6126 0.33330.6026 0.7723 0.4207 1.0000

]]]
.

(30)

Step 4. Solve the optimization model 𝑀3 by using the
fmincon function in Matlab software. We get

𝑊 = (0.3837, 0.3163, 0.2100, 0.0900)𝑇 . (31)

Step 5. Calculate the grey relational bidirectional projection
between each alternative and the HIFLPIS and the grey
relational bidirectional projection between each alternative
and the HIFLNIS, according to (21). We have

BP+1 = 0.9040,
BP+2 = 0.8216,
BP+3 = 0.9374,
BP−1 = 0.8376,
BP−2 = 0.9691,
BP−3 = 0.8445.

(32)

Calculate the relative closeness, shown in (22). We obtain

𝐶1 = 0.5191,
𝐶2 = 0.4588,
𝐶3 = 0.5261.

(33)

Table 1: The relative closeness with respect to 𝜆 = 2.
𝜃 𝐴1 𝐴2 𝐴3 Rankings
0.2 0.4922 0.4506 0.5550 𝐴3 ≻ 𝐴1 ≻ 𝐴2
0.4 0.4980 0.4611 0.5445 𝐴3 ≻ 𝐴1 ≻ 𝐴2
0.6 0.4999 0.4684 0.5370 𝐴3 ≻ 𝐴1 ≻ 𝐴2
0.8 0.5005 0.4734 0.5317 𝐴3 ≻ 𝐴1 ≻ 𝐴2
1.0 0.5007 0.4771 0.5277 𝐴3 ≻ 𝐴1 ≻ 𝐴2

Table 2: The relative closeness with respect to 𝜆 = 5.
𝜃 𝐴1 𝐴2 𝐴3 Rankings
0.2 0.4923 0.4504 0.5558 𝐴3 ≻ 𝐴1 ≻ 𝐴2
0.4 0.4984 0.4608 0.5452 𝐴3 ≻ 𝐴1 ≻ 𝐴2
0.6 0.5005 0.4681 0.5376 𝐴3 ≻ 𝐴1 ≻ 𝐴2
0.8 0.5012 0.4731 0.5322 𝐴3 ≻ 𝐴1 ≻ 𝐴2
1.0 0.5014 0.4768 0.5282 𝐴3 ≻ 𝐴1 ≻ 𝐴2
Step 6. Rank all the alternatives

𝐴3 ≻ 𝐴1 ≻ 𝐴2. (34)

Furthermore, for comparative analysis, we apply the
weight vector of the criteria in [26], then the result is as
follows.

Step 5∗. Calculate the grey relational bidirectional projection
between each alternative and the HIFLPIS and the grey
relational bidirectional projection between each alternative
and the HIFLNIS, according to (21). We have

BP+1 = 0.8671,
BP+2 = 0.8270,
BP+3 = 0.9702,
BP−1 = 0.8690,
BP−2 = 0.9433,
BP−3 = 0.8319.

(35)

Calculate the relative closeness, shown in (22). We obtain

𝐶1 = 0.4995,
𝐶2 = 0.4671,
𝐶3 = 0.5384.

(36)

Step 6∗. Rank all the alternatives

𝐴3 ≻ 𝐴1 ≻ 𝐴2. (37)

The results are the same as those in [26], so the proposed
method in this paper is effective.

From Tables 1–4, we note that when the parameters 𝜃, 𝜆
change, the relative closeness changes trends: when 𝜆 is fixed,
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Table 3: The relative closeness with respect to 𝜃 = 0.2.
𝜆 𝐴1 𝐴2 𝐴3 Rankings
2 0.4922 0.4506 0.5550 𝐴3 ≻ 𝐴1 ≻ 𝐴2
4 0.4922 0.4504 0.5557 𝐴3 ≻ 𝐴1 ≻ 𝐴2
6 0.4923 0.4504 0.5559 𝐴3 ≻ 𝐴1 ≻ 𝐴2
8 0.4924 0.4504 0.5559 𝐴3 ≻ 𝐴1 ≻ 𝐴2
10 0.4924 0.4504 0.5559 𝐴3 ≻ 𝐴1 ≻ 𝐴2

