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The thermal conductivities of empty and water-filled single-walled carbon nanotubes �CNTs� with diameters
between 0.83 and 1.36 nm and lengths ranging from 200 to 1400 nm are predicted using molecular dynamics
simulation. Using a direct application of the Fourier law, we explore the transition to fully diffusive phonon
transport with increasing CNT length. For empty CNTs, we find that the CNT length required to obtain fully
diffusive phonon transport decreases from 1090 nm for the 0.83-nm-diameter CNT to 510 nm for the 1.36-
nm-diameter CNT. The magnitude of the fully diffusive thermal conductivity also decreases monotonically
with increasing CNT diameter. We find that the fully diffusive thermal conductivity of water-filled CNTs is
20%–35% lower than that of empty CNTs. By examining the empty and water-filled CNT density of states, we
attribute the thermal conductivity reductions to an increase in low-frequency acoustic phonon scattering due to
interactions with the water molecules.
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I. INTRODUCTION

The high thermal conductivities of carbon nanotubes
�CNTs�, measured experimentally1–4 and predicted from
theory,5–8 have generated interest in CNT-based thermal
management materials. Most investigations of thermal trans-
port in these materials, however, have focused on their be-
havior in vacuum. As components of a thermal management
device, the atoms in CNTs will exchange energy with atoms
and molecules in an adjacent liquid or gas. Results from
earlier investigations indicate that the low interaction energy
between solid-phase carbon atoms and nonbonded fluid
molecules9,10 gives rise to velocity slip at the solid/liquid
boundary11–14 and a large interfacial thermal resistance be-
tween CNTs and an adjacent fluid.15–17 What remains un-
clear, however, is how interactions with fluid molecules in-
fluence thermal transport in CNTs and modify their thermal
conductivities. Understanding how interactions with non-
bonded atoms modify phonon transport in a CNT is an im-
portant next step in predicting how CNT-based materials will
behave in heat transfer applications.

Thermal conductivity, k, is a second-order tensor defined
by the Fourier law:

q� = − k � T , �1�

where q� is the heat flux vector and �T is the spatial tem-
perature gradient. Although defined by this empirical expres-
sion, the thermal conductivity of a solid is directly related to
the mobility of electrons and phonons. Electronic contribu-
tions to the CNT thermal conductivity are generally consid-
ered to be negligible.18,19 Instead, the high thermal conduc-
tivities of CNTs have been attributed to the long phonon
mean-free paths associated with low-dimensional �one-
dimensional or two-dimensional� crystals.20

For single-walled CNTs with diameters smaller than 1 nm
and lengths shorter than O�100 nm�, most thermal energy is
transported ballistically by acoustic phonons that scatter at
the ends of the CNT.21 Within this ballistic transport regime,
the effective thermal conductivity increases with increasing
CNT length as the effects of boundary scattering decrease

and additional long-wavelength phonon modes become
accessible.21 Our use of the term “effective thermal conduc-
tivity” emphasizes that the ballistic modes contributing to the
heat flux do not follow the Fourier law.7 As the CNT length
is increased beyond O�100 nm�, an increasing fraction of
phonons scatter with other phonons before reaching the ends
of the CNT.20,22 Eventually, with increasing CNT length, the
phonon transport becomes fully diffusive and the thermal
conductivity becomes length independent as contributions to
thermal transport from ballistic modes become negligible.23

The specifics of how this fully diffusive thermal conductivity
varies with CNT diameter and how interactions with non-
bonded molecules influence this transition are not yet clear.24

In this work, we use molecular dynamics �MD� simula-
tion to investigate the fully diffusive thermal conductivity of
empty and water-filled single-walled CNTs. We begin by de-
scribing our simulation methodology and thermal conductiv-
ity prediction procedure. Next, we investigate the variation
in thermal conductivity for 200 to 1400-nm-long CNTs and
flat graphene sheets, which can be viewed as infinite-
diameter single-walled CNTs. For empty CNTs, we find that
the fully diffusive thermal conductivity and the length re-
quired to obtain fully diffusive phonon transport both de-
crease with increasing CNT diameter. We attribute this be-
havior to the increase in acoustic phonon scattering events
caused by the larger number of optical phonon modes that
exist in larger-diameter CNTs. We find that the magnitude of
the fully diffusive thermal conductivity of water-filled CNTs
is 20%–35% lower than that of the empty CNTs and that the
transition to fully diffusive transport occurs at shorter
lengths. By comparing the carbon atom density of states
�DOS� of empty and water-filled CNTs, we demonstrate that
the thermal conductivity reduction is related to the overlap
between the vibrational frequencies accessible to the water
molecules and the low-frequency acoustic phonon modes in
the CNTs.