Table 4: The relative closeness with respect to 𝜃 = 0.5.
𝜆 𝐴1 𝐴2 𝐴3 Rankings
2 0.4992 0.4651 0.5404 𝐴3 ≻ 𝐴1 ≻ 𝐴2
4 0.4996 0.4648 0.5410 𝐴3 ≻ 𝐴1 ≻ 𝐴2
6 0.4998 0.4648 0.5411 𝐴3 ≻ 𝐴1 ≻ 𝐴2
8 0.5000 0.4648 0.5411 𝐴3 ≻ 𝐴1 ≻ 𝐴2
10 0.5000 0.4649 0.5411 𝐴3 ≻ 𝐴1 ≻ 𝐴2
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Figure 2: Relative closeness with respect to 𝜃 when 𝜆 = 2.
the change 𝜃 has obvious effect on the relative closeness, but
when 𝜃 is fixed, the change 𝜆 has no obvious effect on the rel-
ative closeness. All ranking results are 𝐴3 ≻ 𝐴1 ≻ 𝐴2, which
means that 𝐴3 is the best alternative. Moreover, the trends
of the relative closeness of three alternatives can be shown
directly in Figures 2–5, and we also present the relative close-
ness for the three alternativeswhen𝜆 and 𝜃 change simultane-
ously, which is shown in Figures 6–8; the results show that𝐴3
is always the best alternative. Thus, the choice of the parame-
ter 𝜃 can reflect the decision maker’s risk attitude, if the deci-
sionmaker is risk averse, let 𝜃 be a larger value, and vice versa.
5.2. Advantages of the Proposed Method

(1) Compared with the possibility degree of HFLTSs
studied in [11–13], the possibility degree formula pro-
posed in this paper can overcome the drawback of the
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Figure 3: Relative closeness with respect to 𝜃 when 𝜆 = 5.
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Figure 4: Relative closeness with respect to 𝜆 when 𝜃 = 0.2.

previous work. We derived the possibility degree of
HIFLTSs based on the possibility degree of HFLTSs,
which can compare the HIFLTSs more effectively.
Moreover, the possibility degree and the distance
measure which are proposed in this paper are not
only the foundation of the proposed grey relational
bidirectional projection method but also foundation
of many classical decision making methods including
TOPSIS, PROMETHEE, and VIKOR.
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Figure 5: Relative closeness with respect to 𝜆 when 𝜃 = 0.5.
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Figure 6: Relative closeness for 𝐴1(𝜆 ∈ (0, 10], 𝜃 ∈ (0, 1]).
(2) In contrast to the studies in [15, 22], the grey relational

bidirectional projection method combines the dis-
tance measure and the correlation coefficient, which
can integrate the influence of the whole criteria space
and avoid the unidirectional deviation.

(3) The criteria weights are determined by the nonlinear
optimization model, which consists of the minimum
deviationmodel [46, 47] and the information entropy
model [48, 49].The optimizationmodel combines the
advantages of both methods, which is based on the
evaluation and theweights information.Therefore, we
can reduce the impact of subjective human factors
and obtain the reasonable criteria weights.

(4) The proposed grey relational bidirectional projection
method integrates the grey relational analysis into the
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Figure 7: Relative closeness for 𝐴2(𝜆 ∈ (0, 10], 𝜃 ∈ (0, 1]).
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Figure 8: Relative closeness for 𝐴3(𝜆 ∈ (0, 10], 𝜃 ∈ (0, 1]).

bidirectional projection. The method can overcome
the drawbacks of the traditional grey relational pro-
jection [30–32], which cannot rank the preference
order of the alternative in some situations.

6. Conclusion

The hesitant intuitionistic fuzzy linguistic term sets have a
good advantage in the expression of hesitation information,
which is especially important in the background of quali-
tative decision making. In this paper, we have investigated
a novel qualitative decision making method based on the
grey relational bidirectional projection with the hesitant
intuitionistic fuzzy linguistic information. We have derived
the possibility degree for comparing the HIFLTSs. We have
proposed a family of distance measure for the HIFLTSs.
Based on the possibility degree and the distance measure,
we have proposed the grey relational bidirectional projection
method, which combines the grey relational analysis and the
vector projection theory. The combined nonlinear optimiza-
tion model has been used to determine the criteria weight,
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where the information on criteria weights is partly known.
The numerical example shows that the proposed method is
suitable for dealing with the MCDM. Moreover, the model
has good practicability and can be further applied in wider
fields.

In future research, we will apply our possibility degree
and distance measures to order decision making methods,
such as ELECTRE and PROMETHEE. Furthermore, we
will also focus on the extended hesitant intuitionistic fuzzy
linguistic term sets theory, including the interval-valued
hesitant intuitionistic fuzzy linguistic term sets and the
hesitant intuitionistic fuzzy uncertain linguistic term sets.
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[21] C.Wei, Z. Ren, and R.M. Rodŕıguez, “A hesitant fuzzy linguistic
TODIM method based on a score function,” International
Journal of Computational Intelligence Systems, vol. 8, no. 4, pp.
701–712, 2015.

[22] H. Liao, Z. Xu, X.-J. Zeng, and J. M. Merigó, “Qualitative
decision making with correlation coefficients of hesitant fuzzy
linguistic term sets,” Knowledge-Based Systems, vol. 76, pp. 127–
138, 2015.

[23] R. Lin, X. Zhao, H.Wang, and G.Wei, “Hesitant fuzzy linguistic
aggregation operators and their application tomultiple attribute
decision making,” Journal of Intelligent & Fuzzy Systems: Appli-
cations in Engineering and Technology, vol. 27, no. 1, pp. 49–63,
2014.

[24] B. Farhadinia, “Multiple criteria decision-makingmethods with
completely unknown weights in hesitant fuzzy linguistic term
setting,” Knowledge-Based Systems, vol. 93, pp. 135–144, 2016.



12 Mathematical Problems in Engineering

[25] X. Gou, Z. Xu, and H. Liao, “Hesitant fuzzy linguistic entropy
and cross-entropy measures and alternative queuing method
formultiple criteria decisionmaking,” Information Sciences, vol.
388-389, pp. 225–246, 2017.

[26] I. Beg and T. Rashid, “TOPSIS for hesitant fuzzy linguistic term
sets,” International Journal of Intelligent Systems, vol. 28, no. 12,
pp. 1162–1171, 2013.

[27] X. Y. Liu, Y. B. Ju, and S. H. Yang, “Hesitant intuitionistic
fuzzy linguistic aggregation operators and their applications
to multiple attribute decision making,” Journal of Intelligent &
Fuzzy Systems: Applications in Engineering andTechnology, 2014.

[28] T. Rashid, S. Faizi, Z. Xu, and S. Zafar, “ELECTRE-based
outranking method for multi-criteria decision making using
hesitant intuitionistic fuzzy linguistic term sets,” International
Journal of Fuzzy Systems, 2017.

[29] S. Faizi, T. Rashid, and S. Zafar, “An outranking method for
multi-criteria group decision making using hesitant intuition-
istic fuzzy linguistic term sets,” Journal of Intelligent & Fuzzy
Systems: Applications in Engineering and Technology, vol. 32, no.
3, pp. 2153–2164, 2017.

[30] G. Zheng, Y. Jing, H. Huang, and Y. Gao, “Application of
improved grey relational projectionmethod to evaluate sustain-
able building envelope performance,”Applied Energy, vol. 87, no.
2, pp. 710–720, 2010.

[31] X. Zhang, F. Jin, and P. Liu, “A grey relational projectionmethod
for multi-attribute decision making based on intuitionistic
trapezoidal fuzzy number,” Applied Mathematical Modelling,
vol. 37, no. 5, pp. 3467–3477, 2013.

[32] H.-C. Liu, J.-X. You, X.-J. Fan, and Q.-L. Lin, “Failure mode and
effects analysis using D numbers and grey relational projection
method,” Expert Systems with Applications, vol. 41, no. 10, pp.
4670–4679, 2014.

[33] M. Delgado, J. L. Verdegay, andM. A. Vila, “Linguistic decision-
makingmodels,” International Journal of Intelligent Systems, vol.
7, no. 5, pp. 479–492, 1992.

[34] Z. S. Xu, “Deviation measures of linguistic preference relations
in group decision making,” Omega , vol. 33, no. 3, pp. 249–254,
2005.

[35] Y. Kuo, T. Yang, and G.-W. Huang, “The use of grey relational
analysis in solving multiple attribute decision-making prob-
lems,” Computers and Industrial Engineering, vol. 55, no. 1, pp.
80–93, 2008.

[36] Y.-C. Hu, “A novel fuzzy classifier with Choquet integral-based
grey relational analysis for pattern classification problems,” Soft
Computing, vol. 12, no. 6, pp. 523–533, 2008.

[37] G. Wei, “Gray relational analysis method for intuitionistic
fuzzy multiple attribute decision making,” Expert Systems with
Applications, vol. 38, no. 9, pp. 11671–11677, 2011.