II. SIMULATION SETUP

We simulate thermal transport through empty and water-
filled 0.83, 1.10, and 1.36-nm-diameter CNTs �chirality vec-
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tors of �6,6�, �8,8�, and �10,10�� and an isolated graphene
sheet. As illustrated in Fig. 1, we define the cross-sectional
area of the CNTs to be Ac=�db, where b�=0.34 nm� is the
van der Waals thickness of the CNT surface and d is the
CNT diameter.23,25,26 We fix one layer of carbon atoms at the
ends of the CNT to prevent atoms from sublimating. For
graphene, we define the cross-sectional area to be Ac=wb,
where w is the width of the sheet �see Fig. 1�. We fix the
atoms at the end of the graphene sheet and apply periodic
boundary conditions in the y direction. These simulations are
thus representative of an infinite graphene sheet and not the
graphene nanoribbons studied by others.23,27 We note that the
systems investigated here are longer than the 10 to 400-nm-
long systems typically investigated using MD simulation, as
summarized by Mingo and Briodo21 and Lukes and Zhong.25

The number of carbon atoms in the CNT ranges from
29,232 �for the 200-nm-long, 0.83-nm-diameter CNT� to
195,120 �for the 1200-nm-long, 1.10-nm-diameter CNT� and
the equilibrium nearest-neighbor distance is 1.42 Å.28 Inter-
actions between carbon atoms are modeled using the second-
generation REBO potential29 and interactions between water
molecules are modeled using the TIP4P/2005 potential.30

The water/carbon interactions are modeled using the Lennard
Jones potential of Werder et al.,31 which was parameterized
to reproduce the experimentally observed contact angle of
water on graphite. We integrate the equations of motion us-
ing a velocity Verlet scheme with a 0.5 fs time step and
model the rotational dynamics of the water molecules using
the quaternion method.32,33

We fill the CNT according to the equilibrium water den-
sity, determined by simulating an open-ended sample of each
CNT in a liquid water reservoir at a temperature of 298 K
and a pressure of 1 atm. Water molecules were able to freely
diffuse across the open ends of the CNT and the density of
the water in the reservoir was maintained at 1000 kg /m3.
After a 250 ps initialization period, the average number of
molecules enclosed in the CNT became steady, allowing us
to determine the equilibrium water density. The water mol-
ecules assemble into a single-file molecular chain �0.83-nm-
diameter CNT�, stacked pentagonal rings �1.10 nm�, or a

disordered bulk-like liquid �1.36 nm�.13 As discussed in our
previous work, the molecular positional correlations for the
chain and ring liquid structures extend 5 to 10 nm and the
structure relaxation times predicted from theory are between
1 ns and 1 ms.13 These values are much larger than that the 1
nm position correlation length and 0.5 ps structure relaxation
time of bulk water.34

We predict the effective axial thermal conductivity, kz, of
the CNTs and graphene using a one-dimensional form of the
Fourier law,

qz = − kzAc
dT

dz
, �2�

where qz is the heat flow in the z direction and dT /dz is the
temperature gradient. As shown in Fig. 1, we introduce a
heat flow by transferring a known and constant quantity of
kinetic energy from carbon atoms in the cold reservoir to
those in the hot reservoir at each simulation time step.35,36

The total energy of the simulation cell remains constant and
corresponds to an average temperature of 298 K. In response
to the energy redistribution, however, thermal energy moves
from the hot reservoir to the cold reservoir and a temperature
gradient is established in the system. We use reservoir
lengths of 50 nm and find that increasing this length has no
detectable effect on the predicted thermal conductivity. For
graphene, we find that a sample width of 5 nm is sufficient to
eliminate width-related size effects when predicting kz.

Each simulation consists of a 10 ns equilibration period
�after which the systems reach a steady state�, followed by a
10 ns data collection and averaging period. As depicted in
Fig. 2, we specify dT /dz by calculating the temperature of
the carbon atoms within 40 subvolumes �i.e., bins� along the
sample during the data collection period. Our imposed heat
flow of 15 nW introduces a temperature gradient between 25
and 80 K /�m �depending on the system length and cross-
sectional area�. The temperature within each bin is related to
the average kinetic energy of the carbon atoms. Thus, with
increasing CNT diameter and length, a larger number of car-
bon atoms are in each bin and the uncertainty in the tempera-
ture gradient decreases from 10% in the empty 200-nm-long,
0.83-nm-diameter CNT to less than 2% in the empty 1200-
nm-long, 1.10-nm-diameter CNT. The uncertainty in the
temperature gradient for all the water-filled CNTs is less than
2%. Consistent with systems in a linear-response regime, we
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FIG. 1. �Color online� Simulation setup used to predict graphene
and CNT thermal conductivities. The dashed lines identify the
cross-sectional area, Ac. The heat flow is introduced by transferring
energy from the carbon atoms in the cold reservoir to those in the
hot reservoir. The differently colored carbon atoms are used to dis-
tinguish the reservoirs from the sample. The reservoir length, LR, is
50 nm and the atoms at the ends of the systems are fixed to prevent
sublimation. Periodic boundary conditions are applied in the
graphene y direction.
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FIG. 2. �Color online� Typical temperature gradient obtained
from MD simulation. The thermal conductivity is obtained using
Eq. �2�. The data here correspond to the 1.36-nm-diameter CNT.
The temperature gradient in this trial was 29.5�1.12 K /�m �i.e.,
3.8% uncertainty� and the heat flow is 15 nW. The uncertainty rep-
resents the 95% confidence interval of the linear regression.
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find that the predicted thermal conductivity is not affected by
small changes in the magnitude of the heat flow.

III. EMPTY CNT THERMAL CONDUCTIVITY

In Fig. 3, we present the variation in thermal conductivity
with length for the empty 0.83, 1.10, and 1.36 nm-diameter
CNTs and for graphene. From this data, we observe the tran-
sition from a regime where the thermal conductivity is length
dependent to a regime where it is length-independent and the
phonon transport is fully diffusive. To quantify the transition
from ballistic to diffusive phonon transport, we fit the ther-
mal conductivity data to the empirical function

kz = kz,��1 − exp�−
L

Lc
�� , �3�

where kz,� is the fit fully diffusive thermal conductivity, L is
the sample length, and Lc is a fit length that describes the
transition. We define the quantity L99 to be the length at
which kz=0.99kz,� such that

L99 	 ln�100�Lc = 4.605Lc. �4�

Another procedure for extracting kz,�, as proposed by
Schelling et al.,37 incorporates the effects of boundary scat-
tering into the phonon mean-free path using the Matthiessen
rule.38 The Matthiessen rule, when combined with the kinetic
theory expression for thermal conductivity,39 predicts that
1 /kz will be linearly related to 1 /L such that finite-size ef-
fects can be eliminated using a linear extrapolation �e.g.,
1 /L→0�. Although this procedure has been successfully ap-
plied to three-dimensional solid systems,36,37,40 the relation-
ship between 1 /kz and 1 /L for the CNTs considered here is
nonlinear. A direct extrapolation to an infinite system length
is therefore not possible. We hypothesize that the primary
reason for this breakdown of the linear extrapolation proce-

dure is the assumption of a single phonon mean-free path in
the kinetic theory expression for thermal conductivity.41 This
approximation, which assumes that every phonon travels the
same distance on average before scattering, is poor for CNTs
and graphene, where the low-frequency acoustic phonon
modes have mean-free paths several orders-of-magnitude
larger than those of the other acoustic modes.5