[38] S. Pramanik and D. Mukhopadhyaya, “Grey relational analysis
based intuitionistic fuzzy multi-criteria group decision-making
approach for teacher selection in higher education,” Interna-
tional Journal of Computer Application, vol. 34, pp. 21–29, 2013.

[39] H. X. Tang, “A novel fuzzy soft set approach in decision making
based on grey relational analysis and Dempster-Shafer theory
of evidence,” Applied Soft Computing, vol. 31, pp. 317–325, 2015.

[40] N. Xie, Y. Han, and Z. Li, “A novel approach to fuzzy soft sets in
decision making based on grey relational analysis and MYCIN
certainty factor,” International Journal of Computational Intelli-
gence Systems, vol. 8, no. 5, pp. 959–976, 2015.

[41] Z. Xu and Q. Da, “Projection method for uncertain multi-
attribute decision making with preference information on

alternatives,” International Journal of Information Technology
and Decision Making, vol. 3, no. 3, pp. 429–434, 2004.

[42] S. Zeng, T. Balezentis, J. Chen, andG. Luo, “Aprojectionmethod
for multiple attribute group decision making with intuitionistic
fuzzy information,” Informatica, vol. 24, no. 3, pp. 485–503, 2013.

[43] Z. Yue, “Approach to group decision making based on deter-
mining the weights of experts by using projection method,”
Applied Mathematical Modelling, vol. 36, no. 7, pp. 2900–2910,
2012.

[44] Y. Ju and A. Wang, “Projection method for multiple criteria
group decision making with incomplete weight information in
linguistic setting,” Applied Mathematical Modelling, vol. 37, no.
20-21, pp. 9031–9040, 2013.

[45] J. Ye, “Bidirectional projection method for multiple attribute
group decision making with neutrosophic numbers,” Neural
Computing and Applications, vol. 28, no. 5, pp. 1–9, 2015.

[46] G. Wei and X. Zhao, “Minimum deviation models for multiple
attribute decision making in intuitionistic fuzzy setting,” Inter-
national Journal of Computational Intelligence Systems, vol. 4,
no. 2, pp. 174–183, 2011.

[47] R. Sahin and P. Liu, “Maximizing deviation method for neu-
trosophic multiple attribute decision making with incomplete
weight information,” Neural Computing Applications, vol. 7, pp.
1–13, 2010.

[48] D.-L. Mon, C.-H. Cheng, and J.-C. Lin, “Evaluating weapon
system using fuzzy analytic hierarchy process based on entropy
weight,” Fuzzy Sets and Systems, vol. 62, no. 2, pp. 127–134, 1994.

[49] J. Ye, “Multicriteria fuzzy decision-making method using
entropy weights-based correlation coefficients of interval-
valued intuitionistic fuzzy sets,” Applied Mathematical Mod-
elling, vol. 34, no. 12, pp. 3864–3870, 2010.



Hindawi
www.hindawi.com Volume 2018

Mathematics
Journal of

Hindawi
www.hindawi.com Volume 2018

Mathematical Problems 
in Engineering

Applied Mathematics
Journal of

Hindawi
www.hindawi.com Volume 2018

Probability and Statistics
Hindawi
www.hindawi.com Volume 2018

Journal of

Hindawi
www.hindawi.com Volume 2018

Mathematical Physics
Advances in

Complex Analysis
Journal of

Hindawi
www.hindawi.com Volume 2018

Optimization
Journal of

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Engineering  
 Mathematics

International Journal of

Hindawi
www.hindawi.com Volume 2018

Operations Research
Advances in

Journal of

Hindawi
www.hindawi.com Volume 2018

Function Spaces
Abstract and 
Applied Analysis
Hindawi
www.hindawi.com Volume 2018

International 
Journal of 
Mathematics and 
Mathematical 
Sciences

Hindawi
www.hindawi.com Volume 2018

Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2013
Hindawi
www.hindawi.com

The Scientific 
World Journal

Volume 2018

Hindawi
www.hindawi.com Volume 2018Volume 2018

Numerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical AnalysisNumerical Analysis
Advances inAdvances in Discrete Dynamics in 

Nature and Society
Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com

Di�erential Equations
International Journal of

Volume 2018

Hindawi
www.hindawi.com Volume 2018

Decision Sciences
Advances in

Hindawi
www.hindawi.com Volume 2018

Analysis
International Journal of

Hindawi
www.hindawi.com Volume 2018

Stochastic Analysis
International Journal of

Submit your manuscripts at
www.hindawi.com

https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