In Figs. 4�a� and 4�b� we present the variation in kz,� and
L99 with the inverse of the CNT diameter. Included in the
plots are additional kz,� values for empty 1.63 nm and 2.17-
nm-diameter CNTs that we predict from simulations of 600-
nm-long samples.42 For the empty CNTs, we find that both
kz,� and L99 decrease with increasing CNT diameter and ap-
proach the value we predict for graphene. To understand this
behavior, note that the high thermal conductivity of CNTs is
related to the long-wavelength acoustic phonon modes acces-
sible to the system.20 With increasing CNT diameter, the
number of acoustic phonon modes does not change but op-
tical phonon modes are created due to the increased number
of atoms in the unit cells. Since the optical phonons in CNTs
typically have small mean-free paths, their mode-by-mode
contributions to thermal conductivity are small.43 As sug-
gested by the Fermi golden rule for phonon scattering,44

however, the additional optical modes in larger-diameter
CNTs present additional multi-phonon scattering channels
that shorten the acoustic phonon mean-free paths.45,46 These
additional interactions lower the fully diffusive thermal con-
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ductivity in the larger-diameter CNTs and, due to the shorter
acoustic phonon mean-free paths, shorten the CNT length
required to obtain fully diffusive transport.47

The data presented in Figs. 4�a� and 4�b� are consistent
with the MD simulation results of Shiomi and Maruyama,
who, also using the REBO potential, found that kz for a
1000-nm-long, 0.41 nm-diameter CNTs is higher than that
for a 0.68-nm-diameter CNTs with the same length.23 Our
predicted fully diffusive thermal conductivity of 355 W/m-K
for the 1.36-nm-diameter CNT is consistent with the MD
simulation predictions of Padgett and Brenner,26 who mod-
eled the same CNT using the REBO potential and predicted
a fully diffusive thermal conductivity of 350 W/m-K. We
note that the thermal conductivities of graphitic materials
predicted using the REBO potential are lower than those
measured from experiments, which range from 2,000 to
10,000 W/m-K.3,4,25,48 This behavior is in contrast to the Ter-
soff potential,49 which tends to overestimate the thermal con-
ductivity of graphitic materials.5 Our predictions from anhar-
monic lattice dynamics calculations indicate that a fully
quantum mechanical treatment of the phonon transport in our
CNTs at a temperature of 298 K changes the magnitude of
the fully diffusive thermal conductivity by less than 5%.50

IV. WATER-FILLED CNT THERMAL CONDUCTIVITY

We predict the thermal conductivity of water-filled CNTs
using the same heat flux method used to investigate empty
CNTs. The water-filled CNTs are filled with the number of
water molecules corresponding to the equilibrium density
and span the entire simulation cell. No water is present out-
side the CNT. After the 10 ns equilibration period, we find
that the axial temperature profiles in the CNT and in the
water are identical. This expected steady-state condition im-
plies that the net energy transfer between the two materials is
zero but that thermal energy will be transferred from the hot
reservoir to the cold reservoir through both materials. Our
preliminary investigations indicate that the thermal conduc-
tivity of the ordered water in these CNT is approximately
1 W /m K.51,52 Since the water and CNTs in our study have
comparable cross-sectional areas, the relationship between
their thermal conductivities implies that a negligible fraction
of the total heat transfer through the composite occurs
through the water �i.e., the water has a negligible thermal
conductance�. As discussed below, however, interactions be-
tween the carbon atoms and the water molecules influence
phonon transport in the CNT and cannot be ignored.

In Fig. 3, we compare the thermal conductivities of the
water-filled CNTs to those of the empty CNTs. Although
simulating longer water-filled CNTs is computational im-
practical, the data presented here are sufficient to illustrate
the transition to fully diffusive transport. We calculate kz,�
and L99 using Eqs. �3� and �4� and report these values in Figs.
4�a� and 4�b�. Three trends are apparent: First, the fully dif-
fusive thermal conductivities of the water-filled CNTs are
20% to 35% lower than those of the empty CNTs. Second,
the CNT length required to obtain fully diffusive thermal
transport in water-filled CNTs is shorter than that required
for empty CNTs. Third, unlike in empty CNTs, where the

fully diffusive thermal conductivity decreases with increas-
ing diameter, the thermal conductivity of the water-filled
0.83-nm-diameter CNT is lower than that of the water-filled
1.36 and 1.10-nm-diameter CNTs �which are the same to
within the prediction uncertainty�.

To understand the mechanisms responsible for these
trends, we plot in Fig. 5�a� the DOS for carbon atoms in the
empty 1.10-nm-diameter CNT predicted from the Fourier
transform of the carbon atom velocity autocorrelation
function.53 The DOS was obtained from equilibrium simula-
tion �no heat flux� of a 200-nm-long CNT fragment with
fixed ends at a temperature of 298 K in the microcanonical
ensemble. The same DOS is predicted from simulations us-
ing a periodic boundary condition in the axial direction. For
both the fixed-end and periodic systems, we find that increas-
ing the CNT length does not change the position or relative
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FIG. 5. �Color online� �a� DOS for the 1.10-nm-diameter empty
CNT. The DOS for 0.83 and 1.36-nm-diameter CNTs have similar
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magnitudes of the peaks in the DOS. The DOS for the empty
0.83 and 1.36-nm-diameter CNTs are similar to that for the
1.10-nm-diameter CNT, although the larger number of opti-
cal modes in the larger-diameter CNTs cause the number of
frequency peaks to increase with increasing diameter. As dis-
cussed by others,5,20,21 a large part of the CNT thermal con-
ductivity comes from the acoustic phonon modes. An inspec-
tion of CNT dispersion curves18,54 indicates that these
acoustic modes have frequencies less than 120 rad/ps.

In Fig. 5�b�, we plot the vibrational frequencies accessed
by the water molecules inside each CNT. This spectrum is
calculated from the Fourier transform of the water molecule
velocity autocorrelation function. The vibrational spectra for
water inside the 1.36 and 1.10-nm-diameter CNTs are both
similar to that of bulk water and indicate that the molecules
inside the CNT vibrate primarily with frequencies below 60
rad/ps. Inside the 0.83-nm-diameter CNT, where water mol-
ecules assemble into a one-dimensional hydrogen-bonded
water wire, the range of accessible frequencies extends up to
100 rad/ps. We believe that the extended range of frequen-
cies accessible to these water molecules is related to the
stability and correspondingly long structure relaxation time
�
1 ms� of the water wire.55

In Fig. 5�c�, we compare the low-frequency DOS for car-
bon atoms in the empty 1.10-nm-diameter CNT to what we
predict for the water-filled 1.10-nm-diameter CNT. Changes
in the DOS are particularly evident in the sub-40 rad/ps fre-
quency range, where peaks present in the empty CNT DOS
are missing from the water-filled CNT DOS. As shown in
Fig. 5�b�, this frequency range is highly populated by the
water molecules inside the CNT, suggesting that collisions
between water molecules and the carbon surface scatter the
low-frequency acoustic phonons traveling through the CNT.
As the magnitude of the water molecule spectrum decreases
with increasing frequency, the DOS for carbon atoms in the
empty and water-filled CNTs converge. This finding is con-
sistent with theoretical investigations into heat transfer
across a CNT/liquid octane interface, which indicate that liq-
uid polymers exchange energy primarily with CNT phonon
modes with comparable vibrational frequencies.15,16

By definition, the area under the CNT DOS is equal to the
total number of phonon modes accessible to the carbon at-
oms. This number is the same for both the empty and water-
filled CNTs, meaning that the missing peaks in the water-
filled CNT DOS indicate a broadening �but not elimination�
of the phonon modes accessible to the empty CNTs. Molecu-
lar dynamics-based investigations of thermal boundary resis-
tance between CNTs and liquid or solid argon indicate that
this broadening is primarily caused by phonon linewidth col-
lision broadening.56 This behavior is explained as follows:
the phonon linewidth, which is inversely proportional to the
phonon relaxation time, describes how the actual atomic vi-
brational frequencies deviate from the non-interacting nor-
mal modes of vibration. In empty CNTs, the phonon line-
width is related to the number of phonon-phonon scattering
interactions that arise from anharmonicities in the potential
energy landscape.57 In water-filled CNTs, interactions be-
tween the phonons and nonbonded molecules further perturb
the carbon atom potential energy landscape. This behavior
increases the range of atomic vibrational frequencies ac-

cessed by the carbon atoms in specific modes, further in-
creasing the number of phonon-phonon interactions within
the crystal. Collision broadening due to interactions with the
water molecules therefore smears phonon modes over a
wider range of vibration frequencies, reducing the height of
individual peaks in the carbon atom DOS, and reducing the
corresponding low-frequency phonon lifetimes.

Based on the above discussion, we believe that low-
frequency acoustic phonon scattering due to interactions with
water molecules is primarily responsible for the reduced kz,�
in water-filled CNTs �see Fig. 4�a��. In support of this argu-
ment, we note that the increased range of vibrational fre-
quencies accessible to the water molecules in the 0.83-nm-
diameter CNT cause them to influence more phonon modes
than do the water molecules in larger-diameter CNTs. Since
the thermal energy transported by these higher-frequency
modes is smaller than that transported by the low-frequency
acoustic phonons, however, the additional reduction in ther-
mal conductivity is small. This behavior also suggests that,
given the weak dependence of kz,� on diameter for the water-
filled CNTs, the thermal conductivity of graphene in bulk-
like water will be similar to kz,� for the water-filled 1.36-nm-
diameter CNT �as indicated in Fig. 4�b��. Additionally, since
interactions between CNTs and water molecules outside the
CNT are unaffected by changes in the CNT surface
curvature,58 we believe that kz,� for CNTs surrounded by
liquid water �i.e., water only outside the CNT� will be similar
to that predicted here for the water-filled 1.36 and 1.10-nm-
diameter CNTs.

V. SUMMARY

We used MD simulation to examine the transition to fully
diffusive phonon transport in empty and water-filled CNTs
and in graphene. For empty CNTs, as shown in Fig. 3, we
find that the magnitude of the fully diffusive thermal conduc-
tivity and the length required to obtain fully diffusive trans-
port both decrease with increasing CNT diameter. We at-
tribute this behavior to the higher number of acoustic phonon
mode scattering events due to the larger number of optical
phonon modes accessible to larger-diameter CNTs. As pre-
sented in Fig. 4, we find that the fully diffusive thermal con-
ductivity of water-filled CNTs is 20%–35% lower than that
of empty CNTs and only weakly dependent on CNT diam-
eter. By examining the carbon atom DOS and water mol-
ecule vibrational spectra presented in Fig. 5, we showed that
water molecules only scatter phonons with comparable vi-
brational frequencies. This finding indicates that low-
frequency phonon scattering due to interactions with water
molecules is primarily responsible for the reduction in the
CNT thermal conductivity. Better intermolecular potential
functions are needed, however, to make a more quantitative
comparison between simulation predictions and future ex-
perimental measurements.

Although focused on water/CNT systems, the results pre-
sented here can be extended to other solid/liquid composite
systems. Most importantly, reductions in the thermal conduc-
tivity of a solid in a fluid will be related to the overlap
between its phonon frequencies and the vibrational frequen-
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cies of the adjacent nonbonded molecules. This relationship
is an important feature of composite systems and indicates
that not all phonons are influenced equally by interactions
with nonbonded molecules.5 In a real system, compared to
the classical MD system modeled here, consideration must
also be given to the phonon quantum occupation number. For
water-filled CNTs, the phonon modes that overlap with the
water molecule vibrational frequencies are highly populated
at room temperature, so that we believe our results are rep-
resentative of an actual water/CNT composite. In other com-
posite systems, the relationship between temperature, pho-
non mode population, and liquid vibrational spectrum may
need to be considered explicitly. Finally, it is important to

note that the influence of solid/liquid interactions on the solid
thermal conductivity is also related to the ratio of the solid
surface area to solid volume. When this ratio is large �as in a
single-walled CNT�, the influence of nonbonded molecules
on phonon transport is appreciable. Conversely, when this
ratio is small, surface effects will be negligible and phonon
transport through the solid will be minimally affected by
interactions with nonbonded atoms.
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